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Abstract

The modified massive Arratia flow is a model for the dynamics of passive particle
clusters moving in a random fluid that accounts for the effects of mass aggregation.
We show a central limit theorem for the point process associated to the cluster po-
sitions when the system is started from a uniform configuration. The critical mixing
estimate is obtained by coupling the system to countably many independent Brown-
ian motions.

1 Introduction

The modified massive Arratia flow (MMAF) introduced in [Kon10a, Kon17b] is a model
for the evolution of an ensemble of passive particle clusters in a random 1D-fluid. It
describes the positions and sizes of a family of clusters moving as independent scaled
Brownian motions on the real line as long as no collisions between clusters occur, the
diffusion rate of each cluster being inverse proportional to its mass. In case of a collision
clusters coalesce and form a new cluster of aggregate size (cf. Definition 2.1 below). This
model is an overdamped intertial version of the well-studied Arratia flow model of coa-
lescing Brownian motions that has no masses and no diffusivity rescaling [Arr79, Dor(04,
DO10, SSS14, BGS15, DKG17, SSS17, DV18, GF18, Rial8, DV20, Dor24]. Variants of
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the MMATF for different initial conditions, asymptotic properties of the trajectories and its
large deviations were investigated in [Kon10a, Kon10b, Kon14, Konl7a, Kon17b, Mar18,
KvR19, Mar21, KM23]. A reversible extension of the MMAF model featuring a splitting
mechanism was introduced and studied in [Kon23, KvR24].

In this note we study the point process induced from the cluster positions when the
MMAF system is started from the uniform configuration on the integer lattice Z. Unlike
for the standard Arratia flow [MRTZ06, TZ11] precise formulas or the structure of the
associated point process of the cluster ensemble are yet unknown, but one can ask for
asymptotic properties. The aim of this work is to show a central limit theorem for the
occupation measure in Theorem 2.2 below. The statement is analogous to the correspond-
ing result in [DH23] for the Arratia flow, however in the MMAF-case the correlation
structure is more involved, leading to a different approach for the critical mixing estimate
in Section 3. The main idea is based on coupling the MMAF to a countable family of
independent Brownian motions, which is the main technical part of this work.

2 Statement of Main Result

For a rigorous statement of our result we recall the definition of the MMAF from [Kon10a],
where we consider the special case of a uniform starting configuration on Z C R.

Definition 2.1. A family of continuous processes {zx(t), t > 0, k € Z} is called a
modified massive Arratia flow started from Z if it satisfies the following properties

(F1) for each k£ € Z the process xj is a continuous square-integrable martingale with
respect to the filtration

Fi=o0(zi(s), s<t, keZ), t>0

(F2) foreach k € Z, x4(0) = k;
(F3) foreach k <[ fromZ and t > 0, z4(t) < x,(t);
(F4) for each k € 7Z the quadratic variation of x;, equals

b ds

o M(s)’

<xk>t = t > Oa

where my(t) = #{l : 3s < t x1(s) = z;(s)} and #A denotes a number of
elements in A;

(F5) foreach k,l € Z
<xk7 xl>t/\7'k,l = 07 t Z 07

where 73, = inf {¢t : x4 (t) = x,(¢)}.



The existence of such a family of processes is shown in [Kon10a, Theorem 2]. More-
over, conditions (F1)-(F5) uniquely determine the distributions of (xj)xez in the space

zZ
C ([0, 00))".
We can introduce the associated occupation measure induced on the real line by

1(A) = #(AN {z(t), k € Z}), A€ BR).

Let P denote the set of bounded measurable functions f : R — R with period one,
ie. f(x) = f(z+ 1) forall z € R. For every f € P and k € Z denote

k
Apof = f(w)pe(du).

k—1

In Proposition 4.1 below, we show that the random variables Ay, f, k € Z, have finite
moments of every order. Moreover, it is easy to see that the sequence (A f)kez is sta-
tionary. This directly follows from the fact that the distributions of (x},)rez and (7} )rez
coincides in C([0, 00))Z for every | € Z, where T (t) = x4 (t) — 1, t > 0.

With this our main result reads as follows.

Theorem 2.2. For every f € P andt > 0 the sequence

_ i (Aref —E (A f])
N :

converges in distribution to a Gaussian random variable with mean 0 and variance

Y"(f) n>1

Y

07 (f) = Var Agof +2  Cov (Aorf, Arsf) .-

k=1

The proof of the statement is based on the classical central limit theorem for stationary
sequences, c.f [IL71, Theorem 18.5.3]. Hence, the main task is to establish quantitative
mixing for the MMAF model which we achieve below by coupling to independent Brow-
nian motions.

3 Mixing estimate

Fixing f € P and t > 0 and we introduce the mixing coefficient for i € Z
ai(j) = sup {[P(AN B) — P(AR(B)|, Ac M, BeMX}, jez j>i

where M = o{As+f, a < k < b} for —oo < a < b < oco. Our goal is to prove the
following proposition.

Proposition 3.1. There exist constants C' > 0 and 3 > 0 depending only on f and t such
that -
;(j) < Ce VI

foralli < j from Z.



The idea of proof of the proposition is to construct a modified massive Arratia flow
in such a way that particles which came to (—oo, ] and [k, +00) at time ¢ are “almost”
independent. An important role is played by the following construction from [Kon10a].

Let T > 0 be fixed and C<([0, 7], R™) denote the Banach space of continuous func-
tions f : [0,7] — R" satisfying f1(0) < --- < f,(0). We equip C<([0,7],R") with
the uniform norm. We next define a map F), : C<([0, T],R*"*1) — C([0, T], R*"*!) as
follows. For f € C<([0, T], R?"*!) we set 7(¥ = 0 and

OO ={rC{-n,...,n}: kilerm < f(0) = f(0)}.

Note that ©© is a partition of the set {—n,...,n}. Let 7’ denote the set from ©(©)
which contains k£ € {—n,...,n}. Define

) _ f 1
10 = 5:0) + —— (
k

0 -12), telT,

where & is the element from 7r,(€0) with the minimal absolute value and m,io) = #W]io). By
induction, we construct f*) € C<([0,T],R***!) forall p € {1,...,2n} as follows. For
ke{—n,...,n—1},set

r;ip) = inf {t >0: flgpil)(t) - féiﬁll)(t)} M

and
7P :inf{T,ip) > ke {-n,...,n— 1}}7

where as usual inf () = +o0. Let O) be the partition of {—n, ..., n} defined by

W .={rC{-n,....n}: klecr — f,gp_l)(T(p)) = fl(p_l)(T(p))}.

Let 7" be the element of ©®) which contains k& € {—n,... . n}. If 7® = T, we set
P = £7D(#), t € [0, 7). Otherwise,

PO, if0<t<r®,

(p—1

(p)
t) = — m ) — — .
ST g0 ) ¢ (00 - ) e <<

k

where  is the element from 7" with the minimal absolute value and m{" = #7"). We

now define
Fa(f) = f&.

We also define maps

FT_L‘— : CS([O7T]>RH+1) - CS([Ou T]7Rn+1)



and
E7: C<([0,T],R") — C([0, T],R™*1)

similarly to F},, where the set {—n,...,n} is replaced by {0,...,n} and {—n,...,0},
respectively. By the construction, it is clear that maps F,,, F; and F,, are measurable.
For [ € Z,n € N and a fixed family of independent Brownian motions wy(t), t €
[0,T], k € Z, on R with diffusion rate 1 and w;(0) = k, we define continuous stochastic
processes X,i’", ke {l—n,...,l+n} X,i’n’Jr, ke {l,...,l + n}, and X,i’n’f, k €
{l—n,...,l}, by
(Xl,n

O ,Xllfn) = Fy (Wi - wign), (XX = B (. win)

ey I+n

and
(Xbmm XY = F (waey, - wy).

n—1l

We next recall the following lemma proved in [Kon10a, Lemma 5].

Lemma 3.2. Let wi(t), t € [0,7], k € Ny = NU {0}, be a family of independent
Brownian motions on R with diffusion rate 1 and wy,(0) = k. Then for every e € (0, 3)
the equality

P (t) <n+ = ‘ (t) >n+ ! +ei 1
max max w n+ -, min w, n+-+cio.p=
ke{0n} teor] TN = 27 o " 2

holds.

LetZ< = {l,l —1,...}and Z>; = {l,I + 1,... }. Using the lemma above and the
construction of F},, F; and F;,, similarly to the proof of [Kon10a, Theorem 2] we get the
following statement.

Proposition 3.3. Let X l’", X ,i’”’+, X ,i’”’_ be the stochastic processes constructed above.
Then for every | € Z the following statement holds.

(i) Forevery k € Z the sequence { X ,i’”, n > 1} converges a.s. in the discrete topology
of C[0,T)] to a process X\. Moreover, the family X!, k € Z, is a modified massive
Arratia flow started from 7, i.e. it satisfies properties (F1)-(F4).

(ii) For every k € Z>; the sequence {X,i’n’+, n > 1} converges a.s. in the discrete
topology of C|0, T to a process X ,i’Jr. Moreover, the family X ,i”L, k € Z>,, satisfies
properties (F1)-(F4) with Z replaced by Z.>,.

(iii) For every k € Z<; the sequence {X,i’n’f, n > 1} converges a.s. in the discrete
topology of C|0, T to a process X ,i’_. Moreover, the family X Lo ke ZL<;, satisfies
properties (F1)-(F4) with Z replaced by Z.<;.



We further define the events

1 1
Af(t) = { max max wi(s) <+ j+ -, min wyp(s) >0+ 5+ —}

ke{l,...,l4+j} s€[0,t] 2 s€[0,1] 2
and
A (t) = { min  min wg(s) >1—j — 1, max w;_;_1(s) <l —j— 1}
& ke{i—j,...,1} s€[0,4] 27 sefo 2

foralll € Z, j € Npand t € [0,7T].

Lemma 3.4. Let | € Z and j € Ny and let the families { X}, k € Z}, {X}", k € Z,},
{X:7, k € Zg;} be constructed above. Then X} = X7 on A[S(T) for each k > 1+,
pe{0,...,5}, and X} = X"~ on A ;(T) foreach k <1 —j,p€{0,...,j}.

Proof. The statement of the lemma directly follows from the construction of the families
of random processes X}, X+, X~ and the events AT, A (T). O

? l 7j
We denote

N N
Biv(t)=JA,1), Byt =JA;t), 1€Z, NeN, telo,T).
j=1 j=1

Lemma 3.5. For each T' > 0 there exist a constant C' = Cp > 0 and a function Pr(t) :
(0, 7] — (0,00) depending only on T such that tfBr(t) — ﬁ as t — 0+ and for every
leZand N € N

P (Bl:f:N(t)) >1— Cve*ﬁT(t)[(\/Nf\/i)Vl]

forallle Z, N € Nandt € [0,T].
Proof. Note that P (B[ (t)) = P (B, y(t)) = P (B y(t)). Therefore, it is enough to
estimate P (BSC v (1)) for each N € N. We denote
M;,(t) = { max max wg(s) =  max  max wk(s)}
ke{0,...,5} s€[0,t] ke{j—n+2,...,j} s€[0,t]
and

1 1
R;,(t) = <j+ =, min wj(s) > j+ =
jon (1) {ke{jgg _____  [oax wi(s) <J+ 5 nin, wjr1(s) > j+ 2}

forall 2 <n < jandt € [0,T]. Then, by Funibi’s theorem,

]P(Mj,n(t)C)g]P{ max maxwk(8)>j}ijlp{maxwk(8)>j}

ke{0,....j—n+1} s€[0,t] o s€[0,t]

J—n+l +00 0 +o0
2 u? 2 u?
im0 V7L Jik heno1 VI Ik 3.1)

2 +o00 +oo u2
< i (/ e%du> dx
Vv mt n—2 T
“+oo 2 / e 2
< —\/§ / ue” = du < —2te’( 2 .
\% mt n—2 ﬁ



Using the independence of wy, k € Z, we obtain
2
P(R;n( / e’ﬁdu / e~ % du
j = H =

(1__/ d)(_/ d)

forall2 <n < jandt € [() T'). Taking a constant az > 0 such that In(1 — z) > —arx
’u,2
forall) <z < ‘[ f e_ﬁdu \/% fio e~ 2 du, we next estimate

InP (R;,(t)) = (1——/ e 2tdu> +Zln (1——/k e 2tdu>

2 2
> - V2 e 2du — Z \/_aT % du
Vit 1 = V Tt k1

2v2 © 2 2 [0 [T e ~
- V2ar e 2t du — aT\/_/ / e 2t dudxr > —CTe_é,
Vvt 1 vrt o JL =

where Crp := M%. Thus, foreach2 <n < jandt € [0,7], we get

(3.2)

P (Rjn(t)) > e Cre ™,
Fix p € Zsgandset Ny =p+ k, k € {1,...,p},
Gri(t) = Ry, n, (t) N Mg, , (1),

where N, = Y8 | N,. Since |J/_, Gi(t) C By y(t) for N = N, = C21P one can
estimate

P(Biy®) =P J Gk@)) =P (U (Ry, v, () \ My, x, (t)c)>

where we used (3.1) in the last step. Note that

p 2 p 2

_ (N=2) _ (p+k—2) _u® _ (=2
E e % = E e 2t S/ e 2tdu < 2Te 2 (3.3)
k=1 k=1 p




since p > 3. Set vy := —1In (1 — e*éTe_1/8T> > (. Using the inequality 1 — e~ < z for
x > 0, we get
1 _ e—éTe_l/gT CI —% — elnéT—s%

Hence, by the independence of R N Nyo k € {1,...,p}, and estimate (3.3), there exists a
constant C' > 0 depending on 7" such that

b 2
P(Biy(1) = 1 - [[ P (Ry,x, (1)) — Ce 5
k=1

Using the observation (3.2) and the inequality 1 — e < z for x > 0, we continue
~ 2
P (BSF,N(t)) >1—-(1- e‘CTe’”st) O

(p—2)2
t

> 1 — e~ (s mCr)varlp _ - > 1 — Cpe frr

forall p € Z>3 and N = @, where Br(t) = [(é —In éT) \/YT] A I and the
constant C'r depends only on 7'. Next, for every N € Zs;g and p = L N/ 2J we have
N > (3]’2;1)’”. Hence,

P (BJ,N@)) >P (B;(rswl)p (t)) >1- CTe T(tp — 1 _ CTe—ﬁT(t) L\/@J

| OpetrO(F)

for every N > 18.
It only remains to get the estimate for NV < 18. We first note that

P (Af5(t)°) < (G +2)P {max wo(s) > %}

s€[0,t]
< ﬁ<9+2)/ gy < WG
Vit 1 N3

Thus, for all integer numbers N < 18

N 42T +2)
Z (J

P (B y(t) 8 > 1 — Cpe s,

7T

This completes the proof of the lemma. [

Proof of Proposition 3.1. Let X,i, k € Z, X,lf, k € Z>; and X,i’_, k € Z<, be the
families of processes constructed in Proposition 3.3 for each [ € Z. We fix ¢« < j from Z,
t > 0 and define for [ = | 52| the measures

pu(A) = # (AN {X4(t), k € Z}),



and
i) = # (AN{XET ke Za}), u(4) = # (AN{X[, ke Za}),

for all A € B(R). Set also

k k
Al f = fu)pi(du) and AL, f = flu)pb™(du), ke

k—1 k-1

By Proposition 3.3, the distributions of (Aj , f)xez and (A f)rez coincide in R”.
We next assume that j — ¢ > 3 and take arbitrary sets A € MM’ __, B € im;.*“. Then

there exist Borel measurable sets A C R%<i and B C R”%2i such that

A= {(Ak,tf)kelgi S ;1} and B = {(Ak,tf)kEZZj S B}

Then, using Lemma 3.5, we can estimate

[P (4N B) - PAPB)| = [P ({(Ariflreze, € A} 0 {(Aufhrens, € BY)
—P{(Apsf)ren., € 21} P {(Ak,tf)kezzj € B} ‘

= ‘]P’ ({(Aéﬂ,tf)kGZSi € 121} N {(Agﬂ,tfthZZj € B})
~P{(AlPrere, € AYP{(AL frers, € BY |

< [P ({(Afifrene, € Af 0 {(ALifhens, € By BY O Byy)

_p <{(A§m Frer., € 21} N Bljl_i) P ({(Aﬁw Frez., € B} N B,fj_l> ‘
1+ Ce BVt

for some positive constants C', 3 independent on ¢, j and A, B. By Lemmas 3.4 and 3.5,
we get

[P(AN B) = P(A)P(B)|
< ‘IF’ <{(A§;;f)kezgi € fl} N {(Ai;l’+f)kezzj € B’} NBY_ N Bﬁ—i)
—P ({(Agé;f)k‘GZSi € A} N szm) P ({(Azrtl’Jrf)kezzj € B} N Bl—j_jfl> ’
+ Ce Vit
< [P ({(AL frcne, € A} 0 { (AL Pica, € B

- P {(Aié;f)kezg € /1} P {(Agel’+f)kezzj € B} ‘
+ 0167’8\/].?,
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where C; > 0 is a constant independent on 7, j and A, B. Hence, using independence of
(Ai;;)kezgi and (AZJFZI*)%ZZJ', we can conclude that

IP(AN B) — P(A)P(B)| < Cre PVi .

Now, taking the supremum over A € 9’ __ and B € imjm, we obtain the statement of
the proposition. ]

4 Proof of Theorem 2.2

In this section, we will prove Theorem 2.2. According to [IL71, Theorem 18.5.3] and
Proposition 3.1, the statement of Theorem 2.2 follows from the fact that £ [(AM f )2+‘5] <
oo for some 6 > 0. We will show that A;, f have finite moments of all orders.

Proposition 4.1. Let f : R — R be a bounded measurable function. Then for every a < b
from R, T > 0 and p > 1 there exists a constant C' > 0 such that

p

E <C

[ sondan)

forallt €0,T).

Proof. Set || f||« := sup,eg | f(u)]. Using the definition of 1, we estimate

E / " flu)u(an)

]SHﬂ&EMMmHW

p
(Z H{zz(we[a,b}}) ]
leZ
n p
=fIE.DE (Z H{wz(t)ewb]}) ]IBg;z<t>]
1=k

k<n
where BZ:Z(t) = {xp_1(t) < a,zx(t) > a,z,(t) < b,x,41(t) > b}. By the Cauchy-Schwartz
inequality, we get

= [[FII%E

1
2

P n 2p
] <|fI% D E (Zﬂ{mwe[a,b]}) P(By(t))7.
=k

k<n

N

b
E / ﬂwmww

Next, using Holder’s inequality, we obtain

b 2
E / ﬂmew (B (1))},

]sﬂﬂ&}jm—k+4W%E

k<n

> el
=k
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Since (xk4i(t) — l)kez and (x(t))rez have the same distributions, we conclude

E ZH{Iz(t)G[a,b]}] = ZE [H{xl(t)—le[—lJra,—ler]}]
=k

l=k

= ZE [Livoel-tta—itoy] <b—a+1.

Consequently, we have

[ sondan)

Now it remains to show that the series ) , _.(n — k + 1)1"5]P’(Ba (t))2 converges
and is uniformly bounded on [0, T]. We first estimate P {z(t) > ¢} for every ¢ > 1. Ac-
cording to [TW89, Theorem I1.7.2’], there exists a Brownian motion w(t), ¢ > 0, probably
on an extended probability space, such that z((t) = w ({(zo),), t > 0. Since the quadratic
variation

]snm&w—a+1ﬁ§jm—k+1V%MBm@»3

k<n

(z0), = b ds <y
Ot_om0(5>_

forall ¢ > 0, we get

P{xo(t) > c} < P{maxmo s) > c} = P{maxw
s€[0,t] s€[0,t] (4 1)
V2 [ e '
<P<{maxw(s) > cp=— e 2
5€[0,t] vt J.
Similarly,
2v2t .
P{xo(t) < \\//_ﬂ_e_ 2 4.2)
for all ¢ > 1. We next rewrite
1 Ry = 1
Sn—k+ 1P EPBEN(0)E =D D (n—k+ 1PTIP(BE(1))>
k<n k=0 n=k+1
-1 0
1 1
+ 3> =k D)PEP(BRA(1)): (43)
k=—o00 n=k+1

“+oo

- i Z(n —k+ 1)?*%P(Bg;g(t))%.

k=—o00 n=1

In the first term of the right hand side of (4.3), we estimate

P <BZ,’Z(15)) <P{apa(t) < a,an(t) < b} = B L, gy<a Lz <]
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= \/ E B, ,¢<a] \/ E (B, o)
P < VP <

Since the distributions of the random variables x,;(t) — [ and x(¢) coincide, we get

Plopa(t) <a} =P{ao(t) < (k- 1) +a} < % -G

forallk > a + 2, and

2\/_ _n?

N

P {2, (t) < b} = P{xo(t) < —(n — b)} <

for all n > b+ 1, by (4.2). This implies that

+oco  +4o00

SN (n—k+ )P EPBRE (L)

k=0 n=k+1

IN

C

forall t € [0, 7] and some constant C' > 0. Similarly, estimating P(BZ:Z(t)) by P{x(t) >
a, Tp1(t) > b} and P{x4(t) > a,z,(t) < b} in the second and third terms of the right
hand side of (4.3), respectively, and using (4.1), (4.2), we get

—1 0 -1 4o
SN -k ERBE )+ Y Y (- k+ 1P EP(BRL () < C
k=—o00 n=k+1 k=—o00 n=1
for all t € [0, T). This completes the proof of the lemma. ]

We will next show that o?( f) is strictly positive for some time ¢ > 0 and function f.
The following lemma is true.

Lemma 4.2. Let [ € C}(R) be an odd, 1-periodic function. Then @ — (f'(0))° as
t — O+. In particular, there exists t > 0 such that o2(f) > 0 if f(0) # 0.

Proof. For the proof of the lemma, we will use the fact that the particles in the modified
massive Arratia flow become more independent for small times ¢.
Let

i b}
A= [ pm(an

for each k € Z and ¢t > 0. Using the fact that f(—x) = —f(x) for all z € R and the
periodicity of f, we conclude that E [Ak,t f} = 0. Let

V) = e ;Ak,tf -~ ; (A ~E[Ag]). n>1
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Similarly to the proof of Proposition 3.1, one can show that the family (flk,t f ) reg, Sat-

isfies the mixing condition with the same bound for the mixing coefficients. Hence,
{Yt”( f) }n>0 converges to a Gaussian random variable with mean 0 and variance

G2(f) := Var 14~107tf +2 Z Cov </4~107tf, /letf)

k=1
=K |:<1210,tf> 2} +2 i E [Ao,tf;lk,tf] .
k=1

On the other side, one can estimate

E| (v - 70) | = 2B - El6)] < 2E[E)]

3

where A o
&= [ rmian = [ u(an).

Due to Lemma 4.1 and the stationarity of the modified massive Arratia flow, we estimate

E [¢2] < 2E ( / 2f<u>ut<du>> 2R ( / f(u)ut<du>> < .

Thus, E[(Y,"(f) — f/t"(f))z} — 0 as n — oo. Therefore, according to Theorem 2.2,
{ﬁ”( f )}n>0 converges in distribution to the same limit as {Y,"(f)},>, - This implies

that o7 (f) = 7 (f)-
Let (wy),c;, be a family of Brownian motions that were used for the definition X ,i” in
Proposition 3.3. Using Proposition 3.3, we get

| (doef) | =B [Fun(0)]
+E [((AOJ f>2 - fQ(wo(t))> ]IA} , 4.4)

where A := {|Xo(t)| > 1} U{X_1(t) > =31} U{Xi(t) < i}.By Taylor’s formula and
the equality f(0) = 0, that follows from the fact that f is odd function, the first term of
the right hand side of the equality above can be rewritten as

1d2f2

E [F(wo®)] = £2(0) + 522 (0)F [wd(0)] + o)

= (f'(0))"t +o(t).

Using Holder’s inequality, the square of the second term of (4.4) can be estimated by

I = (]E {(Ao,tfﬂ +E [f4(w0(t))]> P(A).
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Now, by the boundedness of f and Proposition 4.1, there exists C' > 0 such that

L<C (P{\Xo(m > %} +P{X_1(t) > _%} +P{X1(t) - %})

1 1 1
<ace {0 2 3} <ace w2 3} < oot

Thus,

12| (Aur)| > o

ast — 0.
Similarly, we estimate E[Aoﬁt fflk,t f] for each k£ € N. Using the notation from the
proof of Proposition 3.1 and denoting

k+3

R k+g R
A f = / flw)p(du) and AZ,f = / Flu)i*(du), k€ Z,

1

_1
2
we estimate for £ > 1 and [ := LgJ

E [AO,thk,tf} =K [Aétffﬁctf}
=E [Aé7tff~12,tfﬂgl+‘kflnglﬂ +E [Aé,tffigc,tfﬂ(BﬁkflmB;l)c )

By Lemma 3.5, Proposition 4.1, and Holder’s inequality, the square of the second term of
the equality above can be estimated by

[ (Aur) T8 [(A01)] (2 () + 2 (30 < Cremrliiva

for all ¢ € [0, 7], where the function 87 : (0,7] — (0,00) and the constant Cr depend

only on 7" and tf7(t) — ﬁi as t — 0. Using now Lemma 3.4, we get

E [Aé,thZ,tfﬂBjk_lmB;l] =E [Af)’; fA?,;l’JerB;jk_lmBl—,l]
=B [ AL B A AT oy

We can similarly estimate the square of the second term of the equality above by the
expression Cpe PrO[(VE=V2VI] By the independence of AGy f and A1 F, the first
term of the equality above equals E [flé; f} E [[15;51* } . Furthermore,

0=E [Ao,tf] E [Aktf} =E [Aé;f] E [/ﬁjtl+f] + R,

where
|Rk,t|2 < CTG_ﬂT(t)[(\/E_ﬁ)VI]
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forall ¢ € [0, 7] and k& > 1. Combining the estimates above, we have shown that

Cov (Ao fAnef )| < [ [AoefAnef] — B [Aouf | B [Axyf]|

< Cpe- (VA

Using the dominated convergence theorem and the fact that t 87 (t) — ﬁi’ we conclude
that

% i ‘COV (Ao,tf, Ak,tf) ’ < % i CTG—BTT(”[(\/E—VE)\A] 0
k=1 —

as t — 04. This completes the proof of the statement. ]
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