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LLN and CLT

Quantitative CLT for SSEP



Simple symmetric exclusion process

On the d-dim discrete torus

Ti::{%: kezi::{o,...,n—l}d}ch:(R/Z)d

we consider a Simple Symmetric Exclusion Process (SSEP)
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State space and generator

Particle configuration € {0, 1}TfL;

n(z) = 0 & side z is empty
n(z) = 1 < side z is occupied
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State space and generator

Particle configuration € {0, 1}TfL;

n(z) = 0 & side z is empty
n(z) = 1 < side z is occupied
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n TrTte; : : : )
G"F(n) == [F(n i) — F(n)] [Kipnis, Landim '99]

j=1z€Ty,

SSEP is already parabolically rescaled: space ~ L time ~ n”!
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Non-equilibrium SSEP

Letn,t > 0,be a SSEP and po : T? — [0, 1] be an initial profile.
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Non-equilibrium SSEP

Letn,t > 0,be a SSEP and po : T? — [0, 1] be an initial profile.
Assume that 75} () ~ Bernulli(po(z)), = € T, are independent.
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Non-equilibrium SSEP

Letn,t > 0,be a SSEP and po : T? — [0, 1] be an initial profile.
Assume that 75} () ~ Bernulli(po(z)), = € T, are independent.
The process py (z) := En;*(x) solves the discrete stochastic Heat equation

n 1 U
dpi (z) = §Anpt (x)dt
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Non-equilibrium SSEP

Letn,t > 0,be a SSEP and po : T? — [0, 1] be an initial profile.
Assume that 75} () ~ Bernulli(po(z)), = € T, are independent.
The process py (z) := En;*(x) solves the discrete stochastic Heat equation

n 1 U
dpi (z) = §Anpt (x)dt
Thus,
n 1 n
Pe = Z pr (2)0x = pt,
z€T}
where p; solves
dpt = %Aptdt

with initial condition pg.
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Law of large numbers

Theorem [see e.g. in Kipnis, Landim "99]

Let po : T* — [0, 1] be an initial density profile and 5 () ~ Bernulli(po(x))
be independent. Then

converges in probability to p:(z), t > 0, where p, solves
1
dpt = §Aptdt

with initial condition pg.
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Convergence of generator

Note that (¢, n;") solves the martingale problem

£ (rmiy) = / GEP f (o)) ds is amart,

where

5 d
g"f = > e ((pn™) = (pim)

j=1 z€Ty,

21 le(atey)—e@)][n@)—n(z+e;)]

5 d
+ 2303 Uem) (™=t = (oym)

j=1z€Ty,

= 21 (1) (B,

1 1" 2 ”me
+ gl ((so,n>)z<\3n,jtp\ ,Tim 41 — 2n75m) 4+ O <n2d+1

Jj=1
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Density fluctuation field and CLT

We now consider the fluctuations of the SSEP around its mean:

G=mn

.

(i — pr) -

Quantitative CLT for SSEP  * Vitalii Konarovskyi 8/28



Density fluctuation field and CLT

We now consider the fluctuations of the SSEP around its mean:
d
Gr=mnz (g —pr).

The generator of ;' can be expanded as follows

d
G"f ({9, ) = %f’ (9, O)) (Angp, O) + fﬁf” (0,0 {IVnepl® , 70 4+ 1 — 27n)

+0 (l/n%+1>

—

n—r00

Gf (9,00 = 5" (40,00 (B, Q) + 1" (0, ) (IV6l o+ 0 — 26)
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Central limit theorem

Theorem 2 [Galves, Kipnis, Spohn; Ravishankar 90]
Let the initial density profile po be smooth. Then the density fluctuation field

¢ = Y Gl

zeT.‘,ib

converges in D ([0, T],D’) to the generalized Ornstein-Uhlenbeck process
that solves the linear SPDE

46 = 386t + 9+ (/1= paivy)

with the centered Gaussian initial condition such that

E [(¢o, ©)?] = (po(1 — po)e, ©)
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Our goal

Our goal: Obtain the rate of convergence of

G =G =0()
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Our goal

Our goal: Obtain the rate of convergence of

sup [Ef ((¢,¢') —Ef ({#, )| = 0

te[0,T)
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Our goal

Our goal: Obtain the rate of convergence of

sup [Ef ((¢,¢') —Ef ({#, )| = 0

t€[0,T]

Difficulty: The tightness argument and the Holley-Stroock theory do not give
the rate of convergence.
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Our goal

Our goal: Obtain the rate of convergence of

sup [Ef ((¢,¢') —Ef ({#, )| = 0

t€[0,T]

Difficulty: The tightness argument and the Holley-Stroock theory do not give
the rate of convergence.
Quantitative results for SPDEs:

B [Gess, Wu, Zhang '24; Djurdjevac, Gerencsér, Kremp 24, Clini, Fehrman

'25]: Higher order approximation of SPDEs.
(SPDEs defined on the same probability space)
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Our goal

Our goal: Obtain the rate of convergence of

sup [Ef ((¢, ') —Ef ((@,¢e))| = 0
t€[0,T]
Difficulty: The tightness argument and the Holley-Stroock theory do not give
the rate of convergence.

Quantitative results for SPDEs:

B [Gess, Wu, Zhang '24; Djurdjevac, Gerencsér, Kremp 24, Clini, Fehrman
'25]: Higher order approximation of SPDEs.
(SPDEs defined on the same probability space)

B [Cornalba, Fischer 23, '25; Djurdjevac, Kremp, Perkowski '24]: Higher
order approximation of Dean-Kawasaki equation
(duality of approach, structure of noise is important)
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Our goal

Our goal: Obtain the rate of convergence of

sup [Ef ((¢,¢') —Ef ({#, )| = 0

t€[0,T]

Difficulty: The tightness argument and the Holley-Stroock theory do not give
the rate of convergence.

Quantitative results for SPDEs:

B [Gess, Wu, Zhang '24; Djurdjevac, Gerencsér, Kremp 24, Clini, Fehrman
'25]: Higher order approximation of SPDEs.
(SPDEs defined on the same probability space)

B [Cornalba, Fischer 23, '25; Djurdjevac, Kremp, Perkowski '24]: Higher
order approximation of Dean-Kawasaki equation
(duality of approach, structure of noise is important)

B [Chassagneux, Szpruch, Tse '22]: Weak quantitative propagation of chaos
(mean field limit)

B [Kolokoltsov '10] Central limit theorem for the Smoluchovski coagulation
model
(mean field limit, non-local Smoluchowski’s coagulation equation)

I
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Main result

Theorem 3 [Gess, K. "24]
Let
B the initial density profile po : T — [0, 1] be smooth enough,
B 7 be SSEP with g () ~ Bernulli(po(x)) and independent.
Then
_c

d
nEAl

sup |Ef ((¢,¢') —Ef ({&,¢))| <

t€[0,T]

foralln > 1, f € C3(R™) and § € (C'(T%))™, where I is large enough.

I llez lI@llcr
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Main result

Theorem 3 [Gess, K. "24]
Let
B the initial density profile po : T — [0, 1] be smooth enough,
B 7 be SSEP with g () ~ Bernulli(po(x)) and independent.
Then
Sup [Ef ((£,¢)) —Ef (6,4l <

foralln > 1, f € C3(R™) and § € (C'(T%))™, where I is large enough.

I llez lI@llcr

T d A
n/\l

The rate

; - is optimal:

—= — |attice discretization error, — — particle approximation error
2

n
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Main tool

Idea of proof: Compare two (time-homogeneous) Markov processes X, Y:
using

EF(X;) — EF(Y;) = EU(Xo) — EU(Y0)
T / E[(G% — ") Ur_a(X.)] ds,

where Uy (z) = E. F(Y3).
[see e.g. Ethier, Kurtz '86]
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Comparison of semigroup

We consider the Markov processes:

B particle means and fluctuation field: X = (pf, (")

B solution to heat equation and generalized OU process Y = (p¢, (¢).
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Comparison of semigroup

We consider the Markov processes:

B particle means and fluctuation field: X = (pf, (")
B solution to heat equation and generalized OU process Y = (p¢, (¢).

Then

EF(P?aCtn) - EF(PMQ) = EUt(Pgad)l) - ]EUt(pO,CO)

+ //]E (G — G) Ur—o (o, C2)] ds,
0

where Us(p, ¢) = Ep ¢ F(pt, Gt)
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Comparison of dynamics

Quantitative CLT for SSEP



Generators

We start from the formal computation for cylindrical functions:

U(p,¢) == f ({b, 0, (0, ()
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Generators

We start from the formal computation for cylindrical functions:
U(p; Q) = f ({1, p), {0, C))
Using Taylor’s formula, we get for states p and { = nd/z(n —p):
G"U(p, ) = v+ 303 ([Vapl® 70+ 1 = 207) + 0 (1/n#+1),

1
GU(p,Q) = . + 705 (IVel” 20 — 20%)
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Generators

We start from the formal computation for cylindrical functions:
U(p; Q) = f ({1, p), {0, C))
Using Taylor’s formula, we get for states p and { = nd/z(n —p):
G"U(p, ) = v+ 303 ([Vapl® 70+ 1 = 207) + 0 (1/n#+1),
GU(p,¢) = .- + ifﬁf (IVel*,2p — 20%).
Thus

(G"—G)U(p,¢) = ... +
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The difficulties

(IVasl®, mn+n—20m0) — (|Ve|*, 20 — 29°)

B )’ is not well-defined for p = 1 3~ p(2)d,.
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The difficulties
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B )’ is not well-defined for p = 1 3~ p(2)d,.
B (Voo nmn) — (IVel?,p°)?
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The difficulties

(IVasl®, mn+n—20m0) — (|Ve|*, 20 — 29°)
B )’ is not well-defined for p = 1 3~ p(2)d,.

B (Voo nmn) — (IVel?,p°)?
B Semigroup associated with OU process is not (Frechet) differentiable at p.
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The difficulties

(IVasl®, mn+n—20m0) — (|Ve|*, 20 — 29°)

B )’ is not well-defined for p = 1 3~ p(2)d,.

B (Voo nmn) — (IVel?,p°)?
B Semigroup associated with OU process is not (Frechet) differentiable at p.

Idea: Note that p» € H; and (; € H_;.
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The difficulties

(IVasl®, mn+n—20m0) — (|Ve|*, 20 — 29°)

B )’ is not well-defined for p = 1 3~ p(2)d,.

B (Voo nmn) — (IVel?,p°)?
B Semigroup associated with OU process is not (Frechet) differentiable at p.

Idea: Note that p» € H; and (; € H_;.
We need different lifting of the particle system to the Sobolev spaces.
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Discrete and continuous Fourier transform

We will replace p = =5 37 i p(x)d, and ¢ = =7 > . {(x)d, by a smooth
interpolation.
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Discrete and continuous Fourier transform

We will replace p = =5 37 i p(x)d, and ¢ = =7 > . {(x)d, by a smooth
interpolation.

B Let 1,(T%) be the Hilbert space of all functions on T¢ with inner product

(o1, p2)n **Zpl z)p2(z

a:e'ﬂ“d
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Discrete and continuous Fourier transform

We will replace p = =5 37 i p(x)d, and ¢ = =7 > . {(x)d, by a smooth
interpolation.

B Let 1,(T%) be the Hilbert space of all functions on T¢ with inner product

(o1, p2)n **Zpl z)p2(z

a:e'ﬂ“d

B [,(T?) be the usual L»-space of function on T¢ with

(91,92) Ly = /d g1(x)gz2(x)dz.
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Discrete and continuous Fourier transform

We will replace p = =5 37 i p(x)d, and ¢ = =7 > . {(x)d, by a smooth
interpolation.

B Let 1,(T%) be the Hilbert space of all functions on T¢ with inner product

(o1, p2)n **Zpl z)p2(z

z€TL
B [,(T?) be the usual L»-space of function on T¢ with
(91,92) 1, = /Td g1(z)g2(x)dx.
B (z)=e>"** keZ, s eT* DT

— basis vectors on Lo (T%) and L2 (T%), and
— eigenvectors for discrete and continuous diff. operators
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Discrete and continuous Fourier transform

We will replace p = =5 37 i p(x)d, and ¢ = =7 > . {(x)d, by a smooth
interpolation.

B Let 1,(T%) be the Hilbert space of all functions on T¢ with inner product

(o1, p2)n **Zpl z)p2(z

z€TL
B [,(T?) be the usual L»-space of function on T¢ with
(91,92) 1, = /Td g1(z)g2(x)dx.
B (z)=e>"** keZ, s eT* DT

— basis vectors on Lo (T%) and L2 (T%), and
— eigenvectors for discrete and continuous diff. operators

Ly(TR) 3 p= Y (p,sknsk onTq, La(T?) 3 g= Y (g,ck)zock on T
kezd kezd
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New (smooth) lifting of discrete space

For functions p € Lo(T%) and ¢ € Lo (T%) define

eXnp 1= Z(p,ck)nck onT%, pr,o:= Z(@,§k>L2§k on T¢
kezd kezd
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New (smooth) lifting of discrete space

For functions p € Lo(T%) and ¢ € Lo (T%) define

eXpp 1= Z (pySk)nSK ON Td, pr, @ = Z (¢, k) Lok ON ¢
kezd kezd
Basic properties of ex,, f and pr,,g
B cx,p=pon T2 and ex,p € C(T?)
B pr, o is well defined on T¢ for each ¢ € Hy, J € R.
B (p1,p2)n = (eXnp1,€Xnp2) L, @Nd (p, Pr,g)n = (€Xnp,g) L,
B Jpr,g = gllm, < gl lexne = @llm, < SHell o g
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Comparison of generators for smooth interp.

We replace

1 "
d p(x)(sl ~r €Xpp =t ﬁ: id C(m)él > eXTLC = C
n n

:L‘ET% zeTz

in particular
(¢, exnC) Ly = (P, () = (PI,, ()
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Comparison of generators for smooth interp.

We replace
1 . 1 2
S b@s wexup=tp, o 3 )b exal =
z€Td z€T2
in particular
(¢ exn)Ly = (Pr, @, On = (Pr, ¥, ()
Thus
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Comparison of generators for smooth interp.

We replace

— Z Z)0y ~> eXpp =: P, % Z C(2)8s ~ exnC =:C

zeTd z€T2

in particular
(¢, exnC) Ly = (P, () = (PI,, ()

Thus

(6" ~ G)F(exnp,exnp) = 301 11..]

+ 708 [{xn [Vuprool? 70 + 1 = 2exa(rm)) — (|V0l? 25— 2°)]

1
o).
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Overcoming of problems

We deal with the most problematic term ex,, (n7n) — ° as follows

B The term 52 is well defined.
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Overcoming of problems

We deal with the most problematic term ex,, (n7n) — ° as follows

B The term 52 is well defined.
B We can rewrite

n=n-p+p)T(n—p+p)

:mp+#(pﬂHCmH(n—p)T(n—p)
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Overcoming of problems

We deal with the most problematic term ex,, (n7n) — ° as follows

B The term 52 is well defined.
B We can rewrite

n=n-p+p)T(n—p+p)

:mp+#(pﬂHCmH(n—p)T(n—p)

B Jlexn (prO)l < lIBllca ICllz_, -
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Overcoming of problems

We deal with the most problematic term ex,, (n7n) — ° as follows
B The term 52 is well defined.
B We can rewrite
n=n—p+p)7Tn—p+p)
=pTp+ # (p7C+Crp) + (n—p) 7 (n = p)

B Jlexn (prO)l < lIBllca ICllz_, -

W The term E (4 ex,, (n — pi') 7 (1 = p¥) , G(ni"))" can be controlled
via 4-point correlation function

i

<
n2

i=1

E l]‘[ (F (2:) — p7 (1)
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Overcoming of problems

We deal with the most problematic term ex,, (n7n) — ° as follows

B The term 52 is well defined.
B We can rewrite

n=n-p+p)T(n—p+p)
:mp+#(pﬂHCmH(n—p)T(n—p)

B Jlexn (prO)l < lIBllca ICllz_, -

W The term E (4 ex,, (n — pi') 7 (1 = p¥) , G(ni"))" can be controlled
via 4-point correlation function

i=1

E l]‘[ (F (2:) — p7 (1)

All computations and estimates for (G" — G) F(p, ¢) can be easily transferred
to the case F' € C"*(H, x H_j).
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Differentiability of U;(p, ¢) = E, F(p:, ()

A solution to
dpt = %Aptdt
1
dCt = iAgtdt =+ V C ( pt(l — pt)th)

exists for all po € La(T% [0,1]) and o € H_yfor I > £ + 1.
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Differentiability of Uy (p, ¢) = E, «F(py, ¢;)

A solution to
1
d(;t = §ACtdt =+ V C ( pt(l — pt)th)

exists for all po € L>(T% [0,1]) and o € H—; for I > § + 1.

Proposition [Gess, K. ’24]
Letl > ¢ +1and F € C;*(H_;). Then Ui(p,¢) = EF () € Cp* (Hy x
H_;)for J > £. Moreover,

DiUi(p,¢) = 5E [D*F(G) : DVip)]
with

Vo)) = Var (o, ) = 5 | (19?02 1= po)) s
0

and ¢ is a solution to the heat equation started from .
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Integration by parts

Let&* ~ N(m,z) forz >0

ey = / D 4 (m + va)

dz
/f " fy) 2\/27‘(2 =y
i/uaf (m+vzy) \/%677
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Integration by parts

Let&* ~ N(m,z) forz >0

d 2 0 1 2
TR €)= [ 2of (mevEn) e 5 dy
/f m+fy) 2\/27726 Ty
" 7% . ]- 1" z
§/Rf m+ﬁy)me dy = SE[f"(€7)]
In particular,

d z 1 1" z !
ZEF ()] =5 [V ()]
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|dea of proof

Recall that Uy (p) = EF (¢:). We show the differentiability of
Ui (p) :=EF (pr,G:) = Efn (&),

where
pr, Gt = Z (o, Sk )Sk

kezd

and

En 1= ((Ct,%»kezg
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|dea of proof

Recall that Uy (p) = EF (¢:). We show the differentiability of
Ui (p) :=EF (pr,G:) = Efn (&),

where
pr, Gt = Z (o, Sk )Sk

kezd

and

En 1= ((Ct,%»kezg

We show that
DU (p) = =E [D*fu (&) : DV"(p)]

E [D*F (pr, &) : pr, DVi(p)]

N = o=

E[D*F () : DVi(o)]

N =
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Comparison of initial fluctuations

Quantitative CLT for SSEP



Berry-Esseen bound for the initial fluctuations

B |t remains only to compare
EU:(exnps, €xn (o) — EUt(po, Co)
where ¢ = /2 (0 = pt), p§ = pol g 16 () ~ Bernulli (po(2)),
xz € T?, iid. and ¢ is a centered Gaussian distribution with

Var (Co, ) = (po(1 — po)e, @).

Quantitative CLT for SSEP  * Vitalii Konarovskyi 25/28



Berry-Esseen bound for the initial fluctuations

B |t remains only to compare
EUt(exnpg, exnGy) — EUt(po, Co)
where ¢ = /2 (0 = pt), p§ = pol g 16 () ~ Bernulli (po(2)),
xz € T?, iid. and ¢ is a centered Gaussian distribution with
Var (Co, ) = (po(1 — po)p, ¢)-

B |t is enough to compare only

EG(exn(y) — EG(pr,.Co),
where G € C3(H_r), where

exnGl = (CBsskInshs Praloi= D (Cosk)sk

kezd kezd
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Berry-Esseen bound for the initial fluctuations

B |t remains only to compare
EU:(exnps, €xn (o) — EUt(po, Co)
where ¢ = /2 (0 = pt), p§ = pol g 16 () ~ Bernulli (po(2)),
xz € T?, iid. and ¢ is a centered Gaussian distribution with
Var (Co, ) = (po(1 — po)e, ).
B |t is enough to compare only
EG(exn(o') — EG(pr, o),
where G € C3(H_r), where
exn(o = Z (€0 Sk)nSk,  PryCo = Z (Co, Sk)Sk

kezd kezd

B |s enough to compare for g € C3 (Rzi)

Eg (((1 + |k|2)71/2<Cg,§k>n)k€Z%>—Eg (((1 + |k‘2)71/2<<0,§k>)k62%> .
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Berry-Esseen bound for the initial fluctuations

B |t remains only to compare
EUt(exnpg, exnGy) — EUt(po, Co)
where ¢ = /2 (0 = pt), p§ = pol g 16 () ~ Bernulli (po(2)),
xz € T?, iid. and ¢ is a centered Gaussian distribution with

Var (Go, ) = (po(1 = po)e, ¥)-
B |t is enough to compare only
EG(exn(o') — EG(pr, o),
where G € C3(H_r), where

exnGl = (CBsskInshs Praloi= D (Cosk)sk

kezd kczd
B |s enough to compare for g € C3 (Rzi)
Eg (((1 + |k|2)71/2<437§k>n)k62%>—Eg (((1 + |k‘2)71/2<<0,§k>)k62%) :

B Apply multidimensional Berry-Essen theorem [e.g., Meckes "09]
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Stein’s method

Let (X, X') be an exchangeable pair of random variables in R™, i.e.
Law(X, X') = Law(X’, X), such that

E[X' — X|X] = —AX

and
E[(X' -X)(X'-X)"] =2AS+ FE'

for some invertible matrix A, a symmetric non-negative definite matrix > and a
o(X)-measurable random matrix E’.
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Stein’s method

Let (X, X') be an exchangeable pair of random variables in R™, i.e.
Law(X, X') = Law(X’, X), such that

E[X' — X|X] = —AX

and
E[(X' -X)(X'-X)"] =2AS+ FE'

for some invertible matrix A, a symmetric non-negative definite matrix > and a
o(X)-measurable random matrix E’.

Then for each f € C*(R™) one has

EFC) —EF@)] < A7, (311027 s E NI B

HS

+ 5110l E1X - X[ |,

C,op

where £ ~ N (0,).
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Construction of exchangeable pair

Let g () ~ Bernulli(p(z)), z € T, and ¢ := (& = n¥? (n§ — pi). Set
Xi = (C,k)n, kel
where E [Xle} = <p(1 — p)gk, §l>n.
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Construction of exchangeable pair

Let n5 (z) ~ Bernulli(p(z)), z € T, and ¢ := ¢ = nt/? (no — poy). Set
Xi = (C,k)n, kel

where E [Xle} = <p(1 — p)gk, §l>n.

We define B
¢'(z) == C(@)ya1 + C(@){y=a},
for an independent copy ¢ of ¢ and independent v ~ U (T3,) . Define

X} = (', k)n, kel
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Construction of exchangeable pair

Let g () ~ Bernulli(p(z)), z € T, and ¢ := ¢ = n¥2 (0§ —

Xy = <C:§k>n7 ke Z‘Tiw
where E [Xle} = <p(1 — p)gk, §l>n.

We define B
¢'(x) = C(@)Liystey + C(@)[gy=a},

po)- Set

for an independent copy ¢ of ¢ and independent y ~ U (T;) . Define

X} = (', k)n, kel

E [X;, — Xl X] = f%X,
E [(Xr — Xk) (X — X0)|X] = fzk ey

with
Yk = {(p(1 = p)sk,st)

By =2 [{pn(L = pn)si, 1), — (p(L = p)si, )] + (1 —

Quantitative CLT for SSEP + Vitalii Konarovskyi

Ek B9

pn)? = pn(1 = pn)) Sk, <1
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