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Simple symmetric exclusion process

On the d-dim discrete torus

¢ = {ﬁ kezd = {—n,...,n}d} C T = (RZ — 1/2})°

we consider a Simple Symmetric Exclusion Process (SSEP)
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State space and generator

Particle configuration n € {0, 1}'[‘”’:
n(x) = 0 & side x is empty
n(x) =1 & side x is occupied

D 0O @ 0@ 0O @ © n(z), z#x,y,
} Xy

0 @ 0 O ® © © ® @ n (z) = n(y), z=x,

0" 0 ® ® 0O ® ® 0O O U(X)a zZ=Y,
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State space and generator

Particle configuration n € {0, 1}'[‘”’:
n(x) = 0 & side x is empty
n(x) =1 & side x is occupied

0D 00 0-®-0 0 @ © n(z), z#x,y,
Xy
0 @ 0 O ® © © ® @ n (z) = n(y), z=x,
)

g"EPF(n) _ (2n + 1 Z Z x(—>x+eJ . F(n)}

j=1 xeT,

SSEP is already parabolically rescaled: space ~ m time ~ (n+1)°!
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@e@er | o
Non-equilibrium SSEP

Let n/, t > 0, be a SSEP.
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@e@er | o
Non-equilibrium SSEP

Let n/, t > 0, be a SSEP.

Equilibrium SSEP:

For fixed po € [0, 1], the measure B(po)@ﬂrg is invariant for SSEP n;':

If n(x) ~ B(po), x € T¢, are independent then n?(x) ~ B(po), x € T¢, are independent.
~ Enf(x) = po, Varny = po(1 — po).
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Non-equilibrium SSEP

Let n/, t > 0, be a SSEP.

Equilibrium SSEP:

For fixed po € [0, 1], the measure B(po)@ﬂrg is invariant for SSEP n;':

If n(x) ~ B(po), x € T¢, are independent then n?(x) ~ B(po), x € T¢, are independent.
~ Enf(x) = po, Varny = po(1 — po).

Non-Equilibrium SSEP:

We consider po : T — [0,1] and let 1§(x) ~ B(po(x)), x € T, are independent.

Vitalii Konarovskyi (University of Hamburg a Quantitative CLT for SSEP September 17, 2024 4/25



@e@er | o
Non-equilibrium SSEP

Let n/, t > 0, be a SSEP.

Equilibrium SSEP:

For fixed po € [0, 1], the measure B(po)@ﬂrg is invariant for SSEP n;':

If n(x) ~ B(po), x € T¢, are independent then n?(x) ~ B(po), x € T¢, are independent.
~ Enf(x) = po, Varny = po(1 — po).

Non-Equilibrium SSEP:

We consider po : T¢ — [0,1] and let n§(x) ~ B(po(x)), x € T¢, are independent.

What is En{(x)?
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Mean behavior

Set p{(x) := Enf(x).
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Mean behavior

Set p{(x) := Enf(x).
Then

5 d
dpi(x) = EGE i (x)dt = E@ DN e (x) = n(x)] dt

j=1 y€T,
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Mean behavior

Set pf(x) := En{(x).
Then

ol (x) = BGE i ()t = ELTTL S S™ freria ) ] e

j=1 yeT,

—%ZE (1 (x + &) + n(x — &) — 20(x)) dt

Jj=1
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Mean behavior
Set pf(x) := En{(x).

Then

> d
dpl(x) = EGEP ) (x)dt = E@ S5 () - ) de

j=1 y€Tp
2n+1)
J—ZE (1 (x + &) + n(x — &) — 20(x)) dt
j=1
1 n
= EA,,pt(x)dt.
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LN and LT |
Mean behavior

Set pf(x) := En{(x).
Then

> d
dpl(x) = EGEP ) (x)dt = E@ S5 () - ) de

j=1 y€Tp
2n+1)
J—ZE (1 (x + &) + n(x — &) — 20(x)) dt
j=1
1 n
= EA,,pt(x)dt.

In particular, the empirical distribution

ﬁ? = (2n+ 1 Z pt(X)5X7

XGTd
solves

n 1 ~n
d{p, 7t) = 5 {Bnyp, pr)dt
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LN and LT |
Mean behavior

Set pf(x) := En{(x).
Then

> d
dpl(x) = EGEP ) (x)dt = E@ S5 () - ) de

j=1 y€Tp
2n+1)
J—ZE (1 (x + &) + n(x — &) — 20(x)) dt
j=1
1 n
= EA,,pt(x)dt.

In particular, the empirical distribution

ﬁ? = (2n+ 1 Z pt(X)5X7

XGTd

solves
n— oo

~Nn 1 ~n (e 1 oo (e.e)
d{p, pt) = 5{Bap, fi)dt "=~ dpe” = SAp;dt, pg” = po

5
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Secenn)
Law of large numbers

Theorem [see e.g. in Kipnis, Landim "99]

Let po : T¢ — [0,1] be an initial density profile and 7§(x) ~ B(po(x)) be inde-
pendent. Then

“n 1
ne = m Z T]t(X)(sx
x€Td
converges in probability to p°(x)dx, where p° := P py solves

1
dp® = EAp?C’dt, po. = po.
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Law of large numbers

Theorem [see e.g. in Kipnis, Landim "99]

Let po : T¢ — [0,1] be an initial density profile and 7§(x) ~ B(po(x)) be inde-

pendent. Then
<P 1
fiy 1= m Z 7¢(x)dx

x€Td
converges in probability to p°(x)dx, where p° := P py solves

1
dp® = EAp‘?’dt, po. = po.

d
o2 r (e = PN ST (0 9)) — r (e )]

j=1 x€Tp

2
é),w-:p} +...,
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Law of large numbers

Theorem [see e.g. in Kipnis, Landim ’99]

Let po : T¢ — [0,1] be an initial density profile and 7§(x) ~ B(po(x)) be inde-

pendent. Then
~n 1
Ay = m Z 7¢(x)dx

x€Td

converges in probability to p°(x)dx, where p° := P py solves

1
dp® = §Api’°dt, po. = po.

d
o s (i) = CEDE NS (G ) — e,

j=1 x€T,
2 (o0 1)) (B 1) + ' (o)) { 7y + 71— 27777, |0y |* ) +
=—f (¢, 7 @y i)+ — @, ) ( Tifi + 7 — 2n7n _v}
2 ’ e 4(2n + 1)d ’ J R
where 7jn(x) == n(x + ¢). ~ d{p,7]) = (App, 7} )dt + mart.
—_— 2
_ 1 o - ,
d(mart.)y = @rd (mjif +Af = 2nfTin], |Onje| )dt
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Secenn)
Density fluctuation field and CLT

We now consider the fluctuations of the SSEP around its mean:
Cr(x) = (2n+ 1) ({(x) — pi(x)) -
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Secenn)
Density fluctuation field and CLT

We now consider the fluctuations of the SSEP around its mean:
Cr(x) = (2n+ 1) ({(x) — pi(x)) -

The generator of

- 1
Gt = m Z Ce(x)dx

x€Td
can be expanded as follows

GiFF ((0,0)) = GEPF ((2n + 1), — )

= 37 (1.0) Qo O+ 43t D5 " (10.0)) (i -+ 1 20750, usel®)

40 (1/n%“)

Vitalii Konarovskyi (University of Hamburg a Quantitative CLT for SSEP September 17, 2024 7/25



ol |
Density fluctuation field and CLT
We now consider the fluctuations of the SSEP around its mean:
Cr(x) = (2n+ 1) ({(x) — pi(x)) -

The generator of

- 1
Gt = m Z Ce(x)dx

x€Td
can be expanded as follows
G f ((2.€)) = Ga F ((2n+ 1) (7 — )
1., = oy CnE DT N s s o
=51 ((£.0) (Bnp. ) + T EET ((#,8)) (57 + 71 — 207, |On,jel*)
40 (1/n%“)

Again

(A, C)dt 4 mart.

=N =

d(mart) = 5 (i + i — 200700, o0 l” )
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Central limit theorem

Theorem 2 [Galves, Kipnis, Spohn; Ravishankar '90]

Let the initial density profile po be smooth. Then the density fluctuation field

D 1
G = m Z Ce(x)0x

x€Td
converges in D ([0, T],D’) to the generalized Ornstein-Uhlenbeck process that
solves the linear SPDE

a6 = 386 de + V- (/e (1 = p)aws )

with the centered Gaussian initial condition such that

E [{Co,%)*] = (po(1 — po)e, ¢)

Q
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|dea of proof

@ Consider the semimartingale (¢, ft> and its quadratic variation.
o 1 .
d<§07 Ct > = E <An§07 Ct >dt + mart.

[y

d(mart.), = = <Tﬂ7? + i = 2nf Ty, \Bn,js0|2> dt

N
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|dea of proof

@ Consider the semimartingale ( ,&) and its quadratic variation.
d(p, 7Y = = (Anp, C)dt + mart.

d(mart.), = = <Tﬂ7? + i = 2nf Ty, \Bn,js0|2> dt

)
1
2

NI =

@ Convergence of (mart.)e:
n n n n 1 n n n n 1 ~n n
NeTjNe = PeTjPe + @1 (piTiCe + Ciipe) + @nt1)7 CeTiCes

where 17 = p] + WC{'
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|dea of proof

@ Consider the semimartingale (¢, ft> and its quadratic variation.
o 1 .
d{p, ) = §<An§0, ¢f)dt + mart.

[y

d(mart.), = = <Tﬂ7? + i = 2nf Ty, \Bn,js0|2> dt

N

@ Convergence of (mart.)e:

1 n n
(pP7iCl + CTmip?l) + o (I,

nT' n_ nT. n+ 1
NeTjNe = PeTjPt 7(2,7_’_ 1)d/2 (2n 1 1)d

where 17 = p] + WC{'

@ Control of E[(n/(x) — pf(x)) (nf(x + &) — pi(x +¢))] — 0
[Ferrari et al. '91]
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|dea of proof

@ Consider the semimartingale ( ,&) and its quadratic variation.
d(p, 7Y = = (Anp, C)dt + mart.

d(mart.), = = <Tﬂ7? + i = 2nf Ty, \Bn,js0|2> dt

)
1
2

NI =

@ Convergence of (mart.)e:
_
(2n+1)9

Crict s

1
NETiNE = PETiPE + G 1) (peiCE + Cimipt) +
where 17 = p] + WC{'

@ Control of E [(nf(x) — pi(x)) (n{(x + ) — pi(x+¢))] =0
[Ferrari et al. '91]

@ Use of tightness argument and the Holley-Stroock theory
[Holley, Stroock '79]
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Secenn)
Our goal

Our goal: Obtain the rate of convergence of

&= ¢ =007
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Secenn)
Our goal

Our goal: Obtain the rate of convergence of

sup [Ef ((,7)) — Ef ({9, ¢))] = 0
te[0,T]
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Our goal
Our goal: Obtain the rate of convergence of

sup [Ef ((,7)) — Ef ({9, ¢))] = 0
te[0,T]

Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.
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Our goal
Our goal: Obtain the rate of convergence of

sup |Ef ((¢,C7)) —Ef ((,¢))] =0

te[0,7]

Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.

Quantitative results:

@ [Gess, Wu, Zhang '24]: Higher order fluctuation expansions for nonlinear
SPDEs. (SPDEs defined on the same probability space)
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Secenn)
Our goal

Our goal: Obtain the rate of convergence of

sup |Ef ((¢,C7)) —Ef ((,¢))] =0

te[0,7]
Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.

Quantitative results:

@ [Gess, Wu, Zhang '24]: Higher order fluctuation expansions for nonlinear
SPDEs. (SPDEs defined on the same probability space)

@ [Cornalba, Fischer '23, Djurdjevac, Kremp, Perkowski '24]: Higher order
approximation of Dean-Kawasaki equation
(duality of approach, structure of noise is important)
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Secenn)
Our goal

Our goal: Obtain the rate of convergence of

sup |Ef ((¢,C7)) —Ef ((,¢))] =0

te[0,7]

Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.

Quantitative results:

@ [Gess, Wu, Zhang '24]: Higher order fluctuation expansions for nonlinear
SPDEs. (SPDEs defined on the same probability space)

@ [Cornalba, Fischer '23, Djurdjevac, Kremp, Perkowski '24]: Higher order
approximation of Dean-Kawasaki equation
(duality of approach, structure of noise is important)

@ [Chassagneux, Szpruch, Tse '22]: Weak quantitative propagation of chaos
(mean field limit)
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Checesy
Our goal

Our goal: Obtain the rate of convergence of

sup [EF ((¢,E0)) — EF (9, )] = 0

te[0,7]

Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.

Quantitative results:

@ [Gess, Wu, Zhang '24]: Higher order fluctuation expansions for nonlinear
SPDEs. (SPDEs defined on the same probability space)

@ [Cornalba, Fischer '23, Djurdjevac, Kremp, Perkowski '24]: Higher order
approximation of Dean-Kawasaki equation
(duality of approach, structure of noise is important)

@ [Chassagneux, Szpruch, Tse '22]: Weak quantitative propagation of chaos
(mean field limit)

@ [Kolokoltsov '10] Central limit theorem for the Smoluchovski coagulation model
(mean field limit, non-local Smoluchowski’s coagulation equation)
o ...
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LN and LT |
Main tool

Idea of proof: Compare two (time-homogeneous) Markov processes X;, Y; taking values
in the same state space and Xy = Yy = x using

EF(X:) —EF(Y:) = /t PX (%X —G") PLF(x)ds,

= /t E[(6X - G") PL.F(XS)] ds,

[see e.g. Ethier, Kurtz '86]
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LLN and CLT

Main result
Theorem 3 [Gess, K. '24]
Let

@ the initial density profile po : T¢ — [0, 1] be smooth enough,
@ 7 be SSEP with 7g(x) ~ B(po(x)) and independent,
© pf =Enf, ¢f = (2n+ 1)?*(nf — pY)
@ (i solves d({° = $A(dt+ V- ( o (1 — p?o)th) with the centered
Gaussian initial condition with E [((o,go)ﬂ = (po(1 — po)e, ¥)
Then for large enough | € N

sup |Ef ((, ¢ f
te[OPT]’ (CRE &N < m 1fllcs @l
for all n > 1, f € C3(R™) and ¢ € (C'(T9))"
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LLN and CLT

Main result
Theorem 3 [Gess, K. '24]
Let

@ the initial density profile po : T¢ — [0, 1] be smooth enough,
@ 7 be SSEP with 7g(x) ~ B(po(x)) and independent,
© pf =Enf, ¢f = (2n+ 1)?*(nf — pY)
@ (i solves d({° = $A(dt+ V- ( o (1 — p?o)th) with the centered
Gaussian initial condition with E [((o,go)ﬂ = (po(1 — po)e, ¥)
Then for large enough | € N

sup |Ef ({&,¢F [fllesllPller
3 [ ((5.6) - )| < — = Il Bl
for all n > 1, f € C3(R™) and ¢ € (C'(T9))"
The rate ﬁ is optimal: = — lattice discretization error, % — particle approximation
2 n2

error
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@e@er | o
Splitting of the problem

Recall
EF(X:) — EF(Y:) = /tIE (6% —G") PL.F(X5)] ds,

where Xo = Yy = x.
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@e@er | o
Splitting of the problem

Recall
EF(X:) — EF(Y:) = /tIE (6% —G") PL.F(X5)] ds,

where Xo = Yy = x.

We consider the Markov processes:

@ particle means and fluctuation field: (57, f{’)

@ solution to heat equation and generalized OU process (pg°, (7).
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@e@er | o
Splitting of the problem

Recall

t
EF(X:) —EF(Y;) = / E [(6X = G") PLF(X)] ds,
0
where Xo = Yy = x.

We consider the Markov processes:

@ particle means and fluctuation field: (57, ft")

@ solution to heat equation and generalized OU process (pg°, (7).

The processes starts from different initial conditions!
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@e@er | o
Splitting of the problem

Recall

t
EF(X:) — EF(Y:) = / E[(G%—6") PL.F(X)] ds,
0
where Xo = Yp = x.
We consider the Markov processes:

@ particle means and fluctuation field: (57, ft")

@ solution to heat equation and generalized OU process (pg°, (7).

The processes starts from different initial conditions!

We will compare:

@ (57,Cr) an [comparison of dynamics] R
where the generalized OU process started from (jg, (¢);
° and (p°, ¢°) [comparison of initial conditions]

(both are defined by the same equation).
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Comparison of particle fluctuations _
Formal comparison of generators

We start from the formal computation for cylindrical functions:

F(5,0) = f ((, ), (#,0))
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Comparison of particle fluctuations _
Formal comparison of generators

We start from the formal computation for cylindrical functions:

F(5,0) :==f (¥, ), (. ()

Using Taylor's formula, we get:
FFppm m _ 1 " ~
G, F(p,¢) = 581)‘(...) (Anp, Py + 582)‘(.‘.) (Anp, C)

1 . . d
+ Za§f () <’l_j7] + 7l — 2n7m, |(),,,j;,9\2> +0 (l/ngﬂ) ,
where ¢ = n?/?(7 — p).
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Comparison of particle fluctuations _
Formal comparison of generators

We start from the formal computation for cylindrical functions:

F(5,0) :==f (¥, ), (. ()

Using Taylor's formula, we get:
FFr(~ 1 o, 1 P
G, F(p,¢) = 581)‘(...) (Anp, p) + 582)‘(.‘.) (Anp, C)
+ %851‘ () <TJ1~/ + 7 — 207, |f)n,ji,9\2> + O (l/ngﬂ) ,
where ¢ = n?/?(# — j). Moreover,
PN | .1 -
GF(p,{) = S0uf () (B, §) + 502 () (B, )

1 . 2.
+ 48 () (5 + 75— 2% 10)0) -
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Comparison of particle fluctuations _
Formal comparison of generators

We start from the formal computation for cylindrical functions:
F(5,0) :==f (¥, ), (. ()

Using Taylor's formula, we get:
FFppm m _ 1 " =
G, F(p,¢) = 581)‘(...) (Anp, Py + 582)‘(.‘.) (Anp, C)
1 S . d
+ Za§f () <le7 + 7l — 2n7m, |€),,,j;,9\2> +0 (1/,,3“) ,
where ¢ = n?/?(# — j). Moreover,
o 1 . 1 -
GF(p,{) = S0uf () (B, §) + 502 () (B, )
1 T 2
+ 48 () (5 + 75— 2% 10)0) -
Using n7m = pTip + G a7 (p7€ + CTip) + gy €Tic, we get

(G5 = G°)F| S S, pllcallFlles + —375 (CoiplOnssol) + BBF((.) (G717 ..
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Comparison of particle fluctuations _
The difficulties

1 1 » , . —
(G2 = GVF| S -l elleallflles + 575 (Comip njol®) + B3F(() (CTC. 1) -
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Comparison of particle fluctuations _
The difficulties

1 1 » , . —
(G2 = GVF| S -l elleallflles + 575 (Comip njol®) + B3F(() (CTC. 1) -

Recall:

EF (5, &) — BF (o, (57 = / E (6 — G%) POYF(5, ] ds
0

Vitalii Konarovskyi (University of Hamburg a Quantitative CLT for SSEP September 17, 2024 15/25



Comparison of particle fluctuations _
The difficulties
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(G2 = GVF| S -l elleallflles + 575 (Comip njol®) + B3F(() (CTC. 1) -

Recall:

EF (5, &) — BF (o, (57 = / E (6 — G%) POYF(5, ] ds
0

@ U:=PPY%f ((¥,-)(p,")) is not cylindrical function.
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Comparison of particle fluctuations _
The difficulties

1 1 . __
(G2 = GVF| S -l elleallflles + 575 (Comip njol®) + B3F(() (CTC. 1) -

Recall:

EF(57,(7) — EF(p2°", (") = / E[(¢7F - ¢%) P2SF (51, 80)) ds
0

@ U:=PPY%f ((¥,-)(p,")) is not cylindrical function.

@ Differentiability of U in p is not trivial question because of the term /p(1 — p) in
the SPDE. It is not differentiable at p7!
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Comparison of particle fluctuations _
The difficulties

1 1 2z —
(G2 = GVF| S -l elleallflles + 575 (Comip njol®) + B3F(() (CTC. 1) -

Recall:

EF(57,(7) — EF(p2°", (") = / E[(¢7F - ¢%) P2SF (51, 80)) ds
0

@ U:=PPY%f ((¥,-)(p,")) is not cylindrical function.

@ Differentiability of U in p is not trivial question because of the term /p(1 — p) in
the SPDE. It is not differentiable at p7!

@ Control of E [f((gp,f{’)) <ﬁ, \8,,7j<p|2>} via ETT", (nf(xi) — pf(xi)) does not

give the optimal rate.

September 17, 2024
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Comparison of particle fluctuations _
The difficulties

1 1 2z —
(G2 = GVF| S -l elleallflles + 575 (Comip njol®) + B3F(() (CTC. 1) -

Recall:

EF(57,80) — EF (p°", (") = / E[(¢" —g°%) P2F(52.C0)] ds
0

@ U:=PPY%f ((¥,-)(p,")) is not cylindrical function.

@ Differentiability of U in p is not trivial question because of the term /p(1 — p) in
the SPDE. It is not differentiable at p7!

@ Control of E [f((ga,f{’)) <W, \8,,’j<p|2>} via ETT", (nf(xi) — pf(xi)) does not
give the optimal rate.

@ Control of <C~{’,ij? |8r,,jcp\2> is not clear
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Comparison of particle fluctuations _
The difficulties

1 1 2z —
(G2 = GVF| S -l elleallflles + 575 (Comip njol®) + B3F(() (CTC. 1) -

Recall:

EF(57,80) — EF (p°", (") = / E[(¢" —g°%) P2F(52.C0)] ds
0

U:= Pto,Usf((dJ, Y, )) is not cylindrical function.

@ Differentiability of U in p is not trivial question because of the term /p(1 — p) in
the SPDE. It is not differentiable at p7!

Control of E [f((cp, f{’)) <C{’T(p7 ‘an,j(,0|2>:| via EH'll (nf(x:) — pf(x;)) does not
give the optimal rate.

Control of <C~{’,ij? |8n7js0‘2> is not clear

@ /p7"(1— p™ ") is not well-defined because pg™" = fg. ~» A (7"
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Discrete and continuous Fourier transform

Replace j = m erTg p(x)dx and = m ermj ¢(x)éx by a smooth
interpolation.
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Discrete and continuous Fourier transform

Replace j = m erTg p(x)dx and = m ermj ¢(x)éx by a smooth
interpolation.

@ Let L»(T¢) be the Hilbert space of all functions on T¢ with inner product

{p1,p2)n = ﬁ Z p1(x)p2(x)

x€Td
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Discrete and continuous Fourier transform

Replace j = m erTg p(x)dx and = m ermj ¢(x)éx by a smooth
interpolation.

@ Let L»(T¢) be the Hilbert space of all functions on T¢ with inner product

{p1,p2)n = ﬁ Z p1(x)p2(x)

x€Td

) Lz(Td) be the usual Ly-space of function on T9 with

(01, p2) :=/ e1(x)p2(x)dx.
Td
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Comparison of particle fluctuations _
Discrete and continuous Fourier transform

Replace p = m erﬂrg p(x)dx and = m errg ¢(x)dx by a smooth
interpolation.

@ Let L»(T¢) be the Hilbert space of all functions on T¢ with inner product

{p1,p2)n = ﬁ Z p1(x)p2(x)

x€Td

) Lz(Td) be the usual Ly-space of function on T9 with
(o) = [ oaldte)an
Td

@ G(x)=e"* kez! xeT!>T¢
— basis vectors on Ly(T¢) and Ly(T9), and
— eigenvalues for discrete and continuous diff. operators
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Comparison of particle fluctuations _
Discrete and continuous Fourier transform

Replace p = m erﬂrg p(x)dx and = m errg ¢(x)dx by a smooth
interpolation.

@ Let L»(T¢) be the Hilbert space of all functions on T¢ with inner product

{p1,p2)n = m Z p1(x)p2(x)

x€Td

o Lz(Td) be the usual Ly-space of function on T9 with
(p1,2) == / 1(x)p2(x)dx.
Td

@ G(x)=e"* kez! xeT!>T¢
— basis vectors on Ly(T¢) and Ly(T9), and
— eigenvalues for discrete and continuous diff. operators

Lo(T5) 5 p = Z(p, Skhnsk on Ta,  Ly(T?) 3 ¢ = Z(%Ckkk on T

kezd kezd
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Comparison of particle fluctuations _
New (smooth) lifting of discrete space

For functions p € Lo(T¢) and ¢ € Lo(T?) define

expp = Z(m nsk on TY, pr,p = Z(% Gkysk on T¢

kezg kezd
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Comparison of particle fluctuations _
New (smooth) lifting of discrete space

For functions p € Lo(T¢) and ¢ € Lo(T?) define

expp = Z(m nsk on TY, pr,p = Z(% Gkysk on T¢

kezg kezd

Basic properties of ex,f and pr,g

@ ex,p = pon T? and ex,p € C=(T9)
@ pr,y is well defined on T¢ for each ¢ € H, for

Hy={¢: llell, = Yiena L+ &P (o)}, J €R.
@ (p1,p2)n = (€Xnp1,exnp2) and (p, Pr,p)n = (eXnp, ©)
o |lpr,p —¢llu, < 5 lpr.e — ¢lln,

|eXﬂ‘P - ‘PHHJ < %||90|‘CJ+2+5 poos

(0.7) = Gy D #000l) = (2.0

x€Td

= (pr,, p)n + O(1/n") = (p,expp) + O(1/n")

Vitalii Konarovskyi (University of Hamburg a Quantitative CLT for SSEP September 17, 2024 17 /25



Comparison of particle fluctuations _
Discrete and continuous calculus

The operators ex, and pr, can be nicely combined with A,,d,; and A,d. Note that
Ag = —Msk and  Apg = — A,

where

. K4
X =47’ [K]*  and A2=2(2n+1)22[1—cos 2mky } :Ak+o<ng>

2n+1

Jj=1

lexnlnpr,g — pr,Aglly, = > (14 |kI*) [(exalnpr,g, si) — (pr,Ag, )

kezd

=) @+ [KPY [(Brprog, sidn — (B, k)
kezd

= @+ kP

kezd

n 2
(prog; si)n — 47° | k[* (g, <) |

C
kL[ g, sl < — gl

=Y @+ k) A

kezd
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Comparison of generators for smooth interpolation

Now for F(exnp,exn() := f ({1, exnp), (p,exnC)) = f ({pr, ¥, p)n, (DT, )n),
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Comparison of generators for smooth interpolation

Now for F(exnp, exn() = f ((), exnp), (¢, exn()) = f ({Pr, ¥, p)n, (Pr, . ()n), we get
GEF F(ex0p,ex0) = 5007 (-} Ab, o) + 505 () Bapr 0,

d
1
+505f(.) D (@nspri)? , (mim +1 = 207m) ) + o

Jj=1
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Comparison of generators for smooth interpolation

Now for F(exnp, exn() = f ((), exnp), (¢, exn()) = f ({Pr, ¥, p)n, (Pr, . ()n), we get
Q,,FFF(eX,,p, exp() = %81 f(...){(exnAnpr, v, exnp) + %82)‘(,..)((‘,XnAnprnp7 exn()

d
1 [
+ 506 (--) > (0 (Onjprp)’ s exn (1 + 1 — 20mm)) + ..

Jj=1
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Comparison of generators for smooth interpolation

Now for F(exnp, exn() = f ((), exnp), (¢, exn()) = f ({Pr, ¥, p)n, (Pr, . ()n), we get
g,,FFF(eX,,p, exp() = %81 f(...){(exnAnpr, v, exnp) + %82)‘(,..)((‘,XnAnprnp7 exn()

d
1 [
+ 506 (--) > (0 (Onjprp)’ s exn (1 + 1 — 20mm)) + ..

Jj=1

1
Gn' F = Ga F| S —75 (exaC exa (30 |0n501") )+(exn (Ci€) , 37 (... Jexs (Onypr,e)?) +..
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Comparison of generators for smooth interpolation

Now for F(exnp, exn() = f ((), exnp), (¢, exn()) = f ({Pr, ¥, p)n, (Pr, . ()n), we get
g,,FFF(eX,,p, exp() = %81 f(...){(exnAnpr, v, exnp) + %82)‘(,..)((‘,XnAnprnp7 exn()

d
1 [
+ 506 (--) > (0 (Onjprp)’ s exn (1 + 1 — 20mm)) + ..

Jj=1

1
Gn' F = Ga F| S —75 (exaC exa (30 |0n501") )+(exn (Ci€) , 37 (... Jexs (Onypr,e)?) +..

We now need only to control:
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Comparison of generators for smooth interpolation

Now for F(exnp, exn() = f ((), exnp), (¢, exn()) = f ({Pr, ¥, p)n, (Pr, . ()n), we get
g,,FFF(eX,,p, exp() = %81 f(...){(exnAnpr, v, exnp) + %82)‘(,..)((‘,XnAnprnp7 exn()

d
1 [
+ 506 (--) > (0 (Onjprp)’ s exn (1 + 1 — 20mm)) + ..

Jj=1

1
Gn' F = Ga F| S —75 (exaC exa (30 |0n501") )+(exn (Ci€) , 37 (... Jexs (Onypr,e)?) +..

We now need only to control:

@ The expectations:
E (exn(f, exn (7jpf [0nj017) ) < Cllexnpf||csEllexal? |,
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Comparison of generators for smooth interpolation

Now for F(exnp, exn() := f ((), exap), (¢, exnC)) = £ ({Pr,, p)n, (P, C)n), We get
g,,FFF(eX,,p, exp() = %81 f(...){(exnAnpr, v, exnp) + %82f(,..)(cx,7A,7pr,,p7 exn()

d
1 [
+ 506 (--) > (0 (Onjprp)’ s exn (1 + 1 — 20mm)) + ..

Jj=1

1
Gn' F = Ga F| S —75 (exaC exa (30 |0n501") )+(exn (Ci€) , 37 (... Jexs (Onypr,e)?) +..

We now need only to control:
@ The expectations:
E (exn(f, exn (7jpf [0nj017) ) < Cllexnpf||csEllexal? |,

@ Using the Fourier analysis, the term E <ex,, (CPrich), 03F(..)) . .. \2> can be
controlled via

4

EH (ne(xi) — pe(x:)) S

i=1
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Comparison of particle fluctuations _
Comparison of generators for smooth interpolation

Now for F(exnp, exn() = f ((), exnp), (¢, exn()) = f ({Pr, ¥, p)n, (Pr, . ()n), we get
GF F(exnp, exnC) = %81 f(...){(exnAnpr, v, exnp) + %82f(,..)(cx,7A,7pr,,p7 exn()
d
1
+ 5B Y (exn (9nspry9)? s exn (7m 41 = 207)) + ..y
j=1

FF OUF‘ < d/2 <ex,,(. exp (Tjﬂ \OH_/W|2) >+<exn €r0), 8§f(...)ex,, (8,,,jprn<p)2>2+

We now need only to control:
@ The expectations:
E (exn(f, exn (7jpf [0nj017) ) < Cllexnpf||csEllexal? |,

@ Using the Fourier analysis, the term E <ex,, (CPrich), 03F(..)) . .. \2> can be
controlled via

EH Th x, —pr X,))S

1
n

@ We can compare generators on smooth enough functions on:Sobolev spaces
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Frechet differentiable function on H,

Let D™F(g) denoted the m-Frechet derivative of F that is a continuous multilinear
operator on (H,)™.
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Comparison of particle fluctuations _
Frechet differentiable function on H,

Let D™F(g) denoted the m-Frechet derivative of F that is a continuous multilinear
operator on (H,)™.

Example: For F(g) = f ((¢,g)), we get for h, h1, h, € H,

DF(g)[h] = (' ((¢¢,8)) ¢, h) and D*F(g)[h, ho] = (f" ((9,8)) ¢ ® ¢, @ h2).
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Comparison of particle fluctuations _
Frechet differentiable function on H,

Let D™F(g) denoted the m-Frechet derivative of F that is a continuous multilinear
operator on (H,)™.

Example: For F(g) = f ((¢,g)), we get for h, h1, h, € H,

DF(g)[h] = (' ((¢¢,8)) ¢, h) and D*F(g)[h, ho] = (f" ((9,8)) ¢ ® ¢, @ h2).

In particular, for F(exnp, exnC) := f ({1, exnp), (@, exn())

Q,’,:FF(eX,,p,exng“) (.- ){exnAnpr, ¥, exnp) + agf( J{exaAnpr, @, exnl)

N \

*31
d
"30%

(exn (Bnjprop)?, exn (Tm +n — 207m) ) + ...y
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Comparison of particle fluctuations _
Frechet differentiable function on H,

Let D™F(g) denoted the m-Frechet derivative of F that is a continuous multilinear
operator on (H,)™.

Example: For F(g) = f ({¢, g)), we get for h, h1, h, € H,
DF(g)[h] = (' ((¢¢,8)) ¢, h) and D*F(g)[h, ho] = (f" ((9,8)) ¢ ® ¢, @ h2).
In particular, for F(exnp, exnC) := f ({1, exnp), (@, exn())

1
g,’,:FF(exnp7 exn() = = (ex,Appr,DiF, exnp) + E(eannprnDzF, exn()

Q NI

+ 3 (exaTr (057 pry D3 F () , exa (7 + 1 — 20mm)) + ..
=1
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Comparison of particle fluctuations _
Frechet differentiable function on H,

Let D™F(g) denoted the m-Frechet derivative of F that is a continuous multilinear
operator on (H,)™.

Example: For F(g) = f ({¢, g)), we get for h, h1, h, € H,
DF(g)[h] = (' ((¢¢,8)) ¢, h) and D*F(g)[h, ho] = (f" ((9,8)) ¢ ® ¢, @ h2).
In particular, for F(exnp, exnC) := f ({1, exnp), (@, exn())

1 1
G Fexnp, exnC) = §<ex,,A,,prnD1F, exnp) + E(eannprnDzF, exn()

d
+ 3 (exaTr (057 pry D3 F () , exa (7 + 1 — 20mm)) + ..
j=1

~~ The expansion holds for each function F € C**(H, x H_))!
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Comparison of particle fluctuations _
Differentiability of POYF(ex,p, ex,()

A solution to

1
dpe® = iAPtocdt

o0 1 o0
de = 3¢+ V- (VoE(L— p)avk )

exists for all p§° € L»(T%;[0,1]) and (§° € H—; for | > g +1
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Comparison of particle fluctuations _
Differentiability of POYF(ex,p, ex,()
A solution to

1
dpe® = iAPtocdt

oo 1 o0 {e'e] o0
dG = SAGTdt+ V- ( P22 (1 = p; )th)
exists for all p§° € L»(T%;[0,1]) and (§° € H—; for | > g +1
For F € C(H-1) (eg. F(g) =f((#,8)), v € C"l) define Us(p5", (5°) := EF (¢)
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Comparison of particle fluctuations _
Differentiability of POYF(ex,p, ex,()
A solution to

1
dpe® = EAP?Cdt

oo 1 o0 {e'e] o0
de = 3¢+ V- (VoE(L— p)avk )
exists for all pg° € Lo(T?;[0,1]) and (5° € H— for | > ¢ +1.
For F € C(H-)) (e.g. F(g) = f((0,8)), ¢ € CI'T) define U:(ps°, (5°) := EF (¢°)

Proposition 1 [Gess, K. '24]

Let / > ¢ +1and F € C2*(H-)). Then U: € C;*(Hy x H-)) for J > ¢

-
Moreover, .
D1Ue(p5”, G5°)[h] = SE [D*F () : DVi(p3) [H]]
with
Ve(po~ ), 1) = Cov ({9, ¢°)5 (¥, ¢7))
1 [ - o
== / (VPE o - VPEW, p° (1 - p°)) ds
0
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Comparison of particle fluctuations _
|dea of proof

We show the (uniform in n) differentiability
U(ps°) = BF (pr,¢7)
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Comparison of particle fluctuations _
|dea of proof

We show the (uniform in n) differentiability
U(ps°) = BF (pr,¢7)
Setting £ 1= (((¢™, Sk) — M)y eqa for mi = E((7°, <), we can represent U" as follows

U"(p5°) = Efa (m" +€") = Efy(m" + /V7(55°)E"),

where V"(p5°) := (Ve(p5”)lsk, 5l ez
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Comparison of particle fluctuations _
|dea of proof

We show the (uniform in n) differentiability
U"(ps") := EF (pr, )
Setting £" := (({7°, k) — mk)kezg for mi = E((5°, sk), we can represent U" as follows
U(65°) = Bfy (m" + €7) = By (m" + \/ V(5 )E),
where V7(pg°) := (Vt(Pgo)[Ck»Cl])k,/ezﬁ'
Reason for differentiability: F(z) = f(m + /z€) :
0 0 _Z
82F(X z) = —/ (m+fy)r Z dy

15)
. i
/ (m+zy) Zdy
1

Nﬁ
= 5/ (m+\[}’)\/—z e 2

/ m—hfyr édy.

Vitalii Konarovskyi (University of Hamburg a Quantitative CLT for SSEP September 17, 2024
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Comparison of dynamics

Recall that (pf, ¢{') is the mean process together with the fluctuation field of SSEP.
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Comparison of particle fluctuations _
Comparison of dynamics

Recall that (pf, ¢{') is the mean process together with the fluctuation field of SSEP.

(p=", ¢ is a solution to

dpi* = 3 BpFdt

oo 1 o0
46 = SAGTde+ V- (/e (L= p)dWs )

started from (exnpg, exn(().
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Comparison of dynamics

Recall that (pf, (/') is the mean process together with the fluctuation field of SSEP
(p=", ¢ is a solution to

dpi* = 3 BpFdt

oo 1 o0
46 = SAGTde+ V- (/e (L= p)dWs )

started from (exnpg, exn(().

Then for each I, J large enough and F € Cp(H; x H_)

|EF (exnpt,exnlt) — EF (p7", ¢ < / ’E G — OU) P2V F(expf, exnCl H ds

t
1 1 n n n n
<€ [ (G1Flons + s llessplllcBllosscll -+ B (exs (GGE) o)+ )
0

Vitalii Konarovskyi (University of Hamburg a Quantitative CLT for SSEP
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Berry-Esseen bound for the initial fluctuations

@ It remains only to compare
EF (o7, 6") = EF (077, ¢7°) = PPV F(exapt, exa(5) — PV F (po, Go)

where pf°started from the initial profile po and (; started from the centered
Gaussian distribution with

E(¢o, )* = (po(1 = po)ep, o).
@ It is enough to compare only
EF(exas) — EF(pr,o),
for F € Ca(H,,), where

exnlg = Z(Cé’,w)m, pr,Co = Z<<O,<k>§k

kezd kezd
d
@ Is enough to compare for f € C3 (]RZ">

B (0 Y7206 50n) ) = B (4 ) 2(0060) ) -

@ Apply multidimensional Berry-Essen theorem [Meckes '09]
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