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Supervised learning and SGD dynamics
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The output v = () is approximated by f;(£), where z € RY are parameters that have to be
learned from .
R(z) :=Ep [ (F(£), £(€))] = Ep [R(2,€)] — min
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The output v = () is approximated by f;(£), where z € RY are parameters that have to be
learned from

R(z) :=Ep [ (F(£), £(€))] = Ep [R(2,€)] — min

(Stochastic) Gradient Descent:

taking z(0) € RY define

for learning rate , t; = «i, §,; ~ P i.i.d. and mini-batch size B.
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Neural Network

Hidden Layers

Input Layer Output Layer

\vv’ \’4
“‘ ?«'C/ %‘,
A" ‘0‘
."‘ 4)10‘ .

0’\\\\‘

@ L € N — number of layers

@ di,...,d, — dimension of each layer

@ o — activation functions like

o(x) = (14 e7), o(x) = max(x,0),...

Motion of “signals” from layer to layer:

§ = (o((WE+ b)),

output v = f(§) is approximated by £,(&) for z = (Wi, b, Wa, by, .. .)

Vitalii Konarovskyi (University of Hamburg)
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.
Neural network with one hidden layer

Network with a single hidden layer:

Hidden layer: n nodes

1 n
Pz ) =~ o (a £+ bo)

k=1

=13 oz
n
k=1

output — /¢(z7§)y"(dz) = <¢(')£):Vn> ’

where z, € RY, k =1,...,n, are parameters
which have to be found and

1 n
Vv = ; Z 5zk
k=1

[ Chizat, Bach, Mei, Nguye, Rotskoff, Sirignano, Vanden-Eijnden... ]
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.
Neural network with one hidden layer

Network with a single hidden layer:

Hidden layer: n nodes

1 n
Pz ) =~ o (a £+ bo)

k=1
1 n
= Z (2, )
k=1
e = /¢(275)V"(d2) =(®(-€),v"),
where z, € RY, k =1,...,n, are parameters

which have to be found and

1 n
Vv = ; Z 5zk
k=1

[ Chizat, Bach, Mei, Nguye, Rotskoff, Sirignano, Vanden-Eijnden... ]

Risk Function: for z = (z,...,2z,) R(z) := %Eg [(f(ﬁ) — fn(z,€)) \2] — min
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SGD for shallow network

The parameters z = (z)x=1,...,n can be learned by stochastic gradient descent

2(tii1) = zu(t) — aV, (%\f(s,-) - fn(z,a,-)|2)
= z(t;) — a (fa(2,&) — F(&)) Vo, O (2 (1), &)
= ze(t) + o [VF(z(t), &) — (V2K (2(t:), &), v])]
= z(t7) + aV(z(t), v, &),

where « is a learning rate, t; = ic, & ~ P —i.id., v] = % 27:1 5z,(t)’ and

F(z,6) = f()®(2,€) and K(z,y,£) = &(z,§)(y, ).

~ Zk(t,"l):Zk(t,')+(X\7(Zk(t,‘).1/g.§,')

Vitalii Konarovskyi (University of Hamburg) SMF, MFL and DSGD February 11,

2026

/26



.
Continuous Dynamics of Parameters

Take z4(0) ~ po —i.i.d., @ — learning rate, t; = ia, & ~ P i.i.d. and
Zk(ti+1) = Zk(t,') + Oé\?(Zk(t/), l/g,ﬁ,’), k € {1, ceey n},

n 1 n
where vf = 1 37 5,0
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.
Continuous Dynamics of Parameters

Take z4(0) ~ po —i.i.d., @ — learning rate, t; = ia, & ~ P i.i.d. and
Zk(ti+1) = Zk(t,') + OC\N/(Zk(t',')7 l/g,fi), k € {1, ceey n},

n 1 n
where vf = 1 37 5,0

The expression for z(t) looks as an Euler scheme for

dZi(t) = V(Zk(t), pt)dt,
s 1y
He = " Zazk(t)’
k=1

for V(z,p) = EeV(z, 1, )
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Convergence to PDE

If z,(0) ~ po — i.i.d. and =1, then

=0 L
d(ytaut) =0 <\/ﬁ) 5

where p; solves

dpe = =V (V(-, pe)pe) dt
with initial condition ug.
[Mei, Montanari, Nguyen '18]
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Convergence to PDE

If z,(0) ~ po — i.i.d. and =1, then

=0 L
d(ytaut) =0 <\/ﬁ) 5

due = =V (V (-, pe)pe) dt

where p; solves

with initial condition ug.

[Mei, Montanari, Nguyen '18]

~»  The mean behavior of the SGD dynamics can then be analysed by
considering
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Main goal

Problem. After passing to the deterministic gradient flow x, all of
the information about the inherent fluctuations of the stochastic
gradient descent dynamics is lost.
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Main goal

Problem. After passing to the deterministic gradient flow x, all of
the information about the inherent fluctuations of the stochastic
gradient descent dynamics is lost.

Propose an S(P)DE which would capture the fluctuations of the SGD
dynamics and also would give its better approximation.
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.
SDE for SGD dynamics (classical approach)

Stochastic gradient descent
Zk(ti+1) = Zk(fi) + aV(Zk(ti)7 VZ7 fl)
=z(t)+ EcV(..) a+va(V(z(t),v],&) —EV(...)) Va
~——

=V(z(t;),v]) =:G(2(t;),v] &)

i

is the Euler-Maruyama scheme for the SDE

dZi(t) = V(Zu(t), ul)dt + Va(E2)(Z(t))dB(t), k€ {1,...,n},

where uf = 1 377 | 07,09, Ti(2) = Ee [G(2k, 1, €) ® G(21, 1, €)] and

B is n-dim Brownian motion.
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SDE for SGD dynamics (classical approach)

Stochastic gradient descent
Zk(ti+1) = Zk(fi) + aV(Zk(ti)7 VZ7 fl)
=z(t)+ EcV(..) a+va(V(z(t),v],&) —EV(...)) Va
~——

=V(z(t;),v]) =:G(2(t;),v] &)

i

is the Euler-Maruyama scheme for the SDE
dZi(t) = V(Zi(t), ud)dt + Va(E)(Z(1)dB(t), k€ {L,...,n},

where uf = 1 377 | 07,09, Ti(2) = Ee [G(2k, 1, €) ® G(21, 1, €)] and

B is n-dim Brownian motion.

~ Y3 is dn x dn matrix!
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.
Martingale problem for empirical distribution

dZi(t) = V(Zi(t), ui)dt + Va(E3)u(Z(t))dB(t), k€ {L,...,n},
where uf = 1S 65, and A(zi, 21, 1) = Ths(2) = Be Gz, 11, €) @ G(z1, 1, €)
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.
Martingale problem for empirical distribution

dZi(t) = V(Zi(t), p)dt + Va(E2)u(Z(t))dB(t), k€ {1,....n},
where pf = 2377 67,9, and A(zv, 21, 1) == i(2) = Be G2k, 11, €) @ G(21, 1, €)

[Rotskoff, Vanden-Eijnden, CPAM, 2022]:

Taking ¢ € C2(R?), we get for the empirical measure 7

ot

ot
n n a n n n n
(N :<§07M0>+§/ <V2¢:A(~7us),us>ds+/ (V- V(-, i), i) ds
0 0
+ Mart.,

where A(z, 1) = A(z, z, 1) and
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.
SGD and distribution dependent stochastic flow

The dynamics of the SGD
zi(ti11) = z(t7) + @V (ze(t), v, &)
=z(t)+ EeV(...) a+va (V(z(t)v],&) —EeV(...)) Va
——

=:V(z(t;),v]) =:G(z(t;),v &)

i
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.
SGD and distribution dependent stochastic flow

The dynamics of the SGD
zi(ti11) = z(t7) + @V (ze(t), v, &)
=z(t)+ EeV(...) a+va (V(z(t)v],&) —EeV(...)) Va
——

=:V(z(t;),v]) =:G(z(t;),v &)

i

can be captured by Distribution Dependent Stochastic Flow:

MMZWA%MM+&/QM%M@M%ﬁ%
€]

:Zi<G$e,->dw,‘
Zo(w) = u, e = ooz,

where W is a cylindrical Wiener process on Ly(=, Law§), i.e.

W(E ) =) el&)m(e).

/
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.
Stochastic mean-field equation

Considering

dZ:(u) = V(Ze(u), pe)dt + v/ / G(Ze(u), e, ) W(dE, dit)

Zo(u)=u, pe=pooZ "

and applying Ito’s formula, we get the Stochastic Mean-Field Equation:

diie = =V - (V- pe)pe)dlt + 592 2 (AC, pre)pue)dt

- \/av : /_ G('?/”’h&)/’“ W(dfv dt)

where A(ZHU,) = ]EG(Zﬁlu’ﬂ 5) ® G(Z7 ;L,ﬁ)
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Stochastic mean-field equation

Considering

dZ:(u) = V(Ze(u), pe)dt + v/ / G(Ze(u), e, ) W(dE, dit)

Zo(u)=u, pe=pooZ "

and applying Ito’s formula, we get the Stochastic Mean-Field Equation:

diie = =V - (V- pe)pe)dlt + 592 2 (AC, pre)pue)dt
- \/&V : /_ G('?/”’tvg)/‘t W(dfv dt)

where A(z, 1) =EG(z,11,£) ® G(z, 1, €).

~~ The martingale problem for this equation is the same as in
[Rotskoff, Vanden-Eijnden, '22, CPAM]
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Our goal

Goal: Compare the SGD dynamics v] = %Zzzl 0z, (¢) defined via

z(tis1) = zu(ti) + aV(zi(t3), v, &)

with z,(0) ~ po i.i.d. and mean-field dynamics
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Our goal

Goal: Compare the SGD dynamics v] = %Zzzl 0z, (¢) defined via

zi(tir1) = z(ti) + oV (z(ti), v, &)
with z,(0) ~ po i.i.d. and mean-field dynamics
(0%
dpe = =V - (V(, pe)pe)dt + EVZ t(AC, pe)pe)dt

_Jav. / G, e, e W(dE, dt)

started from ppg.
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Our goal

Goal: Compare the SGD dynamics v] = %Zzzl 0z, (¢) defined via

z(tis1) = zu(ti) + aV(zi(t3), v, &)

with z,(0) ~ po i.i.d. and mean-field dynamics

dpe = =V - (V(, pe)pe)dt + %VZ t(AC, pe)pe)dt

_Jav. / G, e, e W(dE, dt)

started from ppg.

Let
Oepe = =V (V(-,pt)pt),  po = po.

Idea: We will focus on the case a = % and compare the fluctuation fields for both dynamics:

VA" =p) and n(u—p)
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CLT for the SGD

We set
G = V(v = po),

where

zi(tiv1) = zi(ti) +

S|

n
~ 1
V(a(ti), vg, &) and v =~ Z%(t)
k=1
Theorem [Sirignano, Spiliopoulos '20, SPA]

Let pup has a compact support and V be regular enough in z. Then

G =G, t2>0,
in D ([0, 00), H_ ) in distribution and

E sup |71, < C,
te[0,T]

where ( is a Gaussian process solving (V(z,u) = VF(z) — (VK(z,-), 1))

d¢e = =V - (V(, pe)Ce + (VK(x, ), Ce)pe(dx)) dt — V -

i

Vitalii Konarovskyi (University of Hamburg) SMF, MFL and DSGD February 11, 2026

G(': Ptvf)PtW(dfv dt)
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Quantified CLT for SMFE

Theorem [Gess, Rishabh, K. '25, PTRF]

Let 1} be a solution to
1 _, 1
due = =V - (V(-, pe)pe)dt + ZV S (AG, pe)pe)dt — ﬁv : G(-, pe, E) e W(dE, dt)

started from pgj = vj = %22:1 d2,(0) With z(0) ~ pig i.i.d. Then

77? ::ﬁ(ugfpf)g)ctv t>0,

where ( is a Gaussian process solving

d¢e = =V - (V(, pe)Ce + (VK(x, ), Ce)pe(dx)) dt — V - / G(:, pt, §)pe W(dE, dt).

1

2

Moreover, [ E sup |0 — Ct|? < £
( tc[0,T] f iy Vi
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Quantified CLT for SMFE

Theorem [Gess, Rishabh, K. '25, PTRF]

Let 1} be a solution to

1 1
due = =V - (V(-, pe)pe)dt + —V? : (A, pe)pe)dt — —=V -
2n N7

/G(',ur,S)ut W(d¢, dt)

started from pgj = vj = %22:1 d2,(0) With z(0) ~ pig i.i.d. Then

77? ::ﬁ(ugfpf)g)ctv t>0,

where ( is a Gaussian process solving

dGe = =V - (V(-, pe)Ge + (VK (x, ), Chpe(d)) dt — V - /

2

Moreover, [ E sup |0 — Ct|? < £
( tc[0,T] f iy Vi

G(: Pt~£)ptW(d£7 dt)

Stochastic mean-field equation captures the fluctuations of the SGD dynamics.
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.
Higher Order Approximation

Let
. 1
Wolor.p2) = inf Ells - &|]?
be the p-Wasserstein distance
Theorem [Gess, Gvalani, K. '25, PTRF]

Let V and G be Lipschitz continuous and V/, G be quite regular in z. Then one has

1
W, (Lawp”, Lawv") = o (%)

for all p € [1,2).
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|dea of proof

We observe that

Therefore,

Vitalii Konarovskyi (University of Hamburg)

n_ 1 1
u/ffpr+ﬁ<+0(n)

ufzthr%CJro(%).

SMF, MFL and DSGD
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|dea of proof
We observe that

n_ 1 1
u/ffpt+ﬁ<+0(n)

Therefore,

More precisely,

VP WY (Law ("), Law (")) = VP inf E { sup_ I~ ufllzj}
te|0,

= infRE { sup | V(g = pe) = V/n(vi — Pt)||,p.,J}

te[0, T
= W} (Law(n"), Law(¢")) — 0.
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Open problem

What is the rate of convergence in CLT for SGD:

G =Vn(] —pe) = G
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Open problem

What is the rate of convergence in CLT for SGD:
G =Vn(] —pe) = G
If it is ﬁ then

7o)

n 1 1 1
vy{ :pt-‘rﬁﬁ-‘ro % [0) ~)-
Therefore, p" — " _O/Q\/Zﬁj o (%) .

B =pt+
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.
Weak Topology vs. Strong Topology

Observe that for a 1-d Brownian motion w the error between y/aw; and 0 can is different in
different topologies
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.
Weak Topology vs. Strong Topology

Observe that for a 1-d Brownian motion w the error between y/aw; and 0 can is different in
different topologies

but

E [f (%Wt)} _E[f(0)] =E Hf’(O)Wt - Tf#f//(ﬁ)w?} =0 (Hf”H%)
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.
Comparison in weak topology

Recall the SGD: .
zi(tit1) = zi(ti) + aV(zk(t), vy, &)
and the Distribution Dependent Stochastic Flow:

dZt(LI) = V(Zt(u), Mt)dt
+ \/a/ G(Zt(u),,ut,ﬁ)W(df,dt),
(€]

Zo(u)=u, pe=pooZ ',
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.
Comparison in weak topology

Recall the SGD: .
zi(tit1) = zi(ti) + aV(zk(t), vy, &)
and the Distribution Dependent Stochastic Flow:

dZi(u) = V(Z(u), pe)dt
+\/E/ G(Zt(u), e, )W(dE, dt),
o
Zo(u) =u, pe=pooZ
Theorem [Gess, Kassing, K. '24, JMLR]

Let o € P2 and VV(z,v,&) be regular enough in z. Then for every ® € C‘[‘)(’P2)

sup [E®(vg) — E®(uy)| < Ca+ C/EW2(po, 8)

t;<T
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.
Comparison in weak topology

Recall the SGD: .
zi(tiv1) = z(ti) + oV (2 (ti), v, &)
and the Distribution Dependent Stochastic Modified Flow:

dZe(u) = V(Ze(u), pe)dt— 5 VIV (Ze(u). pe) et — T (DIV(Ze(u). je) . oe) et
+\/a/ G(Zt(u),,ut,ﬁ)W(dﬁ,dt),
€]
Zo(u)=u, pe=pooZ ',

Theorem [Gess, Kassing, K. '24, JMLR]

Let o € P2 and VV/(z,v, &) be regular enough in z. Then for every ® € C‘[‘)(’P2)

sup [E®(vy) — Ed(ue,)| < Ca? + Cr/EW2(po,v0)

t<T
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.
|dea of proof. SGD as a flow

The SGD )
zi(tiv1) = zi(ti) + V(2 (i), v, &)

where v] = % Z::I 0z, (+) can be build as follows:

z(u, tip1) = z(u, t;) + oV (2(u, t;), 11, &),
z(u,0) =u, vy

i

= 1/(;1 oz(-, t)

by taking vg 1= 1.
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.
|dea of proof. SGD as a flow

The SGD )
zi(tiv1) = zi(ti) + V(2 (i), v, &)

where v] = % Z::I 0z, (+) can be build as follows:

z(u, tiz1) = z(u, t;) + (1\7(Z(u, ti), vt &),

z(u,0) =u, vy

P = V(;l Oz(‘vtf)
by taking vg 1= 1.
Recall
dZe(u) = V(Ze(u), pe)dt = T V|V(Ze(w), o)l et = Z(DIV(Ze(u), o), pe) et
+\/a/ G(Zt(u)wutsé)w(dgﬁdt)y
J O

Zo(u)=u, pe=pooZ %
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.
|dea of proof. Difference of semigroups

Set t; := At := o and define
SV(po) = EpugW(vy)

and

TeW(p0) := Epuo W (pae)-
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.
|dea of proof. Difference of semigroups

Set t; := At := o and define
SW(po) ==K,y W(vy)

and

TeV(po) = EpgW(pe).
Then for t, = na = nAt

Epuo® (v,) — Bpuo ® (p1t,) = S"‘b(/to) = Te, ® (ko)

Z (8" T2 ® (o) — 8" T5, (o) )

= Z 8" (ST P(1o0) — TaTe ®(10)) -
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.
|dea of proof. Difference of semigroups

Set t; := At := o and define
SW(po) ==K,y W(vy)

and

TeV(po) = EpgW(pe).
Then for t, = na = nAt

Epo® (vty) = Epg® (pt,) = S"®(p0) — Te, ®(10)
n—1

=) (8" Ty (o) — S" 1T 0 (o))

i=0

=) ST (ST (o) — Ta T ®(10))

Thus
n—1

sup [Epip® (v2,) = Epig® (e, \<Z sup | S[75®(1o)] = Ta [T (1o)] |
Ho€P 1o €P2
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.
|dea of proof. Expansions of semigroups

Expansion in Taylor's series w.r.t o

SW(po) = W(uo) + Oé/ DV(z, p0) - V(2, po)po(dz) + a(...) + & Ri(W, o),
Rd

where sup,, cp, |[Ri| < CH\UHci-
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.
|dea of proof. Expansions of semigroups

Expansion in Taylor's series w.r.t o

SV (uo) = V(no) + Oé/ DV(z, p0) - V(2, po)po(dz) + a(...) + & Ri(W, o),
Rd

where sup ;e p, [Ri| < C[[Vllgs.-

TaW(uo) = \U(uo)+/ LTV (uo)ds,
0

where £ = L1 + aL> and

L1V (ko) =/ DV (z, po) - V(z, mo)po(dz),  LoW(po) = ...
Rd
Iterating the equality above, one gets

1
T (o) = W(so) + aLs () + a2 L2+ 3£ ) Wlko) +a*Ra(V. o),

where sup,, cp, |R2| < CH\UHc‘;-
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Further observations

Assume that the SGD dynamics

z(tiv1) = ze(ti) + oV (zi(ti), v, &)
2 (i) + aV(z(t:), &)
z(t;) — aVR(zk(t:), &)

is independent of vg.
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Further observations

Assume that the SGD dynamics

z(tiv1) = ze(ti) + oV (zi(ti), v, &)
z(ti) + oV (z(t:), &)
z(t;) — aVR(zk(t;), &)

is independent of vg.

Then for each k, z,(t) is SGD dynamics for the minimization of

zZ— ng?(z,g)

with initialization z,(0).
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Further observations

Assume that the SGD dynamics

z(tiv1) = ze(ti) + oV (zi(ti), v, &)
z(ti) + oV (z(t:), &)
z(t;) — aVR(zk(t;), &)

is independent of vg.

Then for each k, z,(t) is SGD dynamics for the minimization of
z > E¢R(z,€)

with initialization z,(0).

Then the stochastic flow captures n-point motion of the SGD

dZi(u) = V(Z(u))dt — %V\V(Zt(u))\zdt + \/E/ G(Z:(u), &)W (d¢, dt),
(S]

ZO(U) =u
“n

n
1
1
ue=vjoZ ", vy = Z(SZk(o)
k=1
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n -point motion for SGD
Consider SGD dynamics
zi(tit1) = z(ti) — aVR(z(t:), &),

with initialization z,(0), k € {1,...,n}.

Consider the Stochastic Modified Flow:
dZ,(u) = V(Z:(w))de — S9IV(Ze(w)) Pt + Va / G(Ze(u), E)W(de, d),
JO

Zy(u) = u,

n
_ 1
pt =15 0Z; . vy = " E 624(0)
k=1

Corollary [Gess, Kassing, K. '24, JMLR]
Define Zy(t) := Z(2«(0),t), k € {1,...,n}. Then for every f € C}(RI")
sup |Ef(21(t,'), coag Z,,(t,')) = IEf(Zl(t,-), coog Zn(t,'))| < Ca?.

t<T
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