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Give some data {(&,i), i € I}, the goal is to predict a new label  given a new input .

For simplicity assume that & ~ P and ~; = f(&).
The output v = f(€) is approximated by f,(£), where z € R? are parameters that have

to be learned from

R(z) :=Ep [1(£(£), (€))] = Er [R(z,£)] = min
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.
Supervised Learning and SGD Dynamics

Give some data {(&,i), i € I}, the goal is to predict a new label  given a new input .
For simplicity assume that & ~ P and ~; = f(&).

The output v = f(€) is approximated by f,(£), where z € R? are parameters that have
to be learned from

R(z) :=Ep [1(£(£), (€))] = Er [R(z,£)] = min

Stochastic Gradient Descent:

taking z(0) € R? define

Z(t;+1) = Z(t,‘) —aV;R ( (tl+1) 6/)

for learning rate o, t; = af and & ~ P —i.i.d.
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SGD and ODE

For a — 0 the SDG dynamics
z(tiy1) = z(ti) — aV:R(z(ti1), &)
behaves as a solution to ODE
dZ. = —V.R(Z;)dt,

where
R(z) = EpR(z,¢).
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SGD and ODE

For a — 0 the SDG dynamics
z(tiy1) = z(ti) — aV:R(z(ti1), &)
behaves as a solution to ODE
dZ. = —V.R(Z;)dt,

where
R(z) = EpR(z,¢).

Theorem [see e.g. in Li, Tai, E '19, JMLR]

For f and R smooth enough one has

sup |Ef(z(t;)) — Ef(Z;)| = O(«).

ti<T

Vitalii Konarovskyi (University of Hamburg) SMF, MFL and DSGD

September 25, 2025



I
SGD and SDE

The ODE loses all information about the randomness in the SGD.
z(tiv1) = 2(ti) — aVR(2(t:), &)
= z(t;) — VEpR(...)a + va (VEpR(...) — VR(z(t),&)) Vo
N—— ~—
VR(z(t;)) =va =G(2(t;),&)
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is the Euler scheme for the SDE
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where ¥(z) = Cov(VR(z,£),VR(z,£)) = EpG(z,£) ® G(z,8).
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SGD and SDE

The ODE loses all information about the randomness in the SGD.
z(tiv1) = 2(ti) — aVR(2(t:), &)
=z(t;)) = VEpR(...)a+ va (VEpR(...) — VR(z(t),&)) vV
N—— ~—
VR(z(t;)) =va =G(2(t;),&)

is the Euler scheme for the SDE
dz, = —VR(zt)dtJZ“va(zt)ﬁdt +VaX:(Z)dwe,
where ¥(z) = Cov(VR(z,£),VR(z,£)) = EpG(z,£) ® G(z,§).

Theorem [Li, Tai, E '19, JMLR]

For f, R and Y2 smooth enough one has

sup [EF(2(t)) - BF(Z,)| = O(c”).
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Limited regularity of Yi:

Ex. X(z) =22 = ¥3(z)=|z|.
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Limitations of Modified SDE

Limited regularity of Yi:
Ex. X(z) =22 = ¥3(z)=|z|.
The SDE does not catch n-point motion:
Let z«(t;) be the SGD dynamics started from z(0)
z1(ti1) = z(ti) — aVR(z(t), &)

Zn(ti+1) = Zn(ti) - O(VR(Z,,(t,‘), E')
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I
Limitations of Modified SDE

Limited regularity of Yi:
Ex. S(z2) =22 = Y2(z)=|z|.
The SDE does not catch n-point motion:

Let zc(t;) be the SGD dynamics started from z(0)

z1(ti1) = z(ti) — aVR(z(t), &)

Zn(ti+1) = Zn(ti) - O(VR(Z,,(t,‘), E')

Then
(z(ti), - .-, zn(ti)) % (Zé, L Zy).

for solutions of the (Modified) SDE started from Z§ = z(0) since, formally,

Cov (zk, z1) = Cov (VR(zx,£),VR(z,€)) # i (Zk) = (Z’) = Cov (Zk,Z/)
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Neural Network with One Hidden Layer

input 1 .vl,%z

input 2 .\;s?%:‘ii”i.

input 3 .§'IOX$V‘\V
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output

input d
\\Y

Network with a single hidden layer:

L) =230 0,(0)

_ / ,(6)u"(dz) = (D(E), ),

where z, € R, k=1,...,n, are parameters
which have to be found and

n
1
u = - Z 8z,
k=1

[ Chizat, Bach, Mei, Nguye, Rotskoff, Sirignano, Vanden-Eijnden... ]
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.
Neural Network with One Hidden Layer

Network with a single hidden layer:

L) =230 0,(0)

_ / ,(6)u"(dz) = (D(E), ),

output
where z, € R?, k = 1,...,n, are parameters
which have to be found and

n
1
u = - Z 8z,
k=1

[ Chizat, Bach, Mei, Nguye, Rotskoff, Sirignano, Vanden-Eijnden... ]

Risk Function: for z = (z1, ..., z,)

1

R(z) := EEP [(f(f) — (&) |2] =E [F?(zl, . .,zn,f)] — min
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I
SGD for Shallow Network

Taking zx(0) ~ o i.i.d. and & ~ P i.i.d. we consider the SGD

Z(ti+1) = Z(ti) - QVZR (Z(ti)vfi) .
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SGD for Shallow Network

Taking zx(0) ~ o i.i.d. and & ~ P i.i.d. we consider the SGD

Z(ti+1) = Z(ti) - QVZR (Z(ti)’fi) .
A simple computation shows

Zl(t,'+1) = Zl(ti) - avle (Zl(ti)7ﬂg,fi)
zn(tl'+1) = zn(ti) - avz"R (zn(tl‘)7pf?,-7£f)

We need an SDE that would capture the dynamics of z = (z1,...,2z,) or p".
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I
SGD for Shallow Network

Taking zx(0) ~ o i.i.d. and & ~ P i.i.d. we consider the SGD

Z(ti+1) = Z(ti) - QVZR (Z(ti)’fi) .
A simple computation shows

Zl(t,'+1) = Zl(ti) - avle (zl(ti)-,ll";,-7£i)

Z,,(t,'+1) = Z,,(t,‘) - avan (zn(ti)7llf27£f)

We need an SDE that would capture the dynamics of z = (z1,...,2z,) or p".

Naively one can use:

dZ, = —VR(Z:)dt + \/ax?(Z:)dw:

The coefficients depend on n!

Vitalii Konarovskyi (University of Hamburg) SMF, MFL and DSGD

September 25, 2025



-
Mean-Field ODE (Continuity Equation)

Zl(ti+1) = zl(tr') - avle (Zl(tr')»/igvfi)

zp(tiv1) = zo(ti) — aV, R (zn(t;),u't’,.,&)
can be captured for o — 0 by
dz{ = -V xR (Z{,17) dt,

with vf =157 §z« and R(z,v) = E[R(z,v,£)].
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-
Mean-Field ODE (Continuity Equation)

Zl(ti+1) = zl(tr') - avle (zl(ti)vug7§i)

Z,,(t,'+1) = Zn(ti) — Oévan (Zn(ti),,ugygi)
can be captured for « — 0 by
dz{ = -V xR (Z{,17) dt,
with vf =157 §z« and R(z,v) = E[R(z,v,£)].

One can write the equation for v{

dl/t =V (VZI‘?(7 Vt)l/t) dt
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-
Mean-Field ODE (Continuity Equation)

Zl(ti+1) = zl(tr') - avle (zl(ti)vug7§i)

zp(tiv1) = zo(ti) — aV, R (zn(t;),u't’,.,&)
can be captured for o — 0 by
dz{ = -V xR (Z{,17) dt,

with vf =157 §z« and R(z,v) = E[R(z,v,£)].

One can write the equation for v{

dvy = V (VzR(:, ve)ve) dt ~ dZ;(u) = —=VzR (Z:(u),v:) dt

n

1 _

Vy = I/(’)7 = E E 5zk(0) Zo(u) = u, vy = I/S o Zt !
k=1
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-
Mean-Field ODE (Continuity Equation)

Zl(ti+1) = zl(tr') - avle (zl(ti)vug7§i)

Z,,(t,'+1) = Zn(ti) — Oévan (Zn(ti),,ugygi)
can be captured for « — 0 by
dz{ = -V xR (Z{,17) dt,
with vf =157 §z« and R(z,v) = E[R(z,v,£)].

One can write the equation for v{

dvy = V (VzR(:, ve)ve) dt ~ dZ;(u) = —=VzR (Z:(u),v:) dt

n

1 _

Vy = I/(’)7 = E E 5zk(0) Zo(u) = u, vy = I/S o Zt !
k=1

Then ZF = Z,(z(0)) and v = .
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.
Martingale Problem for Empirical distribution

Recall B .
dZ; = —VR(Z,)dt + v/aX2(Z;)dw:

captures the motion of

Zk(t,'+1) = Zk(t,') — avsz (zk(t,-),,ufi,f,-) , k= ].7 co,n.
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.
Martingale Problem for Empirical distribution

Recall B .
dZ; = —VR(Z,)dt + v/aX2(Z;)dw:

captures the motion of
Zk(t,'+1) = Zk(t,') — avsz (zk(t,-),,ufi,f,-) , k= ].7 co,n.
Taking ¢ € C2(R), we get for the empirical measure v} = 1 57 | O
t o t
<SD7V:>:<SD7VS>_/ <V¢VR(7V:)7VSH>dS+§/ <v2¢:A('7V:)7V5n>ds
0 0
+ Mart.,

with o
siare], —a [ (90008 Veln)): Ayt (@vi (@)

where A(z,y, 1) = Cov (VR(z, 11,€), VR(z, 11, €)) and A(z, 1) = A(z, z, 1)
[Rotskoff, Vanden-Eijnden, CPAM, 2022]
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.
Martingale Problem for Empirical distribution

Recall B .
dZ; = —VR(Z,)dt + v/aX2(Z;)dw:

captures the motion of

Zk(t,'+1) = Zk(t,') — avsz (zk(t,-),,ufi,f,-) , k= ].7 co,n.

Taking ¢ € C2(R), we get for the empirical measure v} = 1 57 5,4
- t

o) = (o)~ [ (Vo TR D s+ G [ (T A )0) 0
+ Mart.,
with o
siare], —a [ (90008 Veln)): Ayt (@vi (@)

where A(z,y, 1) = Cov (VR(z, 11,€), VR(z, 11, €)) and A(z, 1) = A(z, z, 1)
[Rotskoff, Vanden-Eijnden, CPAM, 2022]

~ Complicated to work
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I
SDE with Inf-Dim Noise

We repeat the derivation of the equation for SGD with new idea:

zi(tip) = zu(t) — aV R(z(ti), pi,, &)
=z(t) —a EVR(...) +Va(EVR(...)=VR(...)Va
——

=VR(z(t), 1)) =G(z(ti), 1y, &)
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SDE with Inf-Dim Noise

We repeat the derivation of the equation for SGD with new idea:

zi(tip) = zu(t) — aV R(z(ti), pi,, &)
=z(t) —a EVR(...) +Va(EVR(...)=VR(...)Va
——

=VR(z(t), 1)) =G(z(ti), 1y, &)

Note that Cov (z, z/) = E[G(zk, i, &) ® G(z1, 11, §)]
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I
SDE with Inf-Dim Noise

We repeat the derivation of the equation for SGD with new idea:
zk(tiv1) = zk(ti) — aVR(zi(ti), Ht; 751)

= z(t) —a EVR(...) +Va(EVR(...) - VR(...))va
———

=VR(z(t), 1)) =G(z(ti), 1y, &)

Note that Cov (z, z/) = E[G(zk, i, &) ® G(z1, 11, §)]
We get

dZtk:—VR(Zf,ut”)dt—i—\/&/ G(Zf vl &)W (dE, dt), k=1,...,n,

=Y (Gen, dm()

where pf = 13" 6,6, and W(E 1) =D e is white noise on L»(Z, P)
(P = Law¢, = is the state space for &) .
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.
Distribution Dependent Stochastic Flow
Distribution Dependent Stochastic Flow:
dZ.(u) = —VR(Z:(u), ve)dt + \/&/_' G(Z:(u), ve, ) W(dE, dt)
Zo(u)=u, vi=wgoZ " )

[Dorogovtsev, Kotelenez, Pilipenko, F-Y. Wang,...] see also McKean—Vlasov equation
with common noise (no independent noise)
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Distribution Dependent Stochastic Flow
Distribution Dependent Stochastic Flow:
dZ.(u) = —VR(Z:(u), ve)dt + \/&/_' G(Z:(u), ve, ) W(dE, dt)
Zo(u)=u, vi=wgoZ " )

[Dorogovtsev, Kotelenez, Pilipenko, F-Y. Wang,...] see also McKean—Vlasov equation
with common noise (no independent noise)

Using 1t 's formula, we come to the

Stochastic Mean-Field Equation:
dve=V- (VR(~7ut)1/t)dt+%V2 (A ve)ve)dt

av. / G- ve, e W(dE, dt)

where A(z, n) = EG(z, 1, &) ® G(z, s, €).
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Distribution Dependent Stochastic Flow
Distribution Dependent Stochastic Flow:
dZ.(u) = —VR(Z:(u), ve)dt + \/&/_' G(Z:(u), ve, ) W(dE, dt)
Zo(u)=u, vi=wgoZ " )

[Dorogovtsev, Kotelenez, Pilipenko, F-Y. Wang,...] see also McKean—Vlasov equation
with common noise (no independent noise)
Using 1t 's formula, we come to the

Stochastic Mean-Field Equation:
dve=V- (VR(~7ut)1/t)dt+%V2 (A ve)ve)dt

av. / G- ve, e W(dE, dt)

where A(z, u) =EG(z, 1, &) ® G(z, i1, §).
Well-posedness is obtained in [Gess, Gvalani, K. '25, PTRF]
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Distribution Dependent Stochastic Flow
Distribution Dependent Stochastic Flow:
dZ.(u) = =V R(Z:(u),ve)dt + \/&/ G(Zi(u), ve, )W (dE, dt)
Zo(u)=u, wvi=wppo Zt
[Dorogovtsev, Kotelenez, Pilipenko, F-Y. Wang,...] see also McKean—Vlasov equation
with common noise (no independent noise)
Using 1t 's formula, we come to the

Stochastic Mean-Field Equation:
dve=V- (VR(~7ut)1/t)dt+%V2 (A ve)ve)dt

av. / G- ve, e W(dE, dt)
where A(z, u) =EG(z, 1, &) ® G(z, i1, §).
Well-posedness is obtained in [Gess, Gvalani, K. '25, PTRF]

~» The martingale problem for this equation is the same as in [Rotskoff,
Vanden-Eijnden, '22, CPAM]
Vitalii Konarovskyi (University of Hamburg) SMF, MFL and DSGD September 25, 2025 11/16




I
Connection with SGD

Recall that z,(0) ~ po — i.i.d., a — learning rate, t; = ai, & ~ P —i.i.d.
zi(ti1) = z(ti) — aVR(ze(ti), e, &), k=1,...,n
where 47 = 5371 Ozy(o)-

Vitalii Konarovskyi (University of Hamburg) SMF, MFL and DSGD September 25, 2025 12/16



I
Connection with SGD

Recall that z,(0) ~ po — i.i.d., a — learning rate, t; = ai, & ~ P —i.i.d.

zi(tin) = zu(ti)) — aVR(ze(ti), pi, &), k=1,...,n
where puf = % Zzzl 82 (t)-

Distribution Dependent Stochastic Flow:

dZ(u) = —VR(Z:(u), yt)dtredf%VWR(Zt(u),yt)|2dt - %(D\VR(Zt(u), ve)?, ve)dt
+ \/a/ G(Ze(u), ve, E)W(dE, dt),
(€]

Zo(u)=u, vi=poo0 Zt_17

where W is a cylindrical Wiener process on L»(Z, P).
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I
Connection with SGD

Recall that z,(0) ~ po — i.i.d., a — learning rate, t; = ai, & ~ P —i.i.d.

zi(tin) = zu(ti)) — aVR(ze(ti), pi, &), k=1,...,n
where puf = % Zzzl 82 (t)-

Distribution Dependent Stochastic Flow:

dZ(u) = —VR(Z:(u), yt)dtredf%VWR(Zt(u),yt)|2dt - %(D\VR(Zt(u), ve)?, ve)dt
+ \/a/ G(Ze(u), ve, E)W(dE, dt),
(€]

Zo(u)=u, vi=poo0 Zt_17

where W is a cylindrical Wiener process on L»(Z, P).

Theorem [Gess, Kassing, K. '24, JMLR]

Let 110 € P2 and VR(z, v, £) be regular enough in z,v. Then for every & € C{(P2)
sup [E®(vy,) — E&(uf)| < Cared® + C\/EWZ(uo, 1g)-
4<T
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I
Connection with SGD

Recall that z,(0) ~ po — i.i.d., a — learning rate, t; = ai, & ~ P —i.i.d.

zi(tin) = zu(ti)) — aVR(ze(ti), pi, &), k=1,...,n
where puf = % Z:Zl 82 (t)-

Distribution Dependent Stochastic Modified Flow:
dZt(U)

—VR(Zi(u), v1)dt— 3 VIVR(Z:(u), ve)dt — Z(DIVR(Ze(u), v2), ve)dt

+va /@ G(Zo(u), v, €)W(dE, dit),

ZO(U) = u, Vi = Mo © Zt_17

where W is a cylindrical Wiener process on L>(Z, P).

Theorem [Gess, Kassing, K. '24, JMLR]

Let 110 € P2 and VR(z, v, £) be regular enough in z,v. Then for every & € C{(P2)
sup [E®(vy;) — Ed(uf)| < Ca® + C/EW2(po, p13)-
H<T
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n-point motion for SGD

Recall SGD:
z(ti1) = ze(ti) — aVR(z(t:), &), k=1,...,n,

started from distinct initializations z(0), k =1,...,n.
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n-point motion for SGD

Recall SGD:
z(ti1) = ze(ti) — aVR(z(t:), &), k=1,...,n,
started from distinct initializations z(0), k =1,...,n.

Consider Stochastic Modified Flow:

dZ:(u) = —VR(Z(u))dt — ZVIVR(Z(u)) dt

+ \/a/: (VR(Z:(u)) — VR(Z:(u),£)) W(d¢, dt),
Zi(u) = u,

where W is a cylindrical Wiener process on L»(=Z, P).

Vitalii Konarovskyi (University of Hamburg)

SMF, MFL and DSGD

September 25, 2025
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n-point motion for SGD

Recall SGD:
z(ti1) = ze(ti) — aVR(z(t:), &), k=1,...,n,
started from distinct initializations z(0), k =1,...,n.

Consider Stochastic Modified Flow:
dZ(u) = —VR(Z:(u))dt — %V\VR(Zt(u))th
va [ (TR(2(w) - TR(Z(0).) W, o),
Zt(u) = u,
where W is a cylindrical Wiener process on L»(Z, P).

Theorem [Gess, Kassing, K. '24, JMLR]

Define Zf := Z:(x«(0)), k = 1,...,n. Then for every f € C4(R)

sup |Ef(zl(t,-)7...,z,,(t,-)) —Ef (Ztll.,...,Zt':)| < Ca’.

t<T
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.
Weak Topology vs. Strong Topology

Observe that for a 1-d Brownian motion w the error between \/aw; and 0 can is
different in different topologies

Wi (Lare (Vawe) . 00) = & [|Vawe ~0]] = 0 (va)

Vitalii Konarovskyi (University of Hamburg) SMF, MFL and DSGD September 25, 2025 14 /16



.
Weak Topology vs. Strong Topology

Observe that for a 1-d Brownian motion w the error between \/aw; and 0 can is
different in different topologies

Wi (Lare (Vawe) . 00) = & [|Vawe ~0]] = 0 (va)

but

E [f (vaw)] ~ E[FO)] = E [/ (0)Vaw: + 3" (0)awi| = O (If"]lo)
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Comparison in Wasserstein (strong) topology

SDE for overparametrized shallow neural network with z(0) ~ po i.i.d.
Zk(tf+1) = Zk(t,') - Oévsz (Zk(t/')7ug7£i) ; k= ]-7 sy n

Consider a solution to continuity equation

dve = V(VR(:, ve)vr) dtred+%V2 D (A, ve)ve)dt + \/a[ G(Z:(u), ve, )W(dE, dt)

with initial particle distributions po, i.e. vy = pg o Zfl, where

dZ:(u) = —VR (Z:(u), x) dtred—i—\/E[ G(Z:(u), ve, ) W(dE, dt)
Zo(u) = u.
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Comparison in Wasserstein (strong) topology

SDE for overparametrized shallow neural network with z(0) ~ po i.i.d.
Zk(tf+1) = Zk(t,') - Oévsz (Zk(t/')7ug7£i) ; k= ]-7 sy n

Consider a solution to continuity equation

dve = V(VR(:, ve)vr) dtred+%V2 D (A, ve)ve)dt + \/a[ G(Z:(u), ve, )W(dE, dt)

with initial particle distributions po, i.e. vy = pg o Zfl, where
dZ:(u) = —VR(Z:(u), vt) dtred—i—\/a/ G(Z:(u), ve, )W(dE, dt)
Zo(u) = u. )
Theorem [Mei, Montanari, Nguyen '18, PNAS]

For R quite regular smooth enough and n ~ % one has

sup W (Law,u;’i,LaWZ/t,) = redoO (ﬂ) .

t<T
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Comparison in Wasserstein (strong) topology
SDE for overparametrized shallow neural network with z(0) ~ po i.i.d.
z(tin1) = ze(t)) — oV R (ze(t), i, &), k=1,...,n.
Consider a solution to continuity equation
dve =V (VR(-,vt)ve) dt+%V2 C(AG, ve)ve)dt + Va 7 G(Zi(u), ve, )W (dE, dt)

with initial particle distributions po, i.e. vy = g o Zfl, where
dZ:(u) = —VR (Z:(u),v:) dt++/« / G(Z:(u), ve, )W(dE, dt)
Zo(u) = u. N
Theorem [Gess, Gvalani, K. '25, PTRF]

For R quite regular smooth enough and n ~ é one has

sup Wy (Lawug, Lawzzt,.) =o0 (\/a) .

t<T
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Comparison in Wasserstein (strong) topology
SDE for overparametrized shallow neural network with z(0) ~ po i.i.d.
z(tin1) = ze(t)) — oV R (ze(t), i, &), k=1,...,n.
Consider a solution to continuity equation
dve =V (VR(-,vt)ve) dt+%V2 C(AG, ve)ve)dt + Va 7 G(Zi(u), ve, )W (dE, dt)

with initial particle distributions po, i.e. vy = g o Zfl, where
dZ:(u) = —VR (Z:(u),v:) dt++/« / G(Z:(u), ve, )W(dE, dt)
Zo(u) = u. N
Theorem [Gess, Gvalani, K. '25, PTRF]

For R quite regular smooth enough and n ~ é one has

sup Wy (Lawug, Lawzzt,.) =o0 (\/a) .

t<T

Proof is based on CLT for SGD [Sirignano, Spiliopoulos 19, SPAl + CLT for.the SPDE
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