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LLN and CLT

Quantitative CLT for SSEP



Simple symmetric exclusion process

On the d-dim discrete torus

Ti::{%: ke{O,...,n—l}d}C’H‘d:(R/Z)d

we consider a Simple Symmetric Exclusion Process (SSEP)
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State space and generator

Particle configuration € {0, 1}TfL;

n(z) = 0 & side z is empty
n(z) = 1 < side z is occupied
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State space and generator

Particle configuration € {0, 1}TfL;

n(z) = 0 & side z is empty
n(z) = 1 < side z is occupied
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n2 ¢ .
LUF(n) =~ [F(n®©®*e) — F(n)] [Kipnis, Landim '99]
j=1z€Ty,

SSEP is already parabolically rescaled: space ~ L time ~ n”!
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Local equilibrium SSEP

Letn, t > 0, be a SSEP and p° : T¢ — [0, 1] be an initial profile.
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Local equilibrium SSEP

Letn, t > 0, be a SSEP and p° : T¢ — [0, 1] be an initial profile.
Assume that 75 () ~ Bernulli(po(z)), € T%, are independent.
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Local equilibrium SSEP

Letn, t > 0, be a SSEP and p° : T¢ — [0, 1] be an initial profile.
Assume that 75 () ~ Bernulli(po(z)), € T%, are independent.
The process p} () := En{* (z) solves the discrete stochastic Heat equation

ua 1 7
Oepi (z) = iAnPt (z)
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Local equilibrium SSEP

Letn, t > 0, be a SSEP and p° : T¢ — [0, 1] be an initial profile.
Assume that 75 () ~ Bernulli(po(z)), € T%, are independent.
The process p} () := En{* (z) solves the discrete stochastic Heat equation

3 1 n
Oipr () = 5 Anpy (2)

2

Thus,
7 1 7
pr = o) Z pi ()0 — o1,
zcTd

where g, solves

1

3t9t = EAQt

with initial condition p°.
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Law of large numbers

Theorem [see e.g. in Kipnis, Landim "99]

Let p° : T¢ — [0, 1] be an initial density profile and 1% () ~ Bernulli(po(z))
be independent. Then

converges in probability to o+ (x), t > 0, where o: solves
1
atQt = §AQt

with initial condition p°.
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Central limit theorem

We now consider the fluctuations of the SSEP around its mean:

r=nt

(i — pt).

Theorem [Galves, Kipnis, Spohn; Ravishankar '90]
Let the initial density profile po be smooth. Then the density fluctuation field

&= S Gl

converges in D ([0, T],D’) to the generalized Ornstein-Uhlenbeck process
that solves the linear SPDE

0i&r = %A& + V- (det>

with the centered Gaussian initial condition such that

E [(¢0, 9)*] = (0°(1 = p°)p, ¥}
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Quantitative CLT and discretization error

Theorem [Gess, K. *24]
Let
B the initial density profile p° : T — [0, 1] be smooth enough,
B 5 be SSEP with n{ () ~ Bernulli(p°(x)) and independent.
Then
sup |Ef ((p,CF)) —Ef ((p,€))] <

t€[0,T]

[fllesllellcr

T daq
n/\l

foralln > 1, f € C3(R™) and ¢ € C'(T?), where I is large enough.
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Quantitative CLT and discretization error

Theorem [Gess, K. *24]
Let
B the initial density profile p° : T — [0, 1] be smooth enough,
B 5 be SSEP with n{ () ~ Bernulli(p°(x)) and independent.
Then
sup |Ef ((p,CF)) —Ef ((p,€))] <

t€[0,T]

[fllesllellcr

T daq
n/\l

foralln > 1, f € C3(R™) and ¢ € C'(T?), where I is large enough.

The rate

- is optimal:
nz

L1 _lattice discretization error, -1~ — particle approximation error

n2
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Main tool

Idea of proof: Compare two Markov processes X, Y; using

EF(X;) — EF(Y;) = EU(Xo) — EU(Yo)
E[(GF - GY) Us(Xs)] ds,
+/0 (6 —6Y) Uau(X0)]

where U, (z) = E[F(Ys,:(x))].
[see e.g. Ethier, Kurtz '86]
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Comparison of dynamics
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Comparison of generators (old approach)

For homogeneous Markov process X; = (exn(t, €xnpt) = (&,ﬁt),
where ex,, = *is a smooth (Fourier) interpolatoin

£75 (40,00, 06, ) = 3.5 ({9:0), (9,5)) {Anbr,p, O + 35 () (Bubr,h, b
+ifé’(-~-)<|vnprn<pl TN+ 10— 2n7N) ( /ntt )
Gf (9,8, ) = 5. (9,0, () (B, &) + 2 £5 () (A0, )

+ 3 (VR 0+ 5= 2())
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Comparison of generators (old approach)

For homogeneous Markov process X; = (exn(t, €xnpt) = (&,ﬁt),
where ex,, = *is a smooth (Fourier) interpolatoin

£75 (40,00, 06, ) = 3.5 ({9:0), (9,5)) {Anbr,p, O + 35 () (Bubr,h, b
+ifé’(-~-)<|vnprn<pl TN+ 10— 2n7N) ( /ntt )
Gf (9,8, ) = 5. (9,0, () (B, &) + 2 £5 () (A0, )

+ 3 (VR 0+ 5= 2())

(Anpr, e, O)n — (89, 8) = O (1), (IVaprael, ), = (Ve, () = O (3) , -
Problem: Many errors are mixed.
Goal: Split errors and propose better approximation
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Removing pr,, and p from comparison

Consider

Gim g D Gl@)be = o3 > 0t (o) - pu(a)) b

zETfL ch']l'glL

as non-homogeneous Markov process with generator £}, .

Quantitative CLT for SSEP  * Vitalii Konarovskyi 12/28



Removing pr,, and p from comparison

Consider

&=z 2 @) = =g 3 nf (o) — pu(a) b

zeTd z€TY

as non-homogeneous Markov process with generator £},

Lemma
Let I > £ and let I € C* (H_;) be such that

D?F(f;-) = D*F(f)[6**] € C ((T)?) and D*F(f;-) € C((T%?%),

Then ¥n € {0,1}™, ¥p € [0,1]™ and ¢ = n/2(n — p)

LrF(E) - % (AnDF(O)

4>IH

d
-3 S O G )

sup HD3F(f)

12n2‘H fEH_ HCa((Td)3)
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Particle generator vs. OU generator

For ¢ = n"/?(n — p)
Particle generator:

£3F(©) = 5 (ADF( Z@‘”D F@), (ran = )%), +0 (757
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Particle generator vs. OU generator

For ¢ = n"/?(n — p)
Particle generator:

n - 1 1
L3FE) = 5 (ADF(), Z<8®2D F©), (rngn =), +0 (7557 )

Recall that Ornstein-Uhlenbeck process is defined by
1 PN

Ornstein—Uhlenbeck generator

GoF (@) = 5 (ADF(§),0) + 3 Z<a®2D F(O), 01— 01))
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Errors

. 1
LyF(Q) = 5 (AnDF(C 4Z<a®2p F(C), (tngn —m)*), +0 (ﬁ)

GoF(¢) = 5 (ADF(C)

d
Z 8®2D F €),0¢(1 — ,Qt)>

l\)\»ﬁ
w\»—\

Errors:
B A,po—Apin Hr
| 8nga = (9jg0 in Hr
n <507 1>n - <305 1>
B (7,;n—1)° —20:(1 — o)
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Approximation of discrete operators

Using Taylor’s formula, we get

Onjp =n (p(- + €}) — ¢)

= a;C 1 m—+1
= e+ 0 (107 el
k=1
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Approximation of discrete operators

Using Taylor’s formula, we get

Onjp =n (p(- + €}) — ¢)

=3 oo+ O (107 llores)

Set

m ._ N\~ 0% m _ N~ em) _\ 1 e

m) J m) J 2m) __ 2k

Tng = klnk’ Oni’ = klnk-1’ An = Z (2k)In2k—2 Zﬁj ’
k=1 j=1

k=0 k=1
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Approximation of discrete operators

Using Taylor’s formula, we get

Onjp =n (p(- + €}) — ¢)

= a;C 1 m—+1
= e+ 0 (107 el
k=1

Set

m 3 m d
ak

(m) o™ — i (2m) _ 1 2k
’ Z k'nk’ Onj = kink—1’ An = Z (2k)In2k—2 Zﬁj '

k=1 k=1 j=1

They are obtained from the Taylor expansion of

d
Ty =€%/" 8, =n(%/"~1) and A, =n’ Z (2™ +e7%/m —2),
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Modified heat equation

Recall that p; = En, solves the PDE

1
dep(z) = 5 Anp(x), @ €T,
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Modified heat equation

Recall that p; = En, solves the PDE
1
dep(z) = 5 Anp(x), @ €T,

As lift to the function space we consider the smooth interpolation

eXppt 1= Z (ptsSk),, Sk

kezd

for the Fourier basis ¢ and Z¢ = {—N,...,N}% n=2N +1.
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Modified heat equation

Recall that p; = En, solves the PDE
1
dep(z) = 5 Anp(x), @ €T,

As lift to the function space we consider the smooth interpolation

eXppt 1= Z (ptsSk),, Sk

kezd

for the Fourier basis ¢ and Z¢ = {—N,...,N}% n=2N +1.
We consider a solution p; to

1, c@m
81&9:: = iﬁf )Qt

started from ex, p°.

Both solutions are started from the same function.
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Approximation of particle expectations

Lemma
Let m be odd. Then for each n odd

t
llexnpe — otll g, < —am lexnpoller,, pnin> 2

In particular,

Cit
lexnpe = oulcra < p lexapolly, o £20
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Approximation of particle expectations

Lemma
Let m be odd. Then for each n odd

t
llexnpe — otll g, < —am lexnpoller,, pnin> 2

In particular,

Cit
lexnpe = oulcra < p lexapolly, o £20

Proof follows from

! 1o, ot : La@m)y
exnp; = E R S N E e2kn (g, k), Sk

kezd kezd

where

m

d
2 m
P — n? Z {cos T?kj — 1}7 )\,(jn ) = Z 'nm 2 ka <0.
j=1
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Control of staying o; outside [0, 1]

Problem: ex,,p"(z) ¢ [0, 1] and AP™ does not satisfies the max property.
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Control of staying o; outside [0, 1]

Problem: ex,,p"(z) ¢ [0, 1] and AP™ does not satisfies the max property.

Since
AnSk = —Ai,nSk

on T% (not only T4),

1
Orexppr = iAnexnpt

on T¢ with initial condition ex,,p°. Thus,

min ex, p° () < exppi(z) < max ex,p’ () (1)
z€Td z€Td

forallz € T¢ and ¢t > 0.

Quantitative CLT for SSEP  * Vitalii Konarovskyi 18/28



Control of staying o; outside [0, 1]

Problem: ex,,p"(z) ¢ [0, 1] and AP™ does not satisfies the max property.

Since
AnSk = —Ai,nSk

on T% (not only T4),

1
Orexppr = iAnexnpt

on T¢ with initial condition ex,,p°. Thus,

min ex, p° () < exppi(z) < max ex,p’ () (1)
z€Td z€Td

forallz € T¢ and ¢t > 0.
If o
0 0 0
lp” — exnp” [l c(ray < nzﬁ”ﬂ lcam+1(qay-
then

0t(w) < exnpi() + ||or — exnptllcera)
CA+1)

n2m

< max p°(y) +

e ||pOHCd+2m+3(Td).
Yy
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Approximation for ex,,

Lemma
For f € C™(T%)

Cm (1 N ng n)

Hf - eXﬂf”C(Td) S n—m ||f‘|cm(11-d)
and
Cm
|<f7 gk) - <f7 <k>n| S 'fl_m ||f||cm(11-d)
forall k € Z2.
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|dea of proof

Set
Vi = span {a, k € Z } € C(T?).
Then
@)= 1 3 Y S0asle) = Y o)l
y€eTd kezd y€eTd
where

Bzy) = 25 > k(@ =),

keZg
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|dea of proof

Set
Vi = span {a, k € Z } € C(T?).
Then
@)= 1 3 Y S0asle) = Y o)l
y€eTd kezd y€eTd
where

Bzy) = 25 > k(@ =),

keZg

Using ex,,g = g for g € V,,, the estimate for Lebesgue constant and Jackson’s
theorem, we get

Ilf —exnflloeey < Nf = glloeay + lg — exn fllceray
< (1 + llexnllop) IIf = gllo(re)

1
d
S C (1 + In n) n7m ”f”C"L(Td)
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Diffusion term for OU process

Using 17 = p + —73 ¢, we compute

(T — 1) =0+ Tnjn — 2070 jn

=Ty j(n)

1 1
:Fn,j(ﬂ)‘FW(‘FWCP‘F
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Diffusion term for OU process

Using 17 = p + —73 ¢, we compute

(T — 1) =0+ Tnjn — 2070 jn

=Ty ;(n)

1 1 1
=Tnj(p) + W( + W(p + o= HCTn,jC

We introduce the modified OU process
Brts = SAL™g, 4 v (\/Wvﬂ
) 27" V2" ¢ ,

Lo (o) = 0+ 7750 — 2070

n,j

where
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New comparison of generators

d
LFO = % (&nDF(Q), )+ Z (OR3D*F(C), (tngn —m)*), +O <#)
¢ 2 4 ~ n,j D= 0gg)

(@ Tns(m), = (TS (@)

1 .
ECT"JC + [fluctuation err.] = (¢, T'n (1) — Tn 5 (p)),,

[profile err] + (¢, I'n j(p) — I'n,;(0)),,
[noise discretisation err.] + [(¢,T'n ; (0)),, <<,0, I ;(0))]
[positive correction] + (¢, Tn,j(e) — Tn5(0) ")

[shift approx. err.] + <@,Fn i(@)" F(mr)(Q) >
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All Errors

C"F({) = ﬁ <(V5Z"8))®2 D*F((), <rnc>

n

Theorem [Gess, K. '26+]
LetI > ¢ F € C* (H_;) with kernels D*F(g;-) € C™(T). Then

(5 -Gz +c™) F(O)| <C (EZ + E3 + Effue + Eftn + Efice

. +E1+E?+R”>IF(C)Icsﬁm,
The error terms are given by

1 = 1
mno,__ I
Ex = n2ma [[q[F=a Ey = nma
n 1 - n
Efue == —QHCHH,I, By = [lexnp — Q”C(’ﬂ‘d)
n2
n . 1 2 n 1
Enoise == p lollgmeay, — E7 = p Y llellcm (ray
_ _ 1
EY = (||Q loeray + 11— 0) ||C(1rd)) ) R" := 1
n2
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Duhamel’s principle

Let &,.(g) be a solution to the modified OU equation started from g at time s.
Set
PstF(9) =EF (&,¢(9)), g€ H-1.
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Duhamel’s principle

Let &,.(g) be a solution to the modified OU equation started from g at time s.

Set
PstF(g) =EF (§5¢(9)), g€ H-1.

Using the martingale problem for (; and the backward Kolmogorov equation, we
obtain

EF (') —EF (&) = EP.+F (&) — EPo . F (£7)

t
=EPo,.F ({5) — EPo.F (&) + E / (0 + Lp,) P F (V) ds
0
t
=EPo+F (C5) —EPotF (&) + E / (ch, — Gy ) P F (CF) ds
0
t
=EPo,.F ({5') — EPo.F (&) + E / (cy, — Gy +C")PLLF (CF) ds
0

t
fIE‘./ C"PLF (()ds.
0
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Main assumptions

B my,mw,m, € N,m, € No,ma €2N—1and I > % +myp
M,, My, k € [3], be large enough
B )° ¢ CMe(TY) and F € C*(H_r) such that

e = sup [[D*F(0)| o] < oo

B Let 7] be a SSEP started from local equilibrium with profile p° and

1

=3 ) (@) —En(2)) 6
zETf}l

B, solves the PDE
1, @m
Dot = §A512 2oy, 00 =p°
B ¢} be a solutionin H_; to
01y = §A7(12mA)§t + ﬁvgma)( FS‘L ™) (Qt)+Wt>7

started from a centered Gaussian random variable in //_; with covariance
E[(& @) €)= (p"(1 — p°)p, )
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Main result

Recall
1

C"F(Q) = 5 ( (V57 D2F(©).¢ruc)

and
Ps,tF(g) =EF (gs,t(g))

Theorem [Gess, K. '26+]
Under the assumptions above, one has

‘EF (¢') —EF (&) + ]E/ C"PLF (C) ds

Ca, C+
< n;/;KF"F Ca+t) . (1+ [ ||CMP(’]1‘d))’

where
. [d
o= mln{§,2mA,ma,mW,mT + 1}.
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Control of correlation correction term

In is known
k nk-l/2’ d =
sup B | [ (@) — pe(@) | <C Q4 Z "1+ 0), d=
x; dist. i1 1 d>3

see [Ferrari, Presutti, Scacciatelli, Vares '91] for d = 1 and [Xu, Zhao '25] for
d> 2.
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Control of correlation correction term

In is known
k HTI/Q, d=
sup B | [ (@) — pe(@) | <C Q4 Z "1+ 0), d=
x; dist. i1 1 d>3

see [Ferrari, Presutti, Scacciatelli, Vares '91] for d = 1 and [Xu, Zhao '25] for
d> 2.

Thus,
< 70 Kr

- ngAz

t
’IE/ C"PLLF () ds
0
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