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mpedee |
Simple symmetric exclusion process

On the d-dim discrete torus

TS = {% kel = {0,44.7n—1}d}CTd:(R/Z)d

we consider a Simple Symmetric Exclusion Process (SSEP)
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State space and generator

Particle configuration n € {0, 1}TZ:

n(x) = 0 < side x is empty
n(x) = 1 < side x is occupied

DO ()é&k() 0 @ © T)(Z)7 zZ#X,Y,
{ Xry (N

) @®@ 0 0O ® © © ® @ n (z) 77()/): zZ =X,

D00 ® 0O e ® 0O O n(x), z=y,
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State space and generator

Particle configuration n € {0, 1}TZ:

n(x) = 0 < side x is empty
n(x) = 1 < side x is occupied

ORON ) 0;—‘&‘50 0 @ © n(z), z#x,y,
f Xry (N

) @®@ 0 0O ® © © ® @ n (z) = 77()/): zZ =X,

" 0O ® ® © ® ® O © n(x), z=y,

G"F(n) = % Z Z [F(UXHX+ej) — F(n)] [Kipnis, Landim '99]

j=1 x€T,

SSEP is already parabolically rescaled: space ~ % time ~ n?l
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@e@er | o
Non-equilibrium SSEP

Let 7, t > 0, be a SSEP and po : TY — [0,1] be an initial profile.
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@e@er | o
Non-equilibrium SSEP

Let 7, t > 0, be a SSEP and po : TY — [0,1] be an initial profile.

Assume that 7§ (x) ~ Bernulli(po(x)), x € T¢, are independent.
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@e@er | o
Non-equilibrium SSEP

Let 7, t > 0, be a SSEP and po : TY — [0,1] be an initial profile.
Assume that 7§ (x) ~ Bernulli(po(x)), x € T¢, are independent.

The process pf(x) := Enf(x) solves the discrete stochastic Heat equation

n 1 n
dpi(x) = EAnPt(X)dt
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@e@er | o
Non-equilibrium SSEP

Let 7, t > 0, be a SSEP and po : TY — [0,1] be an initial profile.
Assume that 7§ (x) ~ Bernulli(po(x)), x € T¢, are independent.

The process pf(x) := Enf(x) solves the discrete stochastic Heat equation

n 1 n
dpi(x) = EAnPt(X)dt

Thus, )
L= 3 Z PE(x)ox = pr,

xeTd

where p; solves
1
dpt = EAptdt

with initial condition po.
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Law of large numbers

Theorem [see e.g. in Kipnis, Landim "99]

Let po : T¢ — [0, 1] be an initial density profile and 1§(x) ~ Bernulli(po(x)) be

independent. Then
1
== ) mi(x)d, t>0

nd
x€Td

converges in probability to p:(x), t > 0, where p; solves

dpt = %Aptdt

with initial condition po.
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Convergence of generator

Note that (¢, n{) solves the martingale problem

f((tp,n?))—/ GEPF ((,m2))) ds is a mart.,

where
2 d
G"f ((psm)) = % SN ) (o) — (p,m))
e [i(+e)— 0] [n(x)—n(x+)]
2 d
+ % 2_1: ZT: ' ((em)) ({79 — (o))

d
1 . f‘///
+ 43t ((eam) > 10nsel s 7m +m = 2n7m) + O (lnmﬂ)

=1
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Secenn)
Density fluctuation field and CLT

We now consider the fluctuations of the SSEP around its mean:

Gii=n

d
2

(e —pt).
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Density fluctuation field and CLT

We now consider the fluctuations of the SSEP around its mean:

d
n2

G=n (’lt *Pt)

The generator of {; can be expanded as follows

"F((0,0)) = 3 (60,0 (B, &) + 1" (19, ) IVl 71+ 1 = 207m)
ro(unf?)

_

GF ({9, 0)) = 3F (9, ) (B, C) + 3£ (12, 0) IVl 0+ p = 26°)

February 18, 2026
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Central limit theorem

Theorem 2 [Galves, Kipnis, Spohn; Ravishankar "90]

Let the initial density profile po be smooth. Then the density fluctuation field

1
G = o Z Ce(x)x

x€TY

converges in D ([0, T],D’) to the generalized Ornstein-Uhlenbeck process that
solves the linear SPDE

d¢: = %A(tdt +V- (mdwt)

with the centered Gaussian initial condition such that

E [(¢o, #)*] = (po(1 = po)e, )
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Secenn)
Our goal

Our goal: Obtain the rate of convergence of

G — ¢ =0(?)
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Secenn)
Our goal

Our goal: Obtain the rate of convergence of

sup [Ef ({p,¢!)) — Ef ({¢,¢e))| — 0
tel0,T)
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Secenn)
Our goal

Our goal: Obtain the rate of convergence of

sup [Ef ({p,¢!)) — Ef ({¢,¢e))| — 0
tel0,T)

Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.
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Secenn)
Our goal

Our goal: Obtain the rate of convergence of

sup ] IEf ({0, ¢)) — Ef ({0, )| — O

telo, T

Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.

Quantitative results for SPDEs:
@ [Gess, Wu, Zhang '24; Djurdjevac, Gerencsér, Kremp '24, Clini, Fehrman '25]:

Higher order approximation of SPDEs.
(SPDEs defined on the same probability space)
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Checesy
Our goal

Our goal: Obtain the rate of convergence of

sup |Ef ({¢,¢f)) — Ef ({9, ¢e))| — 0
tel0,T)

Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.

Quantitative results for SPDEs:

@ [Gess, Wu, Zhang '24; Djurdjevac, Gerencsér, Kremp '24, Clini, Fehrman '25]:
Higher order approximation of SPDEs.
(SPDEs defined on the same probability space)

@ [Cornalba, Fischer '23, '25; Djurdjevac, Kremp, Perkowski '24]: Higher order
approximation of Dean-Kawasaki equation
(duality of approach, structure of noise is important)
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Checesy
Our goal

Our goal: Obtain the rate of convergence of

sup |Ef ({¢,¢f)) — Ef ({9, ¢e))| — 0
tel0,T)

Difficulty: The tightness argument and the Holley-Stroock theory do not give the rate
of convergence.

Quantitative results for SPDEs:

@ [Gess, Wu, Zhang '24; Djurdjevac, Gerencsér, Kremp '24, Clini, Fehrman '25]:
Higher order approximation of SPDEs.
(SPDEs defined on the same probability space)

@ [Cornalba, Fischer '23, '25; Djurdjevac, Kremp, Perkowski '24]: Higher order
approximation of Dean-Kawasaki equation
(duality of approach, structure of noise is important)

@ [Chassagneux, Szpruch, Tse '22]: Weak quantitative propagation of chaos
(mean field limit)

@ [Kolokoltsov '10] Central limit theorem for the Smoluchovski coagulation model
(mean field limit, non-local Smoluchowski’s coagulation equation)

o ...
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LLN and CLT

Main result

Theorem 3 [Gess, K. '24]

Let
@ the initial density profile po : T¢ — [0, 1] be smooth enough,
@ 7 be SSEP with 7g(x) ~ Bernulli(po(x)) and independent.

Then
- ~n — C =
sup [Ef ((7,¢r)) — Bf ({8, )l < — 7 IfllezllBller
te[o,T] N L
foralln>1, f € C3(R™) and 3 € (C’(Td))m, where [ is large enough.
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LLN and CLT

Main result

Theorem 3 [Gess, K. '24]

Let
@ the initial density profile po : T¢ — [0, 1] be smooth enough,

@ 7 be SSEP with 7g(x) ~ Bernulli(po(x)) and independent.
Then

sup |Ef ((7,¢r)) — Bf ({8, ¢)| <

— |
te[0, 7] A

foralln>1, f € C3(R™) and 3 € (C’(Td))m, where [ is large enough.

[fllesllPller

\.

The rate —— is optimal:
n?Al

1 — lattice discretization error, - — particle approximation error
n2
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LN and LT |
Main tool

Idea of proof: Compare two (time-homogeneous) Markov processes X:, Y; using

EF(X:) — EF(Y:) = EU:(Xo) — EU:(Yo)

- / E (6% = G") Ur—s(X)] ds,
where Ui(x) = ExF(Y?).

[see e.g. Ethier, Kurtz '86]
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Comparison of semigroup

We consider the Markov processes:

@ particle means and fluctuation field: X = (p{, ¢{)

@ solution to heat equation and generalized OU process Y = (p¢, (¢).
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@e@er | o
Comparison of semigroup

We consider the Markov processes:

@ particle means and fluctuation field: X = (p{, ¢{)

@ solution to heat equation and generalized OU process Y = (p¢, (¢).

Then
]EF(p?7 C:) - EF(ptv Ct) = EUt(pgv C(;]) - EUt(p07 CO)
+ [ BlE -0 vt e
0

where Ut(p, ¢) = E, ¢ F(pe, G)
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Generators

We start from the formal computation for cylindrical functions:

U(p, Q) = f ((¢, p), {9, ()
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Generators

We start from the formal computation for cylindrical functions:

U(p, Q) == (¥, p), (9, Q)
Using Taylor’s formula, we get for states p and ¢ = n?/2(n — p):
G"U(p,¢) = ... + %8%/" <\V,,\;\2.Tr/ +n— 27/77/> + 0 (l/n%“) ,

1
GU(p, ) =...+ Zazzf <\V;,9\2 ,2p — 2/)2> .
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Comparison of dynamics - |
Generators

We start from the formal computation for cylindrical functions:
U(p, Q) = F ({¢, p); (¢, )
Using Taylor’s formula, we get for states p and ¢ = n?/2(n — p):
G"U(p, ) = ... + %8227’ <‘Vn\¢5‘2~,7—7/ +n— 27/77’/> +0 (l/n%+1> ,
GU(p,¢) = ... + %3221‘ (IVel*,2p—20%) .
Thus

] 1
(G" =D U(p, Q) = .+ O [(|Voel* 70+ 1 = 20mm) = (V| 2p — 207) ]

1
ro(1).
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Comparison of dynamics - |
The difficulties

(IVapl*, 70 +n —2nm0) — (|Ve|* ,2p — 29%)

@ p? is not well-defined for p = L3 x)0x.

x€Td P
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Comparison of dynamics - |
The difficulties

(IVapl*, 70 +n —2nm0) — (|Ve|* ,2p — 29%)

@ p? is not well-defined for p = L3
o (|Vapl®,nmn) — (IVel*, p*)?

)0

x€Td P
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Comparison of dynamics - |
The difficulties

(IVapl*, 70 +n —2nm0) — (|Ve|* ,2p — 29%)

@ p? is not well-defined for p = L3

o (|Vapl®,nmn) — (IVel*, p*)?
@ Semigroup associated with OU process is not (Frechet) differentiable at p.

)0

x€Td P
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Comparison of dynamics - |
The difficulties

(IVapl*, 70 +n —2nm0) — (|Ve|* ,2p — 29%)

@ p? is not well-defined for p = L3

o (|Vapl®,nmn) — (IVel*, p*)?
@ Semigroup associated with OU process is not (Frechet) differentiable at p.

)0

x€Td P

Idea: Note that p: € H; and (; € H_,.
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Comparison of dynamics - |
The difficulties

(IVapl*, 70 +n —2nm0) — (|Ve|* ,2p — 29%)

@ p? is not well-defined for p = L3

® (IVupl® ) = (IVel*, p*)?
@ Semigroup associated with OU process is not (Frechet) differentiable at p.

)0

x€Td P

Idea: Note that p: € H; and (; € H_,.

We need different lifting of the particle system to the Sobolev spaces.
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Discrete and continuous Fourier transform

We will replace p = % ZXer p(x)dx and ¢ = & > xemd C(x)dx by a smooth
interpolation.
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Discrete and continuous Fourier transform

We will replace p = % ZXer p(x)dx and ¢ = & > xemd C(x)dx by a smooth
interpolation.

@ Let [5(T9) be the Hilbert space of all functions on T¢ with inner product

(p1, p2)n = Zpl )p2(x)

xETd
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Discrete and continuous Fourier transform

We will replace p = % ZXer p(x)dx and ¢ = & > xemd C(x)dx by a smooth
interpolation.

@ Let [5(T9) be the Hilbert space of all functions on T¢ with inner product

(p1, p2)n = Zpl )p2(x)

xETd

) Lz(Td) be the usual Ly-space of function on T¢ with

(81, 82)1, 12/ g1(x)g(x)dx.

Td
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Comparison of dynamics - |
Discrete and continuous Fourier transform

We will replace p = % ZXer p(x)dx and ¢ = & > xemd C(x)dx by a smooth
interpolation.

@ Let [5(T9) be the Hilbert space of all functions on T¢ with inner product

(P1,p2)n Z p1(x)p2(x)

xETd

) Lz(Td) be the usual Ly-space of function on T¢ with

(81, 82)1, 12/ g1(x)g(x)dx.

Td

@ G(x)=e"** kez xeT!>T¢
— basis vectors on Ly(T¢) and Ly(T9), and
— eigenvectors for discrete and continuous diff. operators

February 18, 2026
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Discrete and continuous Fourier transform
We will replace p = % ZXer p(x)dx and ¢ = & > xemd C(x)dx by a smooth
interpolation.

@ Let [5(T9) be the Hilbert space of all functions on T¢ with inner product

(P1,p2)n Z p1(x)p2(x)

xer

) Lz(Td) be the usual Ly-space of function on T¢ with

(81, 82)1, 12/ g1(x)g(x)dx.

Td
@ G(x)=e"** kez xeT!>T¢

— basis vectors on Ly(T¢) and Ly(T9), and
— eigenvectors for discrete and continuous diff. operators

Ly(T¢) 3 p= Z(p, S)nsk on T Lr(T9) > g = Z<g,§k>L2§k on T¢

kezd kezd

February 18, 2026
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New (smooth) lifting of discrete space

For functions p € L»(T%) and ¢ € Ly(T?) define

exap =Y (prsdase on % pri=> (o) on T’

kezd kezd
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Comparison of ¢ynamic= . |
New (smooth) lifting of discrete space

For functions p € L»(T%) and ¢ € Ly(T?) define
exXpp 1= Z(P-, s)nsk on T9, prp = Z(%cww on T¢
kezd kezg
Basic properties of ex,f and pr,g
@ ex,p = pon T? and ex,p € C=(T9)
@ pr, ¢ is well defined on T¢ for each p € Hy, J € R.

@ (p1,p2)n = (eXnp1,€Xnp2)1, and (p, pr,g)n = (eXnp, &)1,
® [Iprog — gl < gl lexne = @llny < SHAH i
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Comparison of generators for smooth interpolations

We replace

1 . 1 P
3D P00 exap=p Y ()8 v exal =i €
x€Td x€Td

in particular
(p;exnC)i, = (Prp, O)n = (PT,p; C)

Vitalii Konarovskyi (University of Hamburg) Quantitative CLT for SSEP February 18, 2026



Crztpednsts,
Comparison of generators for smooth interpolations

We replace
1 . 1 2
3D P00 exap=p Y ()8 v exal =i €
x€Td x€Td
in particular
(o, exnC)i, = (Pr,e, )n = (Pr,p, Q)
Thus
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Crztpednsts,
Comparison of generators for smooth interpolations

We replace
1 . 1 I
3D P00 exap=p Y ()8 v exal =i €
x€Td x€Td
in particular
(o, exnC)i, = (Pr,e, )n = (Pr,p, Q)
Thus

(G" — G)F(exnp, exnp) = %Blf[...]

+ %ng [<()Xn IVopr, ol , 70+ f — 20X,,(7]7'71)> — <\V;,9\2 2P — 2/32>}

1
ro(—7)-

Quantitative CLT for SSEP
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Overcoming of problems

We deal with the most problematic term ex,(n7n) — ° as follows

@ The term p? is well defined.
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Overcoming of problems

We deal with the most problematic term ex,(n7n) — ° as follows

@ The term p? is well defined.

@ We can rewrite
nm=n-—p+p)r(n—p+p)

= pTp+ # (pr¢+CTp) + (n—p) 7 (10— p)
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Overcoming of problems

We deal with the most problematic term ex,(n7n) — ° as follows

@ The term p? is well defined.

@ We can rewrite
nm=n-—p+p)r(n—p+p)

= pTp+ # (pr¢+CTp) + (n—p) 7 (10— p)

® [lexa(pmO)l < lIAllclICHH_)-
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Overcoming of problems

We deal with the most problematic term ex,(n7n) — ° as follows

@ The term p? is well defined.

@ We can rewrite
ntn=n—p+p)r(n—p+p)
1
=p1p+ a7 (prC+ CTp) + (1 = p) 7 (1 = p)

® [lexa(pmO)l < lIAllclICHH_)-

@ The term E <n%, exn (nf — p) 7 (nf — pl), G(nf)>2 can be controlled via 4-point
correlation function

n2

E [H () — p?(x,-))] -

i=1

Vitalii Konarovskyi (University of Hamburg) Quantitative CLT for SSEP February 18, 2026



Overcoming of problems

We deal with the most problematic term ex,(n7n) — ° as follows

@ The term p? is well defined.

@ We can rewrite
ntn=n—p+p)r(n—p+p)

= pTp+ # (pr¢+CTp) + (n—p) 7 (10— p)

® [lexa(pmO)l < lIAllclICHH_)-
@ The term E <n%, exn (nf — p) 7 (nf — pl), G(nf)>2 can be controlled via 4-point
correlation function

E [H (i (%) — p?(xf))] S iz

n
i=1

All computations and estimates for (G" — G) F(p, () can be easily transferred to the case
F € 01’3(/‘/] X Hfi).
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emEeeEy
Differentiability of U:(p, () = E,F(p¢, Ct)

A solution to
dpt = %Aptdt
1

exists for all po € Lo(T?;[0,1]) and (o € H— for I > § + 1.
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Sl
Differentiability of U:(p, () = E,F(p¢, Ct)

A solution to
dpt = %Aptdt
1

exists for all po € Lo(T?;[0,1]) and (o € H— for I > § + 1.

Proposition [Gess, K. '24]

Let / > 2+ 1and F € C3*(H_/). Then U:(p,¢) = EF (¢;) € Cp(Hy x H-y)
for J > 5. Moreover,

DiUi(p,¢) = 5E [D*F(¢) : DVi(p)]
with

Vi(p) (i, ) = Var (¢, () = %/ (IVpes|®, ps (1 — ps)) ds

and ¢; is a solution to the heat equation started from .

\
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Berry-Esseen bound for the initial fluctuations

@ It remains only to compare
EUt(eXnP87 eXnC(';) - EUt(ﬂ‘h CO)
where ¢§ = n?/2 (nd — pf), pi = po‘,ﬂ,d, n8(x) ~ Bernulli (po(x)), x € T¢, i.i.d. and
Co is a centered Gaussian distribution with

Var (Co, ) = (po(1 = po), ¥).
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Berry-Esseen bound for the initial fluctuations

@ It remains only to compare
EU:(exnpg, exnCo) — EUt(po, Co)
where ¢§ = n?/2 (nd — pf), pi = po‘,ﬂ,g, n8(x) ~ Bernulli (po(x)), x € T¢, i.i.d. and
Co is a centered Gaussian distribution with
Var (Co, ) = (po(1 = po), ¥).
@ It is enough to compare only
EG(exnCo) — EG(pr,Co),

where G € C*(H_,), where
exnl = > (G, skhnsks Prao = D (Gossk)sk

kezd kezd
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Berry-Esseen bound for the initial fluctuations

@ It remains only to compare
EUs(exnpg, exnCg) — EU:(po, Co)
where ¢§ = n?/2 (nd — pf), pi = po‘,ﬂ,g, n8(x) ~ Bernulli (po(x)), x € T¢, i.i.d. and
Co is a centered Gaussian distribution with
Var (Co, ) = (po(1 = po), ©)-
@ It is enough to compare only
EG(exno) — EG(pr,Go),
where G € C*(H_,), where
eXnCé7 = Z<C€a§k>n§k, pr,Co == Z<C0,§k>§k

kezd kezd

@ Is enough to compare for g € C3 (Rzﬂ)

B (14 ) 2465 600) ) = B (014 Y2000 )
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Berry-Esseen bound for the initial fluctuations

@ It remains only to compare
EUt(eXnP87 eXnC(';) - EUt(p07 CO)
where ¢§ = n?/2 (nd — pf), pi = po‘,ﬂ,d, n8(x) ~ Bernulli (po(x)), x € T¢, i.i.d. and
Co is a centered Gaussian distribution with

Var (Co, ) = (po(1 = po), ©)-
@ It is enough to compare only
EG(exno) — EG(pr,Go),
where G € C*(H_,), where

exnl = > (G, skhnsks Prao = D (Gossk)sk

kezd kezd
d
@ Is enough to compare for g € C3 (]RZ")

B (14 ) 2465 600) ) = B (014 Y2000 )

@ Apply multidimensional Berry-Essen theorem [e.g., Meckes '09]
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Thank you!

Vitalii Konarovskyi (University of Hamburg) Quantitative CLT for SSEP February 18, 2026



	LLN and CLT
	Comparison of dynamics
	Comparison of initial fluctuations

