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Abstract A quantitative central limit theorem for the simple symmetric exclusion
process (SSEP) on a d-dimensional discrete torus is proven. The argument is based
on a comparison of the generators of the density �uctuation �eld of the SSEP and the
generalized Ornstein-Uhlenbeck process, as well as on an in�nite-dimensional Berry-
Essen bound for the initial particle �uctuations. The obtained rate of convergence is
optimal.
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1 Introduction

We consider the simple symmetric exclusion process (SSEP) on the d-dimensional dis-

crete torus Td
n :=

{
2π

2n+1k : k ∈ {−n, . . . , n}d
}
. This is a continuous time Markov

process that describes the evolution of particles located at points of Td
n, where each side

can contain at most one particle. A particle at site x ∈ Td
n attempts to jump to one

of the nearest neighboring sides after an exponential waiting time. If the target side is
occupied, then the jump does not take place.

As usual, the state space for SSEP is {0, 1}Td
n , where η(x) = 1 provided the side x is

occupied by a particle, and η(x) = 0 otherwise. The generator of the SSEP is de�ned
by

GEP
n F (η) : =

(2n+ 1)2

2

d∑
j=1

∑
x∈Tn

[
F (ηx↔x+ej )− F (η)

]
, η ∈ {0, 1}T

d
n , (1.1)

for each function F : {0, 1}Td
n → R, where

ηx↔y(z) =


η(z), z ̸= x, y,

η(y), z = x,

η(x), z = y,

z ∈ Td
n,

and ej = enj denote the canonical vectors of Td
n. For a function ρ : Td

n → [0, 1], we let

νnρ be the product measure on {0, 1}Td
n with marginals given by νnρ {η(x) = 1} = ρ(x),

x ∈ Td
n. Let ηn = (ηnt )t≥0 be the SSEP with the initial distribution νnρn

0
, where ρn0 :

Td
n → [0, 1] and the sequence ρn0 , n ≥ 1, converges to a pro�le ρ0 : T → [0, 1] as n→ ∞.

It is well-known [46, Theorem 2.1] that the hydrodynamic limit of ηn, n ≥ 1, is given
by the solution to the heat equation

dρ∞t = 2π2∆ρ∞t dt (1.2)

on Td starting from ρ0.

By [31, 32, 56], also a central limit theorem (CLT) is known. Precisely, it is known that
the density �uctuation �eld

ζnt (x) := (2n+ 1)d/2 (ηnt (x)− ρnt (x)) , x ∈ Td
n,

with ρnt (x) := Eηnt (x) converges to the solution of the linear SPDE

dζ∞t = 2π2∆ζ∞t dt+ 2π∇ ·
(√

ρ∞t (1− ρ∞t )dWt

)
(1.3)

in the Sobolev spaceH−I for I >
d
2+1 started from ζ0, where (dWt)t≥0 is a d-dimensional

space-time white noise, and ζ0 is a centered Gaussian distribution in H−I with variance
E
[
⟨ζ0, φ⟩2

]
= ⟨ρ0(1 − ρ0)φ,φ⟩ for smooth functions φ on Td. By [43, Theorem A.1],

the discretization error of the heat equation ∥Eηn − ρ∞∥∞ behaves like (2n + 1)−2.
Therefore, informally, the CLT corresponds to the expansion

ηnt (x) = ρ∞t (x) + (2n+ 1)−d/2ζ∞t (x) + (2n+ 1)−(d/2∧1)o(1). (1.4)

Since the proof given in [56] proceeds via a compactness argument, the martingale
central limit theorem, and the Holley and Stroock theory [39, 40], it does not allow
the derivation of a quantitative convergence estimate in the central limit theorem, nor
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in (1.4). This open problem is solved in the present work, with an optimal rate of
convergence. It appears that this is the �rst result proving a quantitative central limit
theorem in the context of a non-equilibrium particle system3.

The proof developed in this work is instead based on the formula

EF (ρ̂nt , ζ̂nt )− EF (ρ∞,n
t , ζ∞,n

t ) =

∫ t

0

E
[(
GFF − GOU

)
POU
t−sF (ρ̂

n
s , ζ̂

n
s )
]
ds, (1.5)

see e.g. [24, Lemma 1.2.5], which allows to deduce estimates on the di�erence of the
semigroups (PFF

t )t≥0 and (POU
t )t≥0 associated with the Markov processes (ρn, ζn) and

(ρ∞, ζ∞), from the di�erence of their generators GFF and GOU . Here, f̂ = exnf denotes
smooth interpolation and (ρ∞,n, ζ∞,n) is a solution to (1.2) and (1.3) started from the

initial particle con�guration (ρ̂n0 , ζ̂
n
0 ).

The estimation of the right hand side of (1.5), however, leads to several challenges:
Firstly, the di�erence between generators can be estimated only on su�ciently regular
functions U = POU

t−sF . Moreover, the obtained errors depend on higher-order derivatives

of U , the norms of ρ̂ns , ζ̂
n
s in corresponding Sobolev spaces and the expression B(ζns ) :=

[exn(ζ
n
s τζ

n
s )]

2 for the shift operator τ on Td
n. The di�erentiability of POU

t F is a non-
trivial problem because the di�usion coe�cient f(ρ∞) =

√
ρ∞(1− ρ∞) in (1.3) is not

di�erentiable. Therefore, the standard approach to the preservation of regularity of
in�nite-dimensional Kolmogorov equations, by proving the regularity on the level of
the corresponding SPDE, cannot be applied. This issue is resolved in this work by
a more careful in�nite-dimensional analysis based on the fact that the process ζ∞ is
Gaussian. A second important ingredient to this part of the proof is a careful choice
of the extension operator exn in order to guarantee the di�erentiability of U at points
(exnρ, exnζ) appearing in (1.5), and in order to quantitatively control discretization
errors (lattice e�ects) and interpolation errors, see e.g. Proposition 2.3.

Secondly, the control of the expectation of error terms requires additional path properties
of the SSEP compared to the proof of the non-quanti�ed CLT in [56]. For instance, the
bound of E[B(ζns )] fundamentally relies on the estimation of the four-point correlation

function E[
∏4

i=1(η
n
s (xi)− ρns (xi))], while only the two point correlation function is used

in [56].

Thirdly, quantitative, optimal estimates for the initial �uctuations

POU
t F (ρ̂n0 , ζ̂

n
0 )− POU

t F (ρ0, ζ0) = EF (ρ∞,n
t , ζ∞,n

t )− EF (ρ∞t , ζ∞t )

are required. Compared to Stein's method in the �nite-dimensional context, see e.g.,
[50, 57], the present situation is more challenging, since the dimension of ζ∞,n

0 diverges
with n→ ∞, for observables F that are not assumed to be of the speci�c form of partial
sums. This di�culty is resolved in the present work by carefully controling the constants
appearing in the application of Stein's method, thereby proving their independence of
the dimension.

We refer the reader to Section A in the appendix for the basic notation. As above, let
(ηnt )t≥0 be the SSEP with the initial distribution νnρn

0
, (ρnt )t≥0 its expectation �eld and

(ζnt )t≥0 its density �uctuation �eld for each n ≥ 1. Let also (ρ∞t )t≥0 be a solution to
the heat equation (1.2) started from ρ0, and (ζ∞t )t≥0 a solution to (1.3) with the initial
condition ζ0. The following theorem is the main result of the paper.

3In contrast, in the setting of weakly interacting particle systems, related high order expansions have
been obtained in [11].

3



Theorem 1.1. Let J > d
2 ∨ 2, I > d + 3, J̃ > J + d + 5 and F ∈ C1,3

l,HS(HJ , H−I).
Furthermore, assume that ρ0 ∈ HJ̃ takes values in [0, 1] and ρn0 is the restriction of ρ0
to Td

n for each n ≥ 1. Then, for each T > 0 there exists a constant C independent of F
and n such that

sup
t∈[0,T ]

∣∣∣EF (ρ̂nt , ζ̂nt )− EF (ρ∞t , ζ∞t )
∣∣∣ ≤ C

n
d
2∧1

∥F∥C1,3
l,HS

.

Remark 1.2. The rate 1

n
d
2
∧1

cannot be improved in the statement of Theorem 1.1, since

it also includes the discretization error that equals 1
n .

The following corollary directly follows from Theorem 1.1.

Corollary 1.3. Under the assumptions of Theorem 1.1, for each T > 0 and m ≥ 1
there exists a constant C such that

sup
t∈[0,T ]

|Ef (⟨φ⃗, ζ∞t ⟩)− Ef(⟨φ⃗, ζnt ⟩n)| ≤
C

n
d
2∧1

∥f∥C3
l
∥φ⃗∥C⌈I⌉

for all n ≥ 1, f ∈ C3(Rm) and φ⃗ ∈
(
C⌈I⌉(Td)

)m
.

In [18], the SPDEs

dηn,δt = ∂xxη
n,δ
t dt+

1√
n
∂x

(√
ηn,δt (1− ηn,δt )dW δ

t

)
have been analyzed as e�ective models for the one-dimensional SSEP, where (dW δ

t )t≥0

is a molli�ed 1-dimensional space-time white noise. In appropriate scaling regimes, it
was concluded that

EF (η̂n)− EF (ηn,δ) = o
(
n−

1
2

)
(1.6)

which improves over the deterministic error

EF (η̂n)− EF (ρ∞) = O
(
n−

1
2

)
.

While one would expect (1.6) to be of order O(n−1), this was left open in [18] since a
quanti�ed CLT for a SSEP was missing, thus giving further motivation for the questions
addressed in the present work.

The work is organized as follows. The basic notation and some facts are collected
and postponed to the appendix in Section A. Section 2 is devoted to an expansion
of generators associated with the particle system and an investigation of some path
properties of the system. In particular, the expansion of generators of the SSEP and its
density �uctuation �eld is obtained in Sections 2.1 and 2.2, respectively. Estimates of
the expectation of Sobolev norms of ρ̂ns , ζ̂

n
s and the control of E[B(ζns )] are obtained in

Section 2.3. The aim of Section 3 is to show the regularity of the semigroup associated
with the Ornstein-Uhlenbeck process in both variables ρ0 and ζ0. The di�erentiability
of U in ζ0 straightforward follows from the linearity of the SPDE (1.3). Therefore, the
main focus of this section is concentrated on the regularity of U with respect to ρ0.
The di�erentiability of the covariance operator of ζ∞t in ρ0 is obtained in Section 3.2.
Then, using a kind of the integration-by-parts formula for Gaussian distributions, we get
the di�erentiability of U . The Berry-Essen bound on the rate of convergence of particle
�uctuations ζ̂n0 to the Gaussian random distribution ζ∞0 in a corresponding Sobolev space
is obtained in Section 4. For this, we adapt the �nite-dimensional approach, e.g, from
[50, 57], to Sobolev spaces. The rest of the appendix is devoted to some properties of prn
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and exn operators, multilinear operators on Sobolev spaces and Frechet di�erentiable
functions de�ned on Sobolev spaces (see Sections B.1, B.2 and B.3, respectively).

Comments on the literature. For a comprehensive treatment of equilibrium �uc-
tuations, we refer to the monographs [46, 47] and the detailed review of the literature
contained therein.

In the case of gradient models and their perturbations, out-of-equilibrium �uctuation
results have been established in [10, 15, 45, 55], including the central limit theorem for
the weakly asymmetric simple exclusion process in [16, 19], and for the one-dimensional
symmetric zero-range process with constant jump rate in [30]. The central limit theorem
for the symmetric simple exclusion process was �rst established in [32, 56]. Several of
these works build upon extensions of the equilibrium theories developed by Holley and
Stroock [39, 40], as well as the Boltzmann�Gibbs principle [8]. A quantitative form of
the Boltzmann�Gibbs principle for independent random walkers, and particle systems
with duality has been obtained in [1]. Additionally, non-equilibrium �uctuations for
the boundary-driven symmetric SSEP are discussed in [48], the SSEP with a slow bond
in [22], and for a tagged particle in SSEP in [43]. In the recent contribution [23] the
joint �uctuations of current and occupation time of the one-dimensional non-equilibrium
simple symmetric exclusion process have been found. We are not aware of any previous
results providing quantitative central limit theorems for out-of-equilibrium �uctuations
in these contexts.

For recent advances in the analysis of quantitative �uctuations for non-gradient systems
in equilibrium, see [37]. This work also reviews a series of studies establishing the
non-quantitative equilibrium central limit theorem for several non-gradient systems.

Recent developments in the quanti�cation of convergence in the law of large numbers for
both gradient and non-gradient systems are documented in [36, 51] and the references
cited therein. Quantitative estimates of propagation of chaos for mean �eld systems with
singular kernels are provided in [7, 42]. The study of �uctuations in this context has a
longstanding history, including works such as [28, 41, 63], with recent contributions in
the setting of singular kernels found in [65]. A deep analysis of central limit �uctuations
around the Boltzmann equation can be found in [4, 61].

Furthermore, �uctuation corrections of PDEs, leading to stochastic PDEs, and their con-
nection to higher-order �uctuation expansions of particle systems and large deviations,
have attracted signi�cant attention in recent years [12, 13, 18, 20, 25�27, 34, 35].

Since its development in [62], Stein's method for the derivation of quantitative estimates
on the distance to Gaussians has been an active and fruitful �eld, an overview of which
would go far beyond the scope of this article. We restrict to mentioning a few points of
references, where further references to the theory may be found. The main concepts of
Stein's method is discussed in the survey article [59]. Careful estimates for multivariate
normal approximation with Stein's method are obtained in [50, 57]. An early contribu-
tion extending Stein's method to the context of approximations of processes, that is, to
in�nite dimension is [2]. See also [14] and the references therein for subsequent general-
izations. For applications of Stein's method in the context of statistical mechanics, we
refer to [17, 21] and the references therein, where Berry-Esseen bounds for Curie-Weiss
and mean-�eld Ising models have been derived. Stein's method in in�nite dimension has
been developed, for example, in [6, 60] deriving Berry�Esséen type estimate for abstract
Wiener measures and in [58] for high-dimensional settings. A signi�cant extension of
Stein's method has been achieved by combination with Malliavin calculus in a line of
developments [52, 53] and the monograph [54], which, in particular, allows application
going beyond observables taking the speci�c form of partial sums. An extension of
admissible functionals has been discussed in [3].
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2 Particle system

The goal of this section is to study some properties of the SSEP needed for the proof
of the main result. In particular, we expand the generator of the density �uctuation
�eld and show that the leading terms in this expansion coincide with the generator of
an Ornstein-Uhlenbeck process.

2.1 Expansion of the generator of the SSEP

We start from the expansion of the generator of the SSEP. Let ηnt =
(
ηnt (x), x ∈ Td

n

)
,

t ≥ 0, be the SSEP de�ned on the con�guration space {0, 1}Td
n ⊂ L2(Td

n). Recall that
it is a time continuous Markov Process whose generator GEP

n is de�ned by (1.1). We
extend (ηnt )t≥0 to a C∞(Td)-valued process by considering

η̂nt = exnη
n
t , t ≥ 0.

According to (A.8), the restriction of η̂nt to the set Td
n ⊂ Td coincides with ηnt for each

t ≥ 0 and n ∈ N. Next note that for each J ∈ R and F ∈ C(HJ), the process

MF
t := F (η̂nt )− F (η̂n0 )−

∫ t

0

GEP
n (F ◦ exn) (ηns )ds, t ≥ 0,

is a right-continuous martingale with respect to the �ltration (Fηn

t )t≥0 generated by ηn.

In the next statement, we derive an expansion of the generator GEP
n that will be used

for an expansion of the generator of the density �uctuation �eld later.

Lemma 2.1. Let I > d
2 + 1. Then for each F ∈ C3

l (H−I) and n ≥ 1

GEP
n (F ◦ exn) (η) = 2π2⟨∆nprnDF (η̂), η⟩n

+
4π4

(2n+ 1)d+2

d∑
j=1

〈
Tr
(
∂⊗2
n,jpr

⊗2
n D2F (η̂)

)
, [∂n,jη]

2
〉
n
+REP

n (η),

for all η ∈ {0, 1}Td
n , where∣∣REP

n (η)
∣∣ ≤ CI

(2n+ 1)2d+1
∥D3F∥C, η ∈ {0, 1}T

d
n .

Proof. To prove the lemma, we use the Taylor formula (A.4). For η ∈ {0, 1}Td
n we get

GEP
n (F ◦ exn) (η) =

(2n+ 1)2

2

d∑
j=1

∑
x∈Td

n

(
F (η̂x↔x+ej )− F (η̂)

)
=

(2n+ 1)2

2

d∑
j=1

∑
x∈Td

n

DF (η̂)
[
η̂x↔x+ej − η̂

]
+

(2n+ 1)2

4

d∑
j=1

∑
x∈Td

n

D2F (η̂)
[(
η̂x↔x+ej − η̂

)×2
]

+
(2n+ 1)2

2

d∑
j=1

∑
x∈Td

n

Rj(x, η̂) =: I1 + I2 +REP ,
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where η̂x↔x+ej = exnη
x↔x+ej and

|Rj(x, η̂)| ≤
∥D3F∥C

3!
∥η̂x↔x+ej − η̂∥3H−I

.

Using the equality (A.10), we �rst estimate the expression

∥η̂x↔x+ej − η̂∥2H−I
=
∑
k∈Zd

1

(1 + |k|2)I
∣∣⟨η̂x↔x+ej − η̂, ςk⟩

∣∣2
=
∑
k∈Zd

n

1

(1 + |k|2)I
∣∣⟨ηx↔x+ej − η, ςk⟩n

∣∣2
for x ∈ Tn and j ∈ [d]. Note that for each φ : Td

n → C

⟨φ, ηx↔x+ej ⟩n − ⟨φ, η⟩n =
1

(2n+ 1)d

∑
z∈Td

n

φ(z)ηx↔x+ej (z)

− 1

(2n+ 1)d

∑
z∈Td

n

φ(z)η(z)

=
1

(2n+ 1)d
[η(x+ ej)− η(x)]φ(x) (2.1)

+
1

(2n+ 1)d
[η(x)− η(x+ ej)]φ(x+ ej)

=
1

(2n+ 1)d
[η(x)− η(x+ ej)] [φ(x+ ej)− φ(x)]

= − 4π2

(2n+ 1)d+2
∂n,jη(x)∂n,jφ(x).

Thus, using (A.7) and Lemma B.1, we estimate

∣∣⟨ηx↔x+ej − η, ςk⟩n
∣∣ = 4π2

(2n+ 1)d+2
|∂n,jη(x)| |∂n,jςk(x)|

=
4π2

(2n+ 1)d+2
|∂n,jη(x)|

∣∣µn
k,j

∣∣ ≤ 8π2|kj |
(2n+ 1)d+1

and, consequently,

∥η̂x↔x+ej − η̂∥2H−I
≤ 64π4

(2n+ 1)2d+2

∑
k∈Zd

n

|kj |2

(1 + |k|2)I
≤ 64π4CI

(2n+ 1)2d+2

due to I > d
2 + 1. This implies the inequality

∣∣REP (η)
∣∣ ≤ (2n+ 1)2

2d
∥D3F∥C

d∑
j=1

∑
x∈Tn

CI

(2n+ 1)3d+3
≤ CI

(2n+ 1)2d+1
∥D3F∥C.

In order to rewrite I1 we use the fact that the derivative DF (η̂) belongs to the dual
space of H−I . Hence, DF (η̂) ∈ HI and

DF (η̂)
[
η̂x↔x+ej − η̂

]
= ⟨DF (η̂), η̂x↔x+ej − η̂⟩ =

〈
prnDF (η̂), η

x↔x+ej − η
〉
n

= − 4π2

(2n+ 1)d+2
∂n,jprnDF (η̂)(x)∂n,jη(x),

7



according to (A.9) and (2.1). This implies

I1 = − (2n+ 1)2

2

4π2

(2n+ 1)d+2

d∑
j=1

∑
x∈Td

n

∂n,jprnDF (η̂)(x)∂n,jη(x)

= −2π2
d∑

j=1

⟨∂n,jprnDF (η̂), ∂n,jη⟩n = 2π2⟨∆nprnDF (η̂), η⟩n,

where we used the discrete integration by parts formula (A.6).

Since D2F (η̂) ∈ L2(H−I), the equality (A.13) yields

D2F (η̂)
[(
η̂x↔x+ej − η̂

)×2
]
=
〈
pr⊗2

n D2F (η̂),
(
ηx↔x+ej − η

)⊗2
〉
n
.

Similarly to the computation in (2.1), we get that the right hand side in the expression
above equals

16π4

(2n+ 1)2d+4
∂⊗2
n,jpr

⊗2
n D2F (η̂)(x, x) (∂n,jη(x))

2
.

Hence,

I2 =
16π4(2n+ 1)2

4(2n+ 1)2d+4

d∑
j=1

∑
x∈Td

n

∂⊗2
n,jpr

⊗2
n D2F (η̂)(x, x) (∂n,jη(x))

2

=
4π4

(2n+ 1)d+2

d∑
j=1

〈
Tr
(
∂⊗2
n,jpr

⊗2
n D2F (η̂)

)
, (∂n,jη)

2
〉
n
.

This completes the proof of the lemma.

2.2 Density �uctuation �eld for the SSEP and its generator

The aim of this section is to consider the density �uctuation �eld

ζnt (x) = (2n+ 1)d/2(ηnt (x)− ρnt (x)), x ∈ Td
n, t ≥ 0,

for the SSEP and obtain an expansion of its generator. It is easy to see that the process

ρnt (x) = Eηnt (x), x ∈ Td
n, t ≥ 0,

is a unique solution to the discrete heat equation

ρnt (x) = ρn0 (x) + 2π2

∫ t

0

∆nρ
n
s (x)ds, x ∈ Td

n, t ≥ 0, (2.2)

with ρn0 (x) = Eηn0 (x) ∈ [0, 1], x ∈ Td
n. Moreover, ρnt ∈ [0, 1]T

d
n ⊂ L2(Td

n) for all t ≥ 0.
Using the chain rule (see, e.g. Theorem [9, Theorem 2.2.1]) and the discrete integration-
by-parts formula, we get for each F ∈ C1(L2(Td

n))

F (ρnt ) = F (ρn0 ) + 2π2

∫ t

0

⟨DF (ρns ),∆nρ
n
s ⟩n ds

= F (ρn0 ) + 2π2

∫ t

0

⟨∆nDF (ρ
n
s ), ρ

n
s ⟩n ds, t ≥ 0.

8



In particular, this implies that (ρnt , η
n
t ), t ≥ 0, is a Markov process with generator

2π2 ⟨∆nD1F (·, η)(ρ), ρ⟩n +
(
GEPF (ρ, ·)

)
(η).

Thus, the process (ρnt , ζ
n
t ), t ≥ 0, is also a Markov process and for each F ∈ C1(L2(Td

n)
2)

F (ρnt , ζ
n
t )− F (ρn0 , ζ

n
0 )−

∫ t

0

GFFF (ρns , ζ
n
s )ds, t ≥ 0,

is a martingale with respect to the �ltration (Fζn

t )t≥0 generated by the process ζn that

coincides with (Fηn

t )t≥0. Here

GFFF (ρ, ζ) = 2π2 ⟨∆nD1G(ρ, η), ρ⟩n + GEPG(ρ, ·)(η),

where G(ρ, η) := F (ρ, ζ) and η = ρ+ (2n+ 1)−d/2ζ.

Similarly to the previous section, we extend ρnt and ζnt to the domain Td by setting

ρ̂nt := exnρ
n
t and ζ̂nt := exnζ

n
t (2.3)

for all t ≥ 0 and consider (ρ̂nt , ζ̂
n
t ), t ≥ 0, as a process with values in HJ ×H−I for each

I, J ∈ R. Since (ρ̂n, ζ̂n) is obtained from the Markov process (ρn, ζn) using injective
mappings, it is a Markov process too. Furthermore, for each F ∈ C1(HJ ×H−I)

F (ρ̂nt , ζ̂
n
t )− F (ρ̂n0 , ζ̂

n
0 )−

∫ t

0

GFF F̂ (ρns , ζ
n
s )ds, t ≥ 0, (2.4)

is a martingale with respect to (Fζn

t )t≥0, where F̂ (ρ, ζ) = F (exnρ, exnζ), ρ, ζ ∈ L2(Td
n),

and F̂ ∈ C1(L2(Td
n)

2), according to Lemma B.22. Note that GFF F̂ (ρns , ζ
n
s ) can be

rewritten as GFF F̂ (prnρ̂
n
s ,prnζ̂

n
s ) due to Lemma B.3. Consequently, setting

ĜFFF (ρ, ζ) := GFF F̂ (prnρ,prnζ) = GFF
(
F ◦ ex×2

n

)
(prnρ,prnζ), ρ ∈ HJ , ζ ∈ H−I ,

where ex×2
n (f, g) = (exnf, exng), f, g ∈ L2(Td

n), we conclude that for each F ∈ C1(HJ ×
HI)

F (ρ̂nt , ζ̂
n
t )− F (ρ̂n0 , ζ̂

n
0 )−

∫ t

0

ĜFFF (ρ̂ns , ζ̂
n
s )ds, t ≥ 0, (2.5)

is a martingale with respect to (Fζn

t )t≥0. In particular, the expectation of the martingale
in (2.5) equals zero.

We will need the following property for the case of time dependent functions F .

Lemma 2.2. Let J, I ∈ R and F ∈ C1,1,1([0,∞), HJ , H−I). Then, for all t ≥ 0 and
n ∈ N,

EFt(ρ̂
n
t , ζ̂

n
t ) = EF0(ρ̂

n
0 , ζ̂

n
0 ) +

∫ t

0

E
[
∂Fs(ρ̂

n
s , ζ̂

n
s ) + ĜFFFs(ρ̂

n
s , ζ̂

n
s )
]
ds, t ≥ 0.

Proof. Considering a partition 0 = t0 < t1 < . . . < tm = t, we get

EFt(ρ̂
n
t , ζ̂

n
t )− EF0(ρ̂

n
0 , ζ̂

n
0 ) =

m∑
k=1

E
[
Fti(ρ̂

n
ti , ζ̂

n
ti)− Fti−1

(ρ̂nti−1
, ζ̂nti−1

)
]

=

m∑
k=1

E
[
Fti−1

(ρ̂nti , ζ̂
n
ti)− Fti−1

(ρ̂nti−1
, ζ̂nti−1

)
]

9



+

m∑
k=1

E
[
Fti(ρ̂

n
ti , ζ̂

n
ti)− Fti−1

(ρ̂nti , ζ̂
n
ti)
]

(2.6)

=

m∑
k=1

E

[∫ ti

ti−1

ĜFFFti−1
(ρ̂ns , ζ̂

n
s )ds

]

+

m∑
k=1

E

[∫ ti

ti−1

∂sFs(ρ̂
n
ti , ζ̂

n
ti)ds

]
,

where we used (2.5). Trivially, En := exn([0, 1]
Td
n)×exn(n

d/2[0, 1]T
d
n) is a compact subset

of HJ ×H−I because it is closed, bounded and �nite-dimensional. Moreover, (ρ̂nt , ζ̂
n
t ),

t ≥ 0, takes values in En. We also note that the functions (s, ρ, ζ) 7→ ĜFFFs(ρ, ζ) and
(s, ρ, ζ) 7→ ∂Fs(ρ, ζ) are continuous and, thus, bounded on [0, t]× En. Using the right-

continuity of (ρ̂nt , ζ̂
n
t ), t ≥ 0, and the dominated convergence theorem, we conclude that

the right hand side of (2.6) converges to∫ t

0

E
[
ĜFFFs(ρ̂

n
s , ζ̂

n
s ) + ∂sF (ρ̂

n
s , ζ̂

n
s )
]
ds,

as the mesh of the partition goes to zero. This completes the proof of the lemma.

In the next statement, we get an expansion of ĜFF
n F (ρ̂, ζ̂) needed for its comparison

with the generator of an Ornstein-Uhlenbeck process. Let τnj denote the shift operator

on Td
n de�ned by τnj f(x) = f(x+ enj ).

Proposition 2.3. Let J > 2, I > d+2, Ĩ ≥ 0, ⌈Ĩ⌉+1+ d
2 < I and F ∈ C1,3

l,HS(HJ , H−I).

Then for each n ≥ 1 there exists a function Rn : [0, 1]T
d
n × RTd

n → R such that

ĜFF
n F (ρ̂, ζ̂) = 2π2

〈
∆D1F (ρ̂, ζ̂), ρ̂

〉
+ 2π2

〈
∆D2F (ρ̂, ζ̂), ζ̂

〉
+ 4π2

d∑
j=1

〈
Tr
(
∂⊗2
j D2

2F (ρ̂, ζ̂)
)
, ρ̂(1− ρ̂)

〉

+
2π2

(2n+ 1)d

d∑
j=1

〈
Tr
(
∂⊗2
j D2

2F (ρ̂, ζ̂)
)
, exn

[
ζτnj ζ

]〉
+RFF

n (ρ, ζ),

and∣∣RFF
n (ρ, ζ)

∣∣ ≤ CJ,I,Ĩ

n
d
2∧1

∥F∥C1,3
l,HS

(
1 + ∥ρ̂∥2C⌈d/2⌉+4 + ∥ρ̂∥C⌈Ĩ⌉

) (
1 + ∥ζ̂∥H−I+2

+ ∥ζ̂∥H−Ĩ

)
for all ρ ∈ [0, 1]T

d
n and ζ = (2n+ 1)d/2(η − ρ), η ∈ {0, 1}Td

n .

Proof. Take ρ ∈ [0, 1]T
d
n , η ∈ {0, 1}Td

n and ζ := (2n + 1)d/2(η − ρ). For Ĝ(ρ, η) :=

F̂ (ρ, (2n+ 1)d/2(η − ρ)), where F̂ (ρ, ζ) = F (ρ̂, ζ̂), we �rst rewrite〈
∆nD1Ĝ(ρ, η), ρ

〉
n
=
〈
∆nD1F̂ (ρ, (2n+ 1)d/2(η − ρ)), ρ

〉
n

− (2n+ 1)d/2
〈
∆nD2F̂ (ρ, (2n+ 1)d/2(η − ρ)), ρ

〉
n

=
〈
∆nprnD1F (ρ̂, ζ̂), ρ

〉
n
− (2n+ 1)d/2

〈
∆nprnD2F (ρ̂, ζ̂), ρ

〉
n

10



due to Lemma B.22. Thus, using Lemma 2.1, we obtain

GFF
n F̂ (ρ, ζ) = 2π2

〈
∆nprnD1F (ρ̂, ζ̂), ρ

〉
n
− 2π2(2n+ 1)d/2

〈
∆nprnD2F (ρ̂, ζ̂), ρ

〉
n

+ 2π2(2n+ 1)d/2⟨∆nprnD2F (ρ̂, ζ̂), η⟩n

+
4π4

(2n+ 1)2

d∑
j=1

〈
Tr
(
∂⊗2
n,jpr

⊗2
n D2

2F (ρ̂, ζ̂)
)
, (∂n,jη)

2
〉
n

(2.7)

+REP
n (ρ, η),

where the error term REP
n satis�es

∣∣REP
n (ρ, η)

∣∣ ≤ CI

(2n+ 1)d/2+1
∥D3

2F∥C.

For the �rst term of the equality (2.7) we have∣∣∣∣∣ 〈∆nprnD1F (ρ̂, ζ̂), ρ
〉
n
−
〈
∆D1F (ρ̂, ζ̂), ρ̂

〉 ∣∣∣∣∣
=
∣∣∣〈exn∆nprnD1F (ρ̂, ζ̂), ρ̂

〉
−
〈
prn∆D1F (ρ̂, ζ̂), ρ̂

〉∣∣∣
≤
∥∥∥exn∆nprnD1F (ρ̂, ζ̂)− prn∆D1F (ρ̂, ζ̂)

∥∥∥
HJ−2

∥ρ̂∥H−J+2

≤ C

n
∥D1F (ρ̂, ζ̂)∥HJ

∥ρ̂∥ ≤ C

n
∥D1F∥C,

according to (A.12), Lemma B.11 and the fact that J ≥ 2. Similarly, we get

∣∣∣⟨∆nprnD2F (ρ̂, ζ̂), ζ⟩n −
〈
∆D2F (ρ̂, ζ̂), ζ̂

〉∣∣∣ ≤ C

n
∥D2F (ρ̂, ζ̂)∥HI

∥ζ̂∥H−I+2

≤ C

n
∥D2F∥C∥ζ̂∥H−I+2

.

To rewrite the fourth term in (2.7), which will be denoted by I4, we �rst set

Uj,n(ρ, η) := Tr
(
∂⊗2
n,jpr

⊗2
n D2

2F (ρ̂, ζ̂)
)

and note that

(∂n,jη(x))
2
=

(2n+ 1)
2

4π2

(
η(x+ enj )− η(x)

)2
=

(2n+ 1)
2

4π2

(
η(x+ enj ) + η(x)− 2η(x+ enj )η(x)

)
for all x ∈ Td

n. In terms of the shift operator τnj , we get

I4 = π2
d∑

j=1

〈
Uj,n(ρ, η), τ

n
j η + η − 2ητnj η

〉
n

= 2π2
d∑

j=1

⟨Uj,n(ρ, η), ρ(1− ρ)⟩n + π2
d∑

j=1

〈
Uj,n(ρ, η), τ

n
j η − ρ

〉
n

11



+ π2
d∑

j=1

⟨Uj,n(ρ, η), η − ρ⟩n − 2π2
d∑

j=1

〈
Uj,n(ρ, η), ητ

n
j η − ρ2

〉
n
=:

4∑
i=1

I4,i.

We next estimate each term of the right hand side of the equality above.

(I4,1): According to Proposition B.18, there exists a function R4,1
j,n : [0, 1]T

d
n ×{0, 1}Td

n →
L2(Td

n) such that

Uj,n(ρ, η) = prnTr
(
∂⊗2
j D2

2F (ρ̂, ζ̂)
)
+R4,1

j,n(ρ, η) (2.8)

due to I > d+ 2, where

max
x∈Td

n

∣∣∣R4,1
j,n(ρ, η)(x)

∣∣∣ ≤ CI

n
sup

ρ∈[0,1]T
d
n ,ζ∈RTdn

∥D2
2F (ρ̂, ζ̂)∥LHS

2 (H−I) ≤
CI

n
∥F∥C1,3

l,HS
. (2.9)

We also note that ∥∥∥exnρ2 − (exnρ)
2
∥∥∥ ≤ C

n
∥exnρ∥2C⌈d/2⌉+4 , (2.10)

by Lemma B.7. Thus, setting H(ρ, η) := Tr
(
∂⊗2
j D2

2F (ρ̂, ζ̂)
)
and using (A.12), we can

rewrite

⟨Uj,n(ρ, η), ρ(1− ρ)⟩n = ⟨prnH(ρ, η), ρ⟩n −
〈
prnH(ρ, η), ρ2

〉
n
+
〈
R4,1

j,n(ρ, η), ρ(1− ρ)
〉
n

= ⟨H(ρ, η), ρ̂⟩ −
〈
H(ρ, η), exnρ

2
〉
+
〈
R4,1

j,n(ρ, η), ρ(1− ρ)
〉
n

= ⟨H(ρ, η), ρ̂(1− ρ̂)⟩+R4
j,n(ρ, η),

where R4
j,n(ρ, η) :=

〈
R4,1

j,n(ρ, η), ρ(1− ρ)
〉
n
+
〈
H(ρ, η), (exnρ)

2 − exnρ
2
〉
. Using (2.9)

and (2.10), we get∣∣R4
j,n(ρ, η)

∣∣ ≤ CI

n
∥F∥C1,3

l,HS
+
C

n
∥H(ρ, η)∥∥exnρ∥2C⌈d/2⌉+4 .

Since I > d
2 + 1, we can use Lemmas B.2 (iii), B.15 and B.16 to get

∥H(ρ, η)∥ ≤ CI∥∂⊗2
j D2

2F (ρ̂, ζ̂)∥LHS
2 (H−I+1)

≤ CI∥D2
2F (ρ̂, ζ̂)∥LHS

2 (H−I) ≤ CI∥F∥C1,3
l,HS

.

Thus, ∣∣R4
j,n(ρ, η)

∣∣ ≤ CI

n

[
∥F∥C1,3

l,HS

(
1 + ∥ρ̂∥2C⌈d/2⌉+4

)]
.

(I4,3): Using (A.12) and Proposition B.18, we get∣∣⟨Uj,n(ρ, η), η − ρ⟩n
∣∣ = 1

(2n+ 1)d/2

∣∣⟨Uj,n(ρ, η), ζ⟩n
∣∣

=
1

(2n+ 1)d/2

∣∣∣〈exnUj,n(ρ, η), ζ̂
〉∣∣∣

≤ 1

nd/2
∥exnUj,n(ρ, η)∥HĨ

∥ζ̂∥H−Ĩ

≤
CI,Ĩ

nd/2
∥D2

2F (ρ̂, ζ̂)∥LHS
2 (H−I)∥ζ̂∥H−Ĩ
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≤
CI,Ĩ

nd/2
∥F∥C1,3

l,HS
∥ζ̂∥H−Ĩ

for each Ĩ ≥ 0 such that Ĩ + 1 + d
2 < I.

(I4,2) : We �rst rewrite〈
Uj,n(ρ, η), τ

n
j η − ρ

〉
n
= ⟨Uj,n(ρ, η), η − ρ⟩n −

〈
Uj,n(ρ, η), τ

n
j η − η

〉
n

= ⟨Uj,n(ρ, η), η − ρ⟩n − 2π

2n+ 1
⟨Uj,n(ρ, η), ∂n,jη⟩n .

The term ⟨Uj,n(ρ, η), η − ρ⟩n was estimated above. We now estimate∣∣⟨Uj,n(ρ, η), ∂n,jη⟩n
∣∣ = ∣∣⟨∂n,jUj,n(ρ, η), η⟩n

∣∣ = |⟨exn∂n,jUj,n(ρ, η), η̂⟩|
≤ ∥exn∂n,jUj,n(ρ, η)∥∥η̂∥.

Due to the fact that η takes values from {0, 1} and Corollary B.4, we get ∥η̂∥ = ∥exnη∥ =
∥η∥n ≤ 1. By Lemma B.8 and Proposition B.18, we obtain

∥exn∂n,jUj,n(ρ, η)∥ ≤ ∥exnUj,n(ρ, η)∥H1
≤ CI∥F∥C1,3

l,HS
,

where we have used the fact that I > 2 + d
2 . Thus,〈

Uj,n(ρ, η), τ
n
j η − ρ

〉
n
≤
CI,Ĩ

nd/2
∥F∥C1,3

l,HS
∥ζ̂∥H−Ĩ

+
CJ

n
∥F∥C1,3

l,HS
.

(I4,4) : Using the equality η = ρ+ n−d/2ζ, we �rst rewrite〈
Uj,n(ρ, η), ητ

n
j η − ρ2

〉
n
=
〈
Uj,n(ρ, η), ρτ

n
j ρ− ρ2

〉
n

+
1

(2n+ 1)d/2
〈
Uj,n(ρ, η), ρτ

n
j ζ
〉
n

+
1

(2n+ 1)d/2
〈
Uj,n(ρ, η), ζτ

n
j ρ
〉
n

+
1

(2n+ 1)d
〈
Uj,n(ρ, η), ζτ

n
j ζ
〉
n
.

Let I4,4,i, i ∈ [4], denote the terms in the right hand side of the equality above. We �rst
estimate the term I4,4,1 as follows

|I4,4,1| =
2π

2n+ 1

∣∣⟨Uj,n(ρ, η)ρ, ∂n,jρ⟩n
∣∣ ≤ 2π

2n+ 1
∥Uj,n(ρ, η)ρ∥n∥∂n,jρ∥n

≤ 2π

2n+ 1
∥Uj,n(ρ, η)∥n∥∂n,jρ∥n =

2π

2n+ 1
∥exnUj,n(ρ, η)∥∥exn∂n,jρ∥

≤ CI

n
∥D2

2F (ρ̂, ζ̂)∥LHS
2 (H−I)∥ρ̂∥H1

≤ CI

n
∥F∥C1,3

l,HS
∥ρ̂∥H1 ,

where we used (A.12) and Proposition B.18. According (A.12) and Lemmas B.9 and
B.10, the estimate

|I4,4,2| =
1

(2n+ 1)d/2

∣∣∣〈Uj,n(ρ, η)ρ, τ
n
j ζ
〉
n

∣∣∣ = 1

(2n+ 1)d/2

∣∣〈exn (Uj,n(ρ, η)ρ) , exnτ
n
j ζ
〉∣∣

≤ 1

nd/2
∥exn (Uj,n(ρ, η)ρ)∥HĨ

∥exnτnj ζ∥H−Ĩ
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≤
CI,J̃

nd/2
∥exnUj,n(ρ, η)∥H⌈Ĩ⌉

∥ρ̂∥C⌈Ĩ⌉∥ζ̂∥H−Ĩ

≤
CI,Ĩ,J̃

nd/2
∥F∥C1,3

l,HS
∥ρ̂∥C⌈Ĩ⌉∥ζ̂∥H−Ĩ

holds due to ⌈Ĩ⌉+1+ d
2 < I. Here we estimated ∥exnUj,n(ρ, η)∥HĨ

as in (I4,3). The term

I4,4,3, can be estimated similarly to I4,4,2 by the same expression. Due to the equality
(2.8), we get

I4,4,4 =
1

(2n+ 1)d
〈
Uj,n(ρ, η), ζτ

n
j ζ
〉
n

=
1

(2n+ 1)d

〈
prnTr

(
∂⊗2
j D2

2F (ρ̂, ζ̂)
)
, ζτnj ζ

〉
n
+
〈
R4,1

j,n(ρ, η), (η − ρ)τnj (η − ρ)
〉
n
.

Now, by (2.9) and the boundedness of η and ρ, we obtain∣∣∣〈R4,1
j,n(ρ, η), (η − ρ)τnj (η − ρ)

〉
n

∣∣∣ ≤ CI

n
∥F∥C1,3

l,HS
.

This completes the proof of the proposition.

2.3 Some properties of the density �uctuation �eld

The goal of this section is to estimate the Sobolev norm of the density �uctuation �eld
and the expectation of the term

〈
f, exn

[
ζnt τ

n
j ζ

n
t

]〉
appearing in the expansion of the

generator GFF . We �rst prove an auxiliary statement.

Lemma 2.4. Let ρn0 ∈ L2(Td
n) take values in [0, 1], φ ∈ C(Td) and (ηnt )t≥0 be the SSEP

started from ηn0 = (ηn0 (x))x∈Td
n
for each n ≥ 1, where ηn0 (x), x ∈ Td

n, are independent

random variables with Bernoulli distribution with parameters ρn0 (x), x ∈ Td
n, respectively.

Let also ρnt (x) = Eηnt (x), x ∈ Td
n, t ≥ 0, and ζnt = (2n+ 1)

d/2
(ηnt − ρnt ), t ≥ 0. Then,

for every t ≥ 0,

E
[
⟨exnζnt , φ⟩2

]
≤
(
1 + 2π2t ∥∇nρ

n
0∥

2
n,C

)
∥prnφ∥2n,C.

Proof. We set φn := prnφ and rewrite for n ≥ 1

E
[
⟨exnζnt , φ⟩2

]
= E

[
⟨ζnt ,prnφ⟩2n

]
=

1

(2n+ 1)2d

∑
x∈Td

n

ζnt (x)φn(x)

2

=
1

(2n+ 1)2d

∑
x,y∈Td

n

E [ζnt (x)ζ
n
t (y)]φn(x)φn(y)

=
1

(2n+ 1)d

∑
x∈Td

n

E
[
(ηnt (x)− ρnt (x))

2
]
φ2
n(x)

+
1

(2n+ 1)d

∑
x ̸=y∈Td

n

E [(ηnt (x)− ρnt (x))(η
n
t (y)− ρnt (y))]φn(x)φn(y).

The �rst term of the right hand side of the equality above can be estimated by

1

(2n+ 1)d

∑
x∈Td

n

φ2
n(x) = ∥prnφ∥2n,
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due to the fact that ηnt (x) − ρnt (x) ∈ [0, 1] for all x ∈ Td
n and t ≥ 0. The second term

can be estimated by
2π2 sup

s∈[0,t]

max
u∈Td

n

|∇nρ
n
s (u)|

2 ∥prnφ∥2n,Ct

similarly to the proof of the main theorem in [56, p. 32] (see also Section C for the
detailed estimate). Combining both estimates together, we get

E
[
⟨exnζnt , φ⟩2

]
≤ ∥φn∥2n + 2π2 sup

s∈[0,t]

max
u∈Td

n

|∇nρ
n
s (u)|

2 ∥φn∥2n,Ct

≤

(
1 + 2π2t sup

s∈[0,t]

∥∇nρ
n
s ∥

2
n,C

)
∥φn∥2n,C

≤
(
1 + 2π2t ∥∇nρ

n
0∥

2
n,C

)
∥φn∥2n,C,

according to the fact that ρnt , t ≥ 0, is a solution to (2.2) and the maximum principle.
This completes the proof of the lemma.

Lemma 2.5. Let I > d
2 . Under the assumptions of Lemma 2.4, for every t ≥ 0 one has

E
[
∥exnζnt ∥2H−I

]
≤ CI

(
1 + 2π2t ∥∇nρ

n
0∥

2
n,C

)
.

Proof. By the de�nition of ∥ · ∥H−I
and Lemma 2.4, we get

E
[
∥exnζnt ∥2H−I

]
=
∑
k∈Zd

(
1 + |k|2

)−I E |⟨exnζnt , ς̃k⟩|
2

≤
∑
k∈Zd

(
1 + |k|2

)−I
(
1 + 2π2t ∥∇nρ

n
0∥

2
n,C

)
∥prnς̃k∥2n,C

=
∑
k∈Zd

n

(
1 + |k|2

)−I
(
1 + 2π2t ∥∇nρ

n
0∥

2
n,C

)
∥ς̃k∥2n,C

≤ CI

(
1 + 2π2t ∥∇nρ

n
0∥

2
n,C

)
,

where we also used the boundedness of ς̃k for the estimate of ∥ς̃k∥n,C. The proof of the
lemma is complete.

We recall that τnj denotes the shift operator on Td
n de�ned by τnj f(x) = τnj (x+ enj ).

Lemma 2.6. Let J > d
2 . Under the assumptions of Lemma 2.4, for every T > 0 there

exists a constant C depending on J , T and supn≥1 ∥∇nρ
n
0∥n,C such that for every random

variable f in HJ with a �nite second moment and de�ned on the same probability space
as ζn we have ∣∣∣∣ 1

(2n+ 1)d
E
〈
f, exn

[
ζnt τ

n
j ζ

n
t

]〉∣∣∣∣ ≤ C

n
d
2∧1

E
[
∥f∥2HJ

] 1
2

for each n ≥ 1, j ∈ [d] and t ∈ [0, T ].

Proof. Using Parseval's identity, (A.9), the Cauchy-Schwarz inequality and (B.2) (i), we
get∣∣∣∣ 1

(2n+ 1)d
E
〈
f, exn

[
ζnt τ

n
j ζ

n
t

]〉∣∣∣∣2 =

∣∣∣∣ 1

(2n+ 1)d
E⟨prnf, ζnt τnj ζnt ⟩n

∣∣∣∣2
15



=
1

(2n+ 1)2d

∣∣∣∣∣∣
∑
k∈Zd

n

E
[
⟨prnf, ςk⟩n⟨ςk, ζnt τnj ζnt ⟩n

]∣∣∣∣∣∣
2

≤ 1

(2n+ 1)2d

∑
k∈Zd

n

(1 + |k|2)JE
[
|⟨prnf, ςk⟩n|

2
]

·
∑
k∈Zd

n

1

(1 + |k|2)J
E
[∣∣⟨ςk, ζnt τnj ζnt ⟩∣∣2]

≤ CJ

(2n+ 1)2d
E
[
∥f∥2HJ

]
max
k∈Zd

n

E
[∣∣⟨ςk, ζnt τnj ζnt ⟩∣∣2]

since J > d
2 . We next estimate for each k ∈ Zd

n

1

(2n+ 1)2d
E
[∣∣⟨ςk, ζnt τnj ζnt ⟩∣∣2] = 1

(2n+ 1)2d
E
[
⟨ςk, ζnt τnj ζnt ⟩⟨ζnt τnj ζnt , ςk⟩

]
=

1

(2n+ 1)2d

∑
x,y∈Td

n

ςk(x)ς−k(y)E
[
(ηnt (x)− ρnt (x))(η

n
t (x+ enj )− ρnt (x+ enj ))

· (ηnt (y)− ρnt (y))(η
n
t (y + enj )− ρnt (y + enj ))

]
.

Following the observation in [44, Theorem 6.1], that in our setting will follow from
similar computations [29], we can bound the expectation above by C

n2 for distinct x, x+
enj , y, y+e

n
j , where the constant C depends on T and supn≥1 ∥∇nρ

n
0∥n,C. The cardinality

of the set {
(x, y) ∈

(
Td
n

)2
: x, x+ enj , y, y + enj are not distinct

}
is bounded by 3(2n+ 1)d. Thus, we can continue the estimate by

1

(2n+ 1)2d

[
(2n+ 1)2dC

n2
+ 3(2n+ 1)d

]
=

C

n2
+

3

(2n+ 1)d
.

Consequently, there exists a constant C > 0 such that∣∣∣∣ 1

(2n+ 1)d
E
〈
f, exn

[
ζnt τ

n
j ζ

n
t

]〉∣∣∣∣2 ≤ C

n2∧d
E
[
∥f∥2HJ

]
.

This completes the proof of the statement.

3 Generalized Ornstein-Uhlenbeck process

The main result of this section is the regularity of the solution Ut, t ≥ 0, to the in�nite-
dimensional Kolmogorov backward equation corresponding to the system of SPDEs
(1.2), (1.3), which is de�ned by Ut := POU

t F .

The proof of this regularity faces several challenges due to the form of the di�usion
terms in (1.3). Firstly,

√
ρ(1− ρ) is not di�erentiable, which prevents from following

the usual approach to deduce the regularity of Ut from the regularity of solutions to
(1.3) with respect to their initial conditions. Secondly, the variance term ρ(1 − ρ) is
non-negative only for ρ ∈ [0, 1], and, as a result, the function Ut is well-de�ned only
on a subset of HJ ×H−I . This is particularly problematic since the discrete semigroup
(ρ̂ns , ζ̂

n
s ) does not necessarily take values in this domain, since ρ̂ns is not a [0, 1]-valued
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function in general. However, this property is crucial for our main approach based on
(1.5).

To overcome the latter problem and also to avoid the discussion of the di�erentiability of
Ut at boundary points of its domain, in this section we �rst approximate ρ(1− ρ) in the
SPDE (1.3) by a smooth molli�cation Φε of the non-negative function ρ(1− ρ)∨ 0, such
that supε∈(0,1] ∥Φε∥C1 <∞. This allows to approximate the function Ut by solutions U

ε
t

to Kolmogorov equations that now are well-de�ned on the complete space HJ × H−I .
Then, in Section 5, we compare the corresponding generators on the functions Uε

t and
show that the additional molli�cation error can be well-controled.

The remaining di�culty of the non-di�erentiability of the di�usion coe�cient
√
ρ(1− ρ)

is addressed in Section 3.2 below.

3.1 Covariance and Itô's formula

In this section, we �x a continuous bounded function Φ : R → [0,∞) and build a
Gaussian process in H−I for some I that will be used for the description of �uctuations
of the SSEP. We �rst consider the heat equation

dρ∞t = 2π2∆ρ∞t dt (3.1)

in HJ , for some J ≥ 0, with initial condition ρ0 ∈ HJ . It is well-known that there
exists a (continuous) HJ -valued weak solution (ρ∞t )t≥0 to the heat equation (3.1). The
semigroup associated with the PDE (3.1) will be denoted by Pt, t ≥ 0. In particular,

ρ∞t = Ptρ0, t ≥ 0.

We next de�ne the generalized Ornstein-Uhlenbeck process (ζ∞t )t≥0 as the variational4

solution to the SPDE

dζ∞t = 2π2∆ζ∞t dt+ 2π∇ ·
(√

Φ(ρ∞t )dWt

)
, (3.2)

where dW is a d-dimensional white noise. The di�erentiability of the associated semi-
group will follow from the di�erentiability of the variance operator for the Ornstein-
Uhlenbeck process whose precise form is described in the next proposition.

Proposition 3.1. Let Φ be a bounded non-negative continuous function. For each
I > d

2 + 1, ρ0 ∈ L2(Td) and ζ0 ∈ H−I there exists a unique continuous H−I-valued
variational solution (ζ∞t )t≥0 to the SPDE (3.2) started from ζ0 and

E sup
t∈[0,T ]

∥ζ∞t ∥2H−I
<∞

for each T > 0, where (ρ∞t )t≥0 solves the heat equation (3.2) with initial condition ρ0.
Moreover, ζ∞ is a Gaussian process in H−I with expectation

mt(ζ0)[φ] := E ⟨φ, ζ∞t ⟩ = ⟨Ptφ, ζ0⟩ , φ ∈ C∞(Td), (3.3)

and covariance operator

Vt(ρ)[φ,ψ] : = Cov (⟨ζ∞t , φ⟩, ⟨ψ, ζ∞t ⟩)

= 2π2

∫ t

0

⟨∇Pt−sφ · ∇Pt−sψ,Φ (Psρ)⟩ ds, φ, ψ ∈ C∞(Td), (3.4)

for each t > 0.
4See [49, De�nition 4.2.1]
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Proof. The existence and uniqueness of the variational solution to the SPDE (3.2) follows
from [49, Theorem 4.2.4] and the fact that B(t) : L2(Td;Rd) → H−I de�ned by

B(t)h := 2π∇ ·
(√

Φ(ρt)h
)

(3.5)

is a Hilbert-Schmidt operator with Hilbert-Schmidt norm

∥B(t)∥2HS :=

∞∑
l=1

∥B(t)hl∥2H−I
= 4π2

∞∑
l=1

∑
k∈Zd

(1 + |k|2)−I
∣∣∣⟨√Φ(ρt)hl,∇ςk⟩

∣∣∣2
= 4π2

∞∑
l=1

∑
k∈Zd

(1 + |k|2)−I
∣∣∣⟨hl,√Φ(ρt)kςk⟩

∣∣∣2
= 4π2

∑
k∈Zd

(1 + |k|2)−I+1∥
√
Φ(ρt)ςk∥2 ≤ 4π2∥Φ∥C

∑
k∈Zd

(1 + |k|2)−I+1 <∞,

where {hl, l ≥ 1} is an orthonormal basis of (L2(Td))d. Note that the construction of
the variational solution is obtained by Galerkin approximation leading to linear SDEs
[49, (4.48)]. This implies that the process ζ∞ is Gaussian in H−I as a limit of Gaussian
processes.

Let T > 0 and φ ∈ C∞(Td) be �xed. Consider ψt := PT−tφ ∈ HI+2 for all t ∈ [0, T ]
and use the martingale problem for ζ∞ and Itô's formula to get

⟨ψt, ζ
∞
t ⟩ = ⟨ψ0, ζ0⟩+

∫ t

0

⟨∂sψs, ζ
∞
s ⟩ ds+ 2π2

∫ t

0

⟨∆ψs, ζ
∞
s ⟩ds+mart.

= ⟨PTφ, ζ0⟩+mart.

for all t ∈ [0, T ] a.s. Thus, taking the expectation and setting t = T , we get

mT (ζ0)[φ] = E ⟨φ, ζ∞T ⟩ = ⟨PTφ, ζ0⟩ . (3.6)

Similarly, we compute

⟨ψt, ζ
∞
t ⟩2 = ⟨ψ0, ζ0⟩2 + 2

∫ t

0

⟨ψs, ζ
∞
s ⟩ ⟨∂sψs, ζ

∞
s ⟩ ds+ 4π2

∫ t

0

⟨ψs, ζ
∞
s ⟩⟨∆ψs, ζ

∞
s ⟩ds

+ 2π2

∫ t

0

〈
|∇ψs|2 ,Φ(ρ∞s )

〉
ds+mart.

= ⟨PTφ, ζ0⟩2 + 2π2

∫ t

0

〈
|∇ψs|2 ,Φ(ρ∞s )

〉
ds+mart.

Therefore, using (3.6), we obtain for t = T

Var ⟨φ, ζ∞T ⟩ = Var ⟨ψT , ζ
∞
T ⟩ = E

[
⟨ψT , ζ

∞
T ⟩2

]
− [E⟨ψT , ζ

∞
T ⟩]2

= ⟨PTφ, ζ0⟩2 + 2π2

∫ T

0

〈
|∇ψs|2 ,Φ(ρ∞s )

〉
ds− ⟨PTφ, ζ0⟩2

= 2π2

∫ T

0

〈
|∇PT−sφ|2 ,Φ(ρ∞s )

〉
ds.

The expression for the covariance operator Vt(ρ) follows from the polarization equality.
This completes the proof of the proposition.

Remark 3.2. The statement of the theorem remains valid if Φ(ρt) is replaced by Φt for
each measurable locally bounded function Φ : [0,∞) → L2(Td) with Φt ≥ 0 for all t ≥ 0.
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Lemma 3.3. Let Φn : [0,∞) → L2(Td), n ∈ N0, be locally bounded functions such that
Φn

t ≥ 0 for all t ≥ 0, n ∈ N0 and

sup
t∈[0,T ]

∥Φn
t − Φ0

t∥ → 0, n→ ∞,

for each T > 0. Additionally assume that ζn → ζ0 in H−I for some I > d
2 + 1 and

tn → t0 in [0,∞) as n→ ∞. Let also (ζ∞,n
t )t≥0 be a (variational) solution to

dζ∞,n
t = 2π2∆ζ∞,n

t dt+ 2π∇ ·
(√

Φn
t dWt

)
started from ζn for every n ∈ N0. Then Lawζ∞,n

tn → Lawζ∞,0
t in the 2-Wasserstein

topology on the space of probability measures on H−I with a �nite second moment as
n→ ∞. In particular, for each F ∈ C1

l (H−I)

EF (ζ∞,n
tn ) → EF (ζ∞,0

t )

as n→ ∞.

Proof. We will �rst show that ζ∞,n
tn → ζ∞,0

t0 in distribution as n→ ∞, using [5, Example

3.8.15]. For this we will show that the means Eζ∞,n
tn converge to Eζ∞,0

t0 in H−I , the

covariance operators V n
tn of ζ∞,n

tn converge to the covariance operator V 0
t0 of ζ∞,0

t0 in

L2(HI) and E[∥ζ∞,n
tn ∥2H−I

] → E[∥ζ∞,0
t0 ∥2H−I

].

By Proposition 3.1 and Remark 3.2, we get∥∥∥Eζ∞,n
tn − Eζ∞,0

t0

∥∥∥
H−I

=
∥∥Ptnζ

n − Pt0ζ
0
∥∥
H−I

≤
∥∥Ptn

(
ζn − ζ0

)∥∥
H−I

+
∥∥Ptnζ

0 − Pt0ζ
0
∥∥
H−I

≤ ∥ζn − ζ0∥H−I
+
∥∥Ptnζ

0 − Pt0ζ
0
∥∥
H−I

→ 0

as n→ ∞. We similarly estimate∥∥V n
tn − V 0

t0

∥∥
L2

≤ ∥V n
tn − V 0

tn∥L2 + ∥V 0
tn − V 0

t0∥L2 .

The fact that ∥V 0
tn − V 0

t0∥L2
→ 0 follows from the continuity of (ζ∞,0

t )t≥0 in H−I and
[5, Example 3.8.15]. Next, using Proposition 3.1 and Remark 3.2 again, we estimate∥∥V n

tn − V 0
tn

∥∥2
L2

≤
∥∥V n

tn − V 0
tn

∥∥2
LHS

2

=
∑

k,l∈Zd

(1 + |k|2)−I(1 + |l|2)−I
∣∣V n

tn(ς̃k, ς̃l)− V 0
tn(ς̃k, ς̃l)

∣∣2
≤ 4π4tn

∑
k,l∈Zd

(1 + |k|2)−I(1 + |l|2)−I

·
∫ tn

0

∣∣〈∇Ptn−sς̃k · ∇Ptn−sς̃l,Φ
n
s − Φ0

s

〉∣∣2 ds.
According to the fact that

Ptς̃k = e−2π2|k|2tς̃k, k ∈ Zd,

we get

∇Ptn−sς̃k · ∇Ptn−sς̃l = −e−2π2(|k|2+|l|2)(tn−s)k · lς̃k ς̃l.
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We now separately estimate for k, l ∈ Zd and a bounded measurable function f : [0, t] →
L2(Td)∫ tn

0

⟨∇Ptn−sς̃k · ∇Ptn−sς̃l, fs⟩2 ds ≤ |k|2|l|2
∫ tn

0

e−4π2(|k|2+|l|2)(tn−s)⟨ς̃k ς̃l, fs⟩2ds

≤ |k|2|l|2 sup
s∈[0,tn]

∥fs∥2
∫ tn

0

e−4π2(|k|2+|l|2)(tn−s)ds (3.7)

≤
sups∈[0,tn] ∥fs∥

2

4π2

|k|2|l|2

|k|2 + |l|2
.

Hence, due to the fact that I > d
2 + 1, we conclude that∥∥V n

tn − V 0
tn

∥∥2
LHS

2
≤ CItn sup

s∈[0,tn]

∥Φn
s − Φ0

s∥ → 0

as n→ ∞. The convergence of the second moments E[∥ζ∞,n
tn ∥2H−I

] to the second moment

E[∥ζ∞,0
t ∥2H−I

] can be proved similarly. Hence, by [5, Example 3.8.15], ζ∞,n
tn → ζ∞,0

t0 in

H−I in distribution as n→ ∞. Now, using the fact that E[∥ζ∞,n
tn ∥2H−I

] → E[∥ζ∞,0
t ∥2H−I

]

as n→ ∞, we can conclude that Lawζ∞,n
tn → Lawζ∞,0

t0 in the 2-Wasserstein topology on
the space of probability measures on H−I , by [64, Theorem I.6.9]. This easily implies
the second part of the lemma.

Remark 3.4. According to the de�nition of variational solutions, we have

ρ∞t = ρ0 + 2π2

∫ t

0

∆ρ∞s ds, t ≥ 0,

in HJ−2 and

ζ∞t = ζ0 + 2π2

∫ t

0

∆ζ∞s ds+ 2π

∫ t

0

B(s)dWs, t ≥ 0,

in H−I−2.

We will provide here the Itô formula for the process (ρ∞, ζ∞). Note that while Itô's
formula for Hilbert space valued processes is available in the literature, we need to obtain
the resulting Itô -correction term in a particular form. We therefore include the result.

Lemma 3.5. Let I > d
2 + 1, J ≥ 0, F ∈ C1,1,2([0,∞), HJ−2, H−I−2), D

2
2F take values

in LHS
2 (H−I−2) and (ρ∞t , ζ

∞
t ), t ≥ 0, be a solution in HJ ×H−I to (3.1), (3.2) started

from (ρ0, ζ0) ∈ HJ ×H−I . Then

Ft(ρ
∞
t , ζ

∞
t ) = F0(ρ0, ζ0) + 2π

∫ t

0

⟨D2Fs(ρ
∞
s , ζ

∞
s ), B(s)dWs⟩

+

∫ t

0

∂Fs(ρ
∞
s , ζ

∞
s )ds+ 2π2

∫ t

0

⟨∆D1Fs(ρ
∞
s , ζ

∞
s ), ρ∞s ⟩ ds

+ 2π2

∫ t

0

⟨∆D2Fs(ρ
∞
s , ζ

∞
s ), ζ∞s ⟩ ds

+ 2π2

∫ t

0

d∑
j=1

〈
Tr
(
∂⊗2
j D2

2Fs(ρ
∞
s , ζ

∞
s )
)
,Φ(ρ∞s )

〉
ds

for all t ≥ 0, where (B(t))t≥0 is de�ned by (3.5).
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Proof. We �rst note that according to the assumptions on J and I, the process (ρ∞t , ζ
∞
t ),

t ≥ 0, has a continuous version in HJ ×H−I and thus the identities of Remark 3.4 hold
in the spaces HJ−2 and H−I−2, respectively. Using then the in�nite-dimensional Itô
formula5 in the Hilbert space HJ−2 ×H−I−2, we get

Ft(ρ
∞
t , ζ

∞
t ) = F0(ρ0, ζ0) + 2π

∫ t

0

⟨D2Fs(ρ
∞
s , ζ

∞
s ), B(s)dWs⟩

+

∫ t

0

∂Fs(ρ
∞
s , ζ

∞
s )ds+ 2π2

∫ t

0

⟨D1Fs(ρ
∞
s , ζ

∞
s ),∆ρ∞s ⟩ ds (3.8)

+ 2π2

∫ t

0

⟨D2Fs(ρ
∞
s , ζ

∞
s ),∆ζ∞s ⟩ ds

+
1

2

∫ t

0

trace
[
D2

2Fs(ρ
∞
s , ζ

∞
s )B(s)B∗(s)

]
ds,

where B∗(s) : H−I−2 → (L2(Td))d is the adjoint operator to B(s) and U(s) :=
D2

3Fs(ρs, ζs)B(s)B∗(s) is interpreted as a bounded linear operator on H−I−2 de�ned
by

⟨U(s)ςk, ςl⟩H−I−2
= D2

2Fs(ρs, ζs) [B(s)B∗(s)ςk, ς−l] , k, l ∈ Zd.

We next rewrite the last term in the right hand side of (3.8). For this, we take the

orthonormal basis
{(

1 + |k|2
)(I+2)/2

ςk, k ∈ Zd
}
on H−I−2 and compute

trace [U(s)] =
∑
k∈Zd

(1 + |k|2)I+2D2
2Fs(ρs, ζs) [B(s)B∗(s)ςk, ς−k] .

Taking also an orthonormal basis {hl = (hjl )j∈[d], l ∈ N} on (L2(Td))d, we can expand
B∗(s)ςk in the Fourier series

B∗(s)ςk =

∞∑
l=1

⟨B∗(s)ςk, hl⟩hl =
∞∑
l=1

⟨ςk, B(s)hl⟩H−I
hl

= (1 + |k|2)−I−2
∞∑
l=1

⟨ςk, B(s)hl⟩hl

= 2π(1 + |k|2)−I−2
d∑

j=1

∞∑
l=1

〈
ςk, ∂j

(√
Φ(ρs)h

j
l

)〉
hl

= −2π(1 + |k|2)−I−2
d∑

j=1

∞∑
l=1

ikj

〈
ςk
√
Φ(ρs), h

j
l

〉
hl

=
(
−2πi(1 + |k|2)−I−2kjςk

√
Φ(ρs)

)
j∈[d]

.

Thus,

B(s)B∗(s)ςk = −4π2(1 + |k|2)−I−2i

d∑
j=1

kj∂j (ςkΦ(ρs))

and, consequently,

trace [U(s)] = −4π2
d∑

j=1

∑
k∈Zd

ikjD
2
2Fs(ρs, ζs) [∂j (ςkΦ(ρs)) , ς−k]

5see e.g. [33, Theorem 2.10]
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= 4π2
d∑

j=1

∑
k∈Zd

D2
2Fs(ρs, ζs) [∂j (ςkΦ(ρs)) , ∂jς−k] .

Using the expansion of Φ(ρs) in the Fourier series

Φ(ρs) =
∑
l∈Zd

⟨Φ(ρs), ςl⟩ςl =
∑
l∈Zd

⟨ς−l,Φ(ρs)⟩ςl

=
∑
l∈Zd

⟨ςl,Φ(ρs)⟩ς−l,

we get

trace [U(s)] = 4π2
d∑

j=1

∑
k∈Zd

∑
l∈Zd

D2
2Fs(ρs, ζs) [∂jςk−l, ∂jς−k] ⟨ςl,Φ(ρs)⟩

= 4π2
d∑

j=1

〈∑
k∈Zd

∑
l∈Zd

D2
2Fs(ρs, ζs) [∂jςk−l, ∂jς−k] ςl,Φ(ρs)

〉

= 4π2
d∑

j=1

〈
Tr
(
∂⊗2
j D2

2Fs(ρs, ζs)
)
,Φ(ρs)

〉
,

according to Lemma B.15. This completes the proof of the lemma.

3.2 Di�erentiability of the Ornstein-Uhlenbeck semigroup

Let (ρ∞t )t≥0 and (η∞t )t≥0 be solutions to (3.1) and (3.2) with a bounded continuous
function Φ : R → [0,∞), respectively. In this section, we consider these processes as
functions of their initial conditions ρ := ρ∞0 and ζ := ζ∞0 and study the di�erentiability
of

UΦ
t (ρ, ζ) := EF (ρ∞t , ζ∞t )

with respect to (ρ, ζ) for F ∈ C1,3
l,HS(HJ , H−I).

The fact that UΦ is three times continuously di�erentiable with respect to ζ directly
follows from the linearity of ζ∞ in ζ, see the proof of Proposition 3.9 below. Hence,
the main challenge is the regularity of UΦ with respect to ρ. The main di�culty is
that the di�usion term

√
Φ(ρ) is not di�erentiable, and, therefore, we cannot follow

the usual approach to conclude the di�erentiability of UΦ from the di�erentiability of
the solution ζ∞ to the SPDE (3.2) as function of its initial condition. This is solved in
this section by exploiting the Gaussianity of ζ∞ together with an in�nite-dimensional
integration-by-parts formula.

We start from the following auxiliary statements.

Lemma 3.6. Let I > d
2 +1, J > d

2 , ζ ∈ H−I be �xed and Φ ∈ C2
b(R). Let also (ζ∞t )t≥0

be a solution to (3.2) started from ζ, where (ρ∞t )t≥0 is a solution to the heat equation
(3.1) with the initial condition ρ∞0 = ρ ∈ HJ . Then for each t > 0 the covariance Vt(ρ)
of ζ∞t can be extended to an element in LHS

2 (HI) also denoted by Vt(ρ). Moreover, the
map Vt belongs to C1

b

(
HJ ;LHS

2 (HI)
)
and its derivative at ρ ∈ HJ in direction h ∈ HJ

is given by

DVt(ρ)[h][φ,ψ] = 2π2

∫ t

0

⟨∇Pt−sφ · ∇Pt−sψ,Φ
′ (Psρ)Psh⟩ ds (3.9)

for all φ,ψ ∈ HJ and

∥DVt(ρ)[h]∥LHS
2 (HI) ≤ tCI∥Φ′∥C∥h∥HJ

. (3.10)
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Proof. Using Hölder's inequality and Proposition 3.1, we get

|Vt(ρ)[φ,ψ]| ≤ ∥φ∥HI
∥ψ∥HI

E
[
∥ζ∞t ∥2H−I

]
≤ Cρ,I,ζ∥φ∥HI

∥ψ∥HI

for all φ,ψ ∈ C∞(Td). This implies that Vt(ρ) can be extended to a continuous multi-

linear operator on (HI)
2
. Using Proposition 3.1 again, following the proof of Lemma 3.3

and applying the estimate (3.7), we can show the boundedness of the Hilbert-Schmidt
norm of Vt(ρ) given by

∥Vt(ρ)∥2LHS
2

≤ CIt sup
s∈[0,t]

∥Φ(ρ∞s )∥2 ≤ CIt∥Φ∥2C. (3.11)

To get the (Lipschitz) continuity of Vt : HJ → LHS
2 (HI), we can also follow the proof

of Lemma 3.3 and use the estimate (3.7) to get for ρ, ρ̃ ∈ HJ

∥Vt(ρ)− Vt(ρ̃)∥2LHS
2

≤ CIt sup
s∈[0,t]

∥Φ(Psρ)− Φ(Psρ̃)∥

≤ ∥Φ′∥C ∥Psρ− Psρ̃∥ ≤ ∥Φ′∥C∥ρ− ρ̃∥
≤ ∥Φ′∥C∥ρ− ρ̃∥HJ

.

We next check the di�erentiability of Vt at ρ ∈ HJ and show that its derivative is given
by

DVt(ρ)[h][φ,ψ] = 2π2

∫ t

0

⟨∇Pt−sφ · ∇Pt−sψ,Φ
′(Psρ)Psh⟩ ds.

Similarly as above, we estimate

∥Vt(ρ+ h)− Vt(ρ)−DVt(ρ)[h]∥2LHS
2

=
∑

k,l∈Zd

(1 + |k|2)−I(1 + |l|2)−I |Vt(ρ+ h)[ς̃k, ς̃l]− Vt(ρ)[ς̃k, ς̃l]−DVt(ρ)[h][ς̃k, ς̃l]|2

≤ tCI sup
s∈[0,t]

∥Φ (Psρ+ Psh)− Φ (Psρ)− Φ′(Psρ)Psh∥2 ≤ tCI∥Φ′′∥C∥(Psh)
2∥2

≤ tCJ,I∥Φ′′∥C∥h∥4HJ
,

where we used Taylor's expansion for Φ, (3.7) and∥∥(Psh)
2
∥∥2 ≤

∥∥∥(Psh)
2
∥∥∥2
C
= ∥Psh∥4C ≤ CJ∥h∥4C ≤ CJ∥h∥4HJ

due to J > d
2 .

The boundedness of DVt follows from (3.9) and (3.7). Indeed, for each h ∈ HJ , one has

∥DVt(ρ)[h]∥2LHS
2

≤ 4π4t
∑

k,l∈Zd

(1 + |k|2)−I(1 + |l|2)−I

·
∫ t

0

|⟨∇Pt−sς̃k · ∇Pt−sς̃l,Φ
′(Psρ)Psh⟩|

2
ds

≤ tCI sup
s∈[0,t]

∥Φ′(Psρ)Psh∥2 ≤ tCI∥Φ′∥C∥Psh∥2

= tCI∥Φ′∥C∥h∥2 ≤ tCI∥Φ′∥C∥h∥2HJ
.

The continuity of DVt can be checked similarly. This completes the proof of the state-
ment.
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Lemma 3.7. Under the assumptions of Lemma 3.6, one has

sup
ρ∈HJ

E
[
∥prnζ∞t − ζ∞t ∥2H−I

]
→ 0

as n→ ∞.

Proof. We rewrite

E
[
∥prnζ∞t − ζ∞t ∥2H−I

]
=
∑
k ̸∈Zd

n

(1 + |k|2)−IE
[
⟨ζ∞t , ς̃k⟩2

]
=
∑
k ̸∈Zd

n

(1 + |k|2)−I
(
Vt(ρ)[ς̃k, ς̃k] + E [⟨ς̃k, ζ∞t ⟩]2

)
.

Using Proposition 3.1 and following the proof of Lemma 3.3, in particular (3.7), the
expression above can be estimated as follows∑

k ̸∈Zd
n

(1 + |k|2)−I
(
Vt(ρ)[ς̃k, ς̃k] + (mt(ζ; ς̃k))

2
)

≤
∑
k ̸∈Zd

n

(1 + |k|2)−I

(
π2t∥Φ∥C

|k|4

2|k|2
+ ⟨ζ, Ptς̃k⟩2

)
≤ π2t∥Φ∥C

∑
k ̸∈Zd

n

(1 + |k|2)−I+1 +
∑
k ̸∈Zd

n

(1 + |k|2)−Ie−8π2|k|2t⟨ζ, ς̃k⟩2.

This implies the uniform convergence of E
[
∥prnζ∞t − ζ∞t ∥2H−I

]
to zero as n→ ∞.

De�ne for A ∈ LHS
2 (H−I) and B ∈ LHS

2 (HI)

A : B :=
∑

k,l∈Zd

A[ς̃k, ς̃l]B[ς̃k, ς̃l]

and note that
|A : B| ≤ ∥A∥LHS

2 (H−I)∥B∥LHS
2 (HI),

according to (B.13).

Proposition 3.8. Let I > d
2 + 1, J > d

2 and ζ ∈ H−I be �xed. Let also (ζ∞t )t≥0 be a
solution to (3.2) started from ζ, where (ρ∞t )t≥0 is a solution to the heat equation (3.1)
with the initial condition ρ∞0 = ρ ∈ HJ . Then for each F ∈ C2

l (H−I) with bounded
uniformly continuous second derivative in the space LHS

2 (H−I) and t ≥ 0 the function

Ut(ρ) := EF (ζ∞t ), ρ ∈ HJ ,

belongs to C1
l (HJ) and for each ρ ∈ HJ and t > 0

DUt(ρ)[h] =
1

2
E
[
D2F (ζ∞t ) : DVt(ρ) [h]

]
, h ∈ HJ , (3.12)

where Vt(ρ) is the covariance operator of ζ∞t de�ned by (3.4).

Proof. Let t > 0 be �xed. We will show the di�erentiability of Ut on HJ , using the
di�erentiability of the variance Vt that follows from Lemma 3.6. De�ne the sequence of
functions

Un(ρ) := EF (prnζ
∞
t ) , n ≥ 1,

24



and show that they are continuously di�erentiable on HJ and their derivatives converge
uniformly to a continuous function Ũ . By [9, Theorem 3.6.1], we will conclude that
Ut ∈ C1(HJ) and DU = Ũ .

Setting ξn := (⟨ζ∞t , ς̃k⟩ −mk)k∈Zd
n
for mk = E⟨ζ∞t , ς̃k⟩, we can represent Un as follows

Un(ρ) = Efn (mn + ξn) ,

where

fn(z) = F (χn(z)) , z ∈ RZd
n ,

χn(z) :=
∑

k∈Zd
n
zk ς̃k and mn := (mk)k∈Zd

n
. Note that ξn := (⟨ζ∞t , ς̃k⟩ −mk)k∈Zd

n
is a

centered Gaussian vector with covariance matrix

V n(ρ) := (Vt(ρ)[ς̃k, ς̃l])k,l∈Zd
n

that is non-negatively de�ned and symmetric. By the di�erentiability of F , the function

fn belongs to C2
l (RZd

n) and

∂fn
∂zk

= DF (χn)[ς̃k],
∂2fn
∂zk∂zl

= D2F (χn)[ς̃k, ς̃l], k, l ∈ Zd
n. (3.13)

Using the spectral decomposition theorem, there exists a square-root
√
V n(ρ) of V n(ρ),

that is a (unique) non-negatively de�ned symmetric matrix such that (
√
V n(ρ))2 =

V n(ρ). Thus, we can de�ne ξn =
√
V n(ρ)ξ̃n for a standard Gaussian vector ξ̃n =

(ξ̃k)k∈Zd
n
. Therefore, the di�erentiability of Un will follow from the di�erentiability of

ρ 7→ Efn
(
mn +

√
V n(ρ)ξ̃n

)
.

Let Symn denote the Hilbert space of symmetric matrices (Ak,l)k,l∈Zd
n
with real entries

and be equipped with the inner product

A : B :=
∑

k,l∈Zd
n

Ak,lBk,l.

The open subset of positively de�ned matrices from Symn will be denoted by Sym+
n .

Note that the square-root function
√
· : Sym+

n → Sym+
n is continuously di�erentiable

and its derivative (D
√
A)[B] in a direction B ∈ Symn satis�es(
D
√
A
)
[B]

√
A+

√
A
(
D
√
A
)
[B] = B, (3.14)

according to the expression for the derivative of the product A =
√
A
√
A. We next

consider for each δ > 0 a continuously di�erentiable function Gδ(A) := δI + A, A ∈
Sym−δ

n , with values in Sym+
n , where I is the identity matrix and

Sym−δ
n :=

{
A ∈ Symn : Ax · x > −δ|x|2, x ∈ RZd

n\{0}
}

is an open subset of Symn. Then Gδ ∈ C1(Sym−δ
n ; Sym+

n ) and, consequently, the func-
tion

Kn,δ(A) := Efn
(
mn +

√
Gδ(A)ξ̃

n
)
, A ∈ Sym−δ

n ,

is continuously di�erentiable with derivative in a direction B ∈ Symn given by

DKn,δ(A)[B] = E
[
Dfn

(
mn +

√
Gδ(A)ξ̃

n
)
·
((
D
√
Gδ(A)

)
[B]ξ̃n

)]
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due to [9, Theorem 2.2.1] and the dominated convergence theorem. Using the integration-
by-parts formula for a Gaussian vector (see Lemma C.1), we get

DKn,δ(A)[B] = E
[
D2fn

(
mn +

√
Gδ(A)ξ̃

n
)
:
((
D
√
Gδ(A)

)
[B]
√
Gδ(A)

)]
.

Next, by the equality A : (BR) = A : (RB) for A,B,R ∈ Symn and (3.14), we have

DKn,δ(A)[B] =
1

2
E
[
D2fn

(
mn +

√
Gδ(A)ξ̃

n
)
:
((
D
√
Gδ(A)

)
[B]
√
Gδ(A)

)]
+

1

2
E
[
D2fn

(
mn +

√
Gδ(A)ξ̃

n
)
:
(√

Gδ(A)
(
D
√
Gδ(A)

)
[B]
)]

(3.15)

=
1

2
E
[
D2fn

(
mn +

√
Gδ(A)ξ̃

n
)
: B
]

for all A ∈ Sym−δ
n and B ∈ Symn. By the di�erentiability of the composition and the ex-

pression (3.15), we conclude that the function Efn
(
mn +

√
δI + V nξ̃n

)
is continuously

di�erentiable and

DUn,δ(ρ) := DEfn
(
mn +

√
δI + V n(ρ)ξ̃n

)
=

1

2
E
[
D2fn

(
mn +

√
δI + V n(ρ)ξ̃n

)
: DV n(ρ)

]
, ρ ∈ HJ ,

for all δ > 0. Now, taking δ → 0+, and using [9, Theorem 3.6.1] and the dominated
convergence theorem, we get that Un ∈ C1 (HJ) and

DUn(ρ)[h] = DEfn
(
mn +

√
V n(ρ)ξ̃n

)
[h]

=
1

2
E
[
D2fn (m

n + ξn) : DV n(ρ)[h]
]
, ρ, h ∈ HJ .

Note that the assumptions of [9, Theorem 3.6.1] require the uniform convergence of the
sequence DUn,δ to DUn as δ → 0. We will show this property for a more complicated
sequence of derivatives at the end of this proof. The uniform convergence in the present
case can be obtained similarly.

In order to show the di�erentiability of Ut, we will use [9, Theorem 3.6.1] again. We
�rst note that

Un(ρ) → Ut(ρ)

as n → ∞ for each ρ ∈ HJ , by the dominated convergence theorem and the fact that
prnζ

∞
t → ζ∞t a.s. in H−I as n → ∞. We will next rewrite the derivative DUn via the

derivatives D2F and DVt in the corresponding spaces. Using (3.13) and

DV n
k,l(ρ)[h] = DVt(ρ)[h][ς̃k, ς̃l],

we obtain

DUn(ρ)[h] =
1

2

∑
k,l∈Zd

n

E
[
D2F (prnζ

∞
t )[ς̃k, ς̃l]DVt(ρ)[h][ς̃k, ς̃l]

]
=

1

2
E
[
D2F (prnζ

∞
t ) : pr⊗2

n DVt(ρ)[h]
]

for all ρ, h ∈ HJ . We next note that D2F (ζ) ∈ LHS
2 (H−I) and DVt(ρ)[h] ∈ LHS

2 (HI),
by Lemma 3.6. Hence, D2F (ζ) : DVt(ρ)[h] is well de�ned for each ζ ∈ H−I , ρ ∈ HJ

and h ∈ HJ . We will show that DUn → DU uniformly. Using (B.13), we get

|DUn(ρ)[h]−DU(ρ)[h]|2 ≤ 1

2
E
[∣∣D2F (prnζ

∞
t ) :

(
pr⊗2

n DVt(ρ)[h]−DVt(ρ)[h]
)∣∣2]
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+
1

2
E
[∣∣(D2F (prnζ

∞
t )−D2F (ζ∞t )

)
: Vt(ρ)[h]

∣∣2]
≤ 1

2

∥∥pr⊗2
n DVt(ρ)[h]−DVt(ρ)[h]

∥∥2
LHS

2 (HI)
E
[∥∥D2F (prnζ

∞
t )
∥∥2
LHS

2 (H−I)

]
+

1

2
∥DVt(ρ)[h]∥2LHS

2 (HI)
E
[∥∥D2F (prnζ

∞
t )−D2F (ζ∞t )

∥∥2
LHS

2 (H−I)

]
for all h, ρ ∈ HJ . By (3.10),

∥DV (ρ)[h]∥2LHS
2 (HI)

≤ tCI∥Φ′∥C∥h∥2HJ
, ρ, h ∈ HJ .

Moreover, similarly to the proof of (3.10), we conclude∥∥∥Ṽ n(ρ)[h]− V (ρ)[h]
∥∥∥2
LHS

2 (HI)
=
∑

k,l ̸∈Zd
n

(1 + |k|2)−I(1 + |l|2)−I |DV (ρ)[h][ς̃k, ς̃l]|2

≤
∑

k,l ̸∈Zd
n

(1 + |k|2)I+1(1 + |l|2)−I+1t∥Φ′∥C∥h∥2HJ

= εnt∥Φ′∥C∥h∥2HJ
, ρ, h ∈ HJ ,

where εn :=
∑

k,l ̸∈Zd
n
(1 + |k|2)−I+1(1 + |l|2)−I+1 → 0 as n→ ∞, due to I > d

2 + 1.

We next �x arbitrary ε > 0 and choose δ > 0 such that

∥D2F (ζ)−D2F (ζ ′)∥LHS
2 (H−I) < ε

for all ζ, ζ ′ ∈ H−I satisfying ∥ζ − ζ ′∥H−I
< δ, according to the uniform continuity of

D2F . We also take N ∈ N such that for all n ≥ N

sup
ρ∈HJ

E
[
∥prnζ∞t − ζ∞t ∥2H−I

]
< ε,

by Lemma 3.7. Then, using Chebyshev's inequality, we get

E
[∥∥D2F (prnζ

∞
t )−D2F (ζ∞t )

∥∥2
LHS

2 (H−I)

]
= E

[∥∥D2F (prnζ
∞
t )−D2F (ζ∞t )

∥∥2
LHS

2 (H−I)
I{∥prnζ∞

t −ζ∞
t ∥H−I

≥δ}
]

+ E
[∥∥D2F (prnζ

∞
t )−D2F (ζ∞t )

∥∥2
LHS

2 (H−I)
I{∥prnζ∞

t −ζ∞
t ∥H−I

≤δ}
]

≤ 4

δ2
sup

ζ∈H−I

∥D2F (ζ)∥2LHS
2 (H−I)

E
[
∥prnζ∞t − ζ∞t ∥2H−I

]
+ ε2

≤ 4

δ2
sup

ζ∈H−I

∥D2F (ζ)∥2LHS
2 (H−I)

ε+ ε2.

This shows that

sup
ρ∈HJ

E
[∥∥D2F (prnζ

∞
t )−D2F (ζ∞t )

∥∥2
LHS

2 (H−I)

]
→ 0

as n→ ∞. Consequently,

sup
ρ∈HJ

∥DUn(ρ)−DU(ρ)∥H−J
= sup

ρ∈HJ

sup
∥h∥J≤1

|DUn(ρ)[h]−DU(ρ)[h]| → 0.

The boundedness of DU follows from the expression (3.12), (B.13) and Lemma 3.6. This
completes the proof of the proposition.
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We next de�ne for a function F ∈ C1,2
l,HS(HJ , H−I) the di�erential operator

GOU,ΦF (ρ, ζ) = 2π2 ⟨∆D1F (ρ, ζ), ρ⟩+ 2π2 ⟨∆D2F (ρ, ζ), ζ⟩

+ 2π2
d∑

j=1

〈
Tr
(
∂⊗2
j D2

2F (ρ, ζ)
)
,Φ(ρ)

〉
, ρ ∈ HJ+2, ζ ∈ H−I+2.

Proposition 3.9. Let I > d
2 + 1, J > d

2 , Φ ∈ C2
b(R), F ∈ C2,4

l (HJ , H−I) and D
2
2F be

bounded and uniformly continuous in LHS
2 (H−I). Let also

Ut(ρ, ζ) := EF (ρ∞t , ζ∞t ), t ≥ 0,

for ρ ∈ HJ , ζ ∈ H−I , where (ρ∞t , ζ
∞
t ), t ≥ 0, is a solution in HJ ×H−I to (3.1), (3.2)

started from (ρ, ζ). Then the function U belongs to C0,1,3([0,∞), HJ , H−I) and for each
T > 0

sup
t∈[0,T ]

∥Ut∥C1,3
l,HS

≤ CI,T (∥Φ′∥C + 1) ∥F∥C1,3
l,HS

. (3.16)

Moreover, if I > d
2 + 3, then for each ρ ∈ HJ+2 and ζ ∈ H−I+2 the map t 7→ Ut(ρ, ζ) is

continuously di�erentiable,

∂Ut(ρ, ζ) = GOU,ΦUt(ρ, ζ), t > 0, ρ ∈ HJ+2, ζ ∈ H−I+2, (3.17)

and ∂U ∈ C ([0,∞)×HJ+2 ×H−I+2).

Proof. To prove the proposition, we will split the dependence of ρ∞t and ζ∞t on the
initial condition for the heat equation (3.1), extending Ut by

Ũt(ρ̃, ρ, ζ) := EF (ρ̃∞t , ζ∞t ),

where (ρ̃∞t )t≥0 is a solution to (3.1) started from ρ̃ ∈ HJ and (ζ∞t )t≥0 is a solution
to (3.2) started from ζ ∈ H−I with the di�usion coe�cient depending on the solution
(ρ∞t )t≥0 to the heat equation (3.1) started from ρ ∈ HJ . Then

Ut(ρ, ζ) = Ũt(ρ, ρ, ζ)

for all t ≥ 0, ρ ∈ HJ and ζ ∈ H−I .

The continuity of Ũ directly follows from the mean-value theorem (see [9, Theorem
3.3.2]), the continuity (t, ρ̃) 7→ ρ̃∞t as a map from [0,∞)×HJ to HJ and the continuity
of (t, ρ, ζ) 7→ Lawζ∞t in the 2-Wasserstein topology as a map from [0,∞)×HJ ×H−I to
the space of probability distributions on H−I with a �nite second moment, by Lemma
3.3.

We next show that Ũt is di�erentiable on H−I with respect to the third variable and its
derivative in a direction h ∈ H−I equals

D3Ũt(ρ̃, ρ, ζ)[h] = E [D2F (ρ̃
∞
t , ζ

∞
t )[Pth]] (3.18)

for all ρ̃, ρ ∈ HJ , ζ ∈ H−I and t ≥ 0. Using the di�erentiability of F , we get∣∣∣Ũt(ρ̃, ρ, ζ + h)− Ũt(ρ̃, ρ, ζ)−D3Ũt(ρ̃, ρ, ζ)[h]
∣∣∣

=
∣∣∣E [F (ρ̃∞t , ζ∞,h

t )− F (ρ̃∞t , ζ
∞
t )−D2F (ρ̃

∞
t , ζ

∞
t )[Pth]

]∣∣∣
= |E [F (ρ̃∞t , ζ

∞
t + Pth)− F (ρ̃∞t , ζ

∞
t )−D2F (ρ̃

∞
t , ζ

∞
t )[Pth]]| ,

28



where (ζ∞,h
t )t≥0 is a solution to (3.2) started from ζ + h and, by the linearity of (3.2),

ζ∞,h
t = ζ∞t + Pth. Consequently, we can estimate the right hand side of the equality
above by 1

2∥D
2
2F∥C∥Pth∥2H−I

, according to [9, Theorem 5.6.1]. The continuity D3Ũ

can be proved similarly to the continuity of Ũ . Similarly, we can also prove that Ũ
is continuously di�erentiable with respect to ζ to the third order and continuously
di�erentiable with respect to ρ̃. Moreover, the derivatives have a similar structure as in
(3.18). Hence they are uniformly bounded.

The continuous di�erentiability of Ũ with respect to ρ and the boundedness of its deriva-
tive follows from Proposition 3.8. Thus, U ∈ C0,1,3

l ([0,∞), HJ , H−I), by [9, Proposition
2.6.2]. The fact that D2

2Ut(ρ, ζ) ∈ LHS
2 (H−I) follows from the estimate

∥D2
2Ut(ρ, ζ)∥2LHS

2 (H−I)
=
∑

k,l∈Zd

(1 + |k|2)I(1 + |l|2)I
∣∣E [D2

2F (ρ
∞
t , ζ

∞
t )[Ptς̃k, Ptς̃l]

]∣∣2
=
∑

k,l∈Zd

(1 + |k|2)I(1 + |l|2)Ie−4π2t(|k|2+|l|2) ∣∣E [D2
2F (ρ

∞
t , ζ

∞
t )[ς̃k, ς̃l]

]∣∣2
≤
∑

k,l∈Zd

(1 + |k|2)I(1 + |l|2)IE
[∣∣D2

2F (ρ
∞
t , ζ

∞
t )[ς̃k, ς̃l]

∣∣2]
= E

[∥∥D2
2F (ρ

∞
t , ζ

∞
t )
∥∥2
LHS

2 (H−I)

]
≤ sup

ρ∈HJ ,ζ∈H−I

∥∥D2
2F (ρ, ζ)

∥∥2
LHS

2 (H−I)
.

The bound (3.16) follows from the latter inequality, direct estimates of the derivatives
D1Ũ , D

m
3 Ũ , m ∈ [3], that satisfy expressions similar to (3.18), Lemma 3.6 and Propo-

sition 3.8.

Let ρ ∈ HJ+2, ζ ∈ H−I+2 and (ρ∞t , ζ
∞
t ), t ≥ 0, be a solution to (3.1), (3.2) started from

(ρ, ζ). By Proposition 3.1, the process (ρ∞, ζ∞) takes values in HJ+2 ×H−I+2. Using
the Markov property of (ρ∞, ζ∞) and Lemma 3.5, we get for each t ≥ 0 and ε > 0

Ut+ε(ρ, ζ)− Ut(ρ, ζ) = E [Ut(ρ
∞
ε , ζ

∞
ε )]− Ut(ρ, ζ)

= 2π2

∫ ε

0

E ⟨∆D2Ut(ρ
∞
s , ζ

∞
s ), ζ∞s ⟩ ds

+ 2π2

∫ t

0

E ⟨∆D1Ut(ρ
∞
s , ζ

∞
s ), ρ∞s ⟩ ds

+ 2π2

∫ t

0

d∑
j=1

E
〈
Tr
(
∂⊗2
j D2

2Ut(ρ
∞
s , ζ

∞
s )
)
,Φ(ρ∞s )

〉
ds.

By the continuity of (ρ∞, ζ∞) inHJ+2×H−I+2, the fact that U ∈ C0,1,2
l ([0,∞), HJ , H−I),

the estimate (3.16) and Lemmas B.15, B.16 with the observation that Φ(ρ∞t ), t ≥ 0, is
continuous in L2(Td), we get

lim
ε→0+

Ut+ε(ρ, ζ)− Ut(ρ, ζ)

ε
= GOU,ΦUt(ρ, ζ).

Taking into account that the right derivative of (Ut(ρ, ζ))t≥0 with respect to t is contin-
uous, we conclude that (Ut(ρ, ζ))t≥0 is continuously di�erentiable (in t) and the equality
(3.17) holds. The continuity of ∂U follows from (3.17).

4 Berry-Esseen bound for the initial �uctuations

The main result of this section is a quanti�ed CLT for the �uctuations of the random
initialization of the SSEP (ηnt )t≥0. Recall that ηn0 has the distribution νnρn

0
that is the
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product measure on {0, 1}Td
n with marginals given by νnρn

0
{η(x) = 1} = ρn0 (x), x ∈ Td

n,

for a function ρn0 : Td
n → [0, 1]. We de�ne the multilinear operator

Aρ[φ,ψ] = ⟨ρ(1− ρ)φ,ψ⟩, φ, ψ ∈ HI , (4.1)

for ρ ∈ L2(Td) taking values in [0, 1] and I > d
2 , and note that it is a trace class operator

since ∑
k∈Zd

1

(1 + |k|2)I
A[ς̃k, ς̃k] =

∑
k∈Zd

1

(1 + |k|2)I
⟨ρ(1− ρ)ς̃k, ς̃k⟩

≤
∑
k∈Zd

1

(1 + |k|2)I
(
∥ρ∥+ ∥ρ∥2

)
<∞.

Thus, by [38, Proposition 3.15], there exists a centered Gaussian random variable ζ in
H−I with covariance Aρ, that is,

E [⟨ζ, φ⟩⟨ψ, ζ⟩] = Aρ[φ,ψ], φ, ψ ∈ HI .

In the next statement we obtain a rate of convergence for the �uctuation density �eld
ηn0 of the SSEP, started with distribution νnρn

0
, to a Gaussian random variable with

covariance operator Aρ0
. Since in this section, we do not work with processes but

only with their initial conditions, we will drop the time-dependence in the notation
throughout this section.

Proposition 4.1. Let I > d
2 +1 and ρ ∈ C1(Td). Assume that ζ is a centered Gaussian

random variable in H−I with covariance operator Aρ. Let also ρn ∈ L2(Td
n), ηn have

distribution νnρn
and ζn = (2n + 1)d/2 (ηn − ρn) for each n ≥ 1. Then for each F ∈

C3
l,HS(H−I) and n ≥ 1

|EF (exnζn)− EF (ζ)| ≤ CI

(
1

n1∧
d
2

(1 + ∥∇ρ∥C) + ∥ρn − ρ∥n
)
∥F∥C3

l,HS
.

Proof. Using the triangle inequality, it is enough to estimate EF (exnζn)−EF (prnζ) and
EF (prnζ)− EF (ζ). By the mean value theorem (see [9, Theorem 3.3.2]), we obtain

|EF (prnζ)− EF (ζ)| ≤ ∥DF∥CE∥prnζ − ζ∥H−I
.

Note that ζ has a version that belongs to H−I+1 due to the fact that I − 1 > d
2 and [38,

Proposition 3.15]. Thus, E[∥ζ∥−I+1] <∞. Then using Lemma B.2, we get

E∥prnζ − ζ∥H−I
≤ CI

n
E∥prnζ − ζ∥H−I+1

≤ CI

n
E∥ζ∥H−I+1

≤ CI

n
.

We next estimate Rn
I := |EF (prnζ)− EF (exnζn)| by adopting Stein's method, see e.g.,

[50, 57] and the survey paper [59]. While in these contributions, Stein's method is de-
veloped for �nite-dimensional random variables, the dimension of ζn diverges to in�nity
for n → ∞. Therefore, we need to carefully control the dependency of the occurring
constants, and to control them uniformly with respect to the dimension.

Let n ≥ 1 be �xed. An important step in the estimation of Rn
I is the identi�cation of

the (�nite-dimensional) random variable exnζn taking values in the Sobolev space H−I

with a random variable X taking values in a Euclidean space, and to then build an
exchangeable pair (X,X ′). This will allow to apply the general �nite-dimensional result
from [50, Theorem 3]. We will identify exnζn with its coordinates with respect to the
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basis ς̃ ′′k := 1
(1+|k|2)I/2 ς̃k, k ∈ Zd, of H−I by de�ning Xk := ⟨ζn, ς̃ ′′k ⟩n for k ∈ Zd

n. Then

X = (Xk)k∈Zd
n
is a random variable in RZd

n . In particular, |X|2 = ∥exnζn∥2H−I
.

The standard approach for the construction of an exchangeable pair for a random vec-
tor with independent coordinates is to replace a randomly chosen coordinate by an
independent one with the same distribution. Note that the coordinates of X are not
independent. However, we have the independence of the �uctuations ζn(x), x ∈ Td

n.
Therefore, we will replace ζn(x), x ∈ Td

n, by an independent copy for a randomly cho-
sen x. Let ζ̃n be an independent copy of ζn and γ be a uniformly distributed random
variable on Td

n that is independent of ζn and ζ̃n. De�ne

ζ ′n(x) := ζn(x)I{γ ̸=x} + ζ̃n(x)I{γ=x}, x ∈ Td
n,

and
ζ ′n(x) := ζn(x)I{γ ̸=x} + ζ̃n(x)I{γ=x}, x ∈ Td

n,

and

X ′
k := ⟨ζ ′n, ς̃ ′′k ⟩n = Xk +

1

(2n+ 1)d

(
ζ̃n(γ)− ζn(γ)

)
ς̃ ′′k (γ)

for each k ∈ Zd
n. Trivially, (X,X

′) is an exchangeable pair, that is, (X,X ′) and (X ′, X)
have the same distribution.

We also need to replace the function F : H−I → R by a function fn : RTd
n → R such that

F (exnζn) = fn(X). Trivially, we have to take fn := F ◦ κn, where κn(z) :=
∑

k∈Zd zk ς̃
′
k

for z = (zk)k∈Zd
n
and ς̃ ′k :=

(
1 + |k|2

)I/2
ς̃k, k ∈ Zd

n. In particular, f ∈ C3(RTd
n) and

∂fn
∂zk

= DF (κn) [ς̃
′
k] and

∂2fn
∂zk∂zl

= D2F (κn) [ς̃
′
k, ς̃

′
l ]

for all k, l ∈ Zd
n.

Next, for every k ∈ Zd
n we compute

E [X ′
k −Xk|X] =

1

(2n+ 1)d
E
[(
ζ̃n(γ)− ζn(γ)

)
ς̃ ′′k (γ)|ζ

]
=

1

(2n+ 1)2d

∑
x∈Zd

n

(−ζn(x)) ς̃ ′′k (x) = − 1

(2n+ 1)d
X.

Moreover, for each k, l ∈ Zd
n

E [(X ′
k −Xk) (X

′
l −Xl)|X]

=
1

(2n+ 1)2d

∑
x,y∈Zd

n

E [(ζ ′n(x)− ζn(x))(ζ
′
n(y)− ζn(y))|ζ] ς̃ ′′k (x)ς̃ ′′l (y)

=
1

(2n+ 1)2d

∑
x,y∈Zd

n

E
[
(ζ̃n(x)− ζn(x))(ζ̃n(y)− ζn(y))I{γ=x,γ=y}|ζ

]
ς̃ ′′k (x)ς̃

′′
l (y).

=
1

(2n+ 1)3d

∑
x∈Zd

n

E
[
(ζ̃n(x)− ζn(x))

2|ζ
]
ς̃ ′′k (x)ς̃

′′
l (x).

Due to the equality

E
[
(ζ̃n(x)− ζn(x))

2|ζ
]
= E

[
(ζn(x))

2
]
+ ζ2n(x) = (2n+ 1)dρn(x)(1− ρn(x)) + ζ2n(x),
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we get

E [(X ′
k −Xk) (X

′
l −Xl)|X] =

1

(2n+ 1)2d

∑
x∈Zd

n

ρn(x)(1− ρn(x))ς̃
′′
k (x)ς̃

′′
l (x)

+
1

(2n+ 1)3d

∑
x∈Zd

n

ζ2n(x)ς̃
′′
k (x)ς̃

′′
l (x)

=
1

(2n+ 1)d
⟨ρn(1− ρn)ς̃

′′
k , ς̃

′′
l ⟩n +

1

(2n+ 1)2d
〈
ζ2nς̃

′′
k , ς̃

′′
l

〉
n
.

Note that the entries of the covariance matrix Σ = (Σk,l)k,l∈Zd
n
of the random vector

Z = (⟨prnζ, ς̃ ′′k ⟩)k∈Zd
n
= (⟨ζ, ς̃ ′′k ⟩)k∈Zd

n

are given by

Σk,l = ⟨ρ(1− ρ)ς̃ ′′k , ς̃
′′
l ⟩.

We thus rewrite

E [(X ′
k −Xk) (X

′
l −Xl)|X] =

2

(2n+ 1)d
⟨ρ(1− ρ)ς̃ ′′k , ς̃

′′
l ⟩

+
1

(2n+ 1)d
[〈(

(ηn − ρn)
2 − ρn(1− ρn)

)
ς̃ ′′k , ς̃

′′
l

〉
n

]
+

2

(2n+ 1)d
[⟨ρn(1− ρn)ς̃

′′
k , ς̃

′′
l ⟩n − ⟨ρ(1− ρ)ς̃ ′′k , ς̃

′′
l ⟩]

=
2

(2n+ 1)d
Σk,l +

1

(2n+ 1)d
E∗

k,l,

where

E∗
k,l =

〈(
(ηn − ρn)

2 − ρn(1− ρn)
)
ς̃ ′′k , ς̃

′′
l

〉
n

+ 2 [⟨ρn(1− ρn)ς̃
′′
k , ς̃

′′
l ⟩n − ⟨ρ(1− ρ)ς̃ ′′k , ς̃

′′
l ⟩]

=: E1∗
k,l + 2E2∗

k,l.

Using [50, Theorem 3], we get

|EF (exnζn)− EF (prnζ)| = |Efn(X)− Efn(Z)|

≤ (2n+ 1)d

4(2n+ 1)d
∥D2fn∥C(LHS

2 (RTdn ))
E∥E∗∥LHS

2 (RTdn )

+
(2n+ 1)d

9
∥D3fn∥C(L3(RTdn ))

E |X ′ −X|3 ,

We next estimate each term in the right hand side of the inequality above. We start
from

∥D2fn∥2
C(LHS

2 (RTdn ))
= sup

z∈RZdn

∑
k,l∈Zd

n

(
∂2fn
∂zk∂zl

(z)

)2

= sup
z∈RZdn

∑
k,l∈Zd

n

(
D2F (κn(z)) [ς̃

′
k, ς̃

′
l ]
)2

= sup
z∈RZdn

∑
k,l∈Zd

n

(1 + |k|2)I(1 + |l|2)I
(
D2F (κn(z)) [ς̃k, ς̃l]

)
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≤ sup
g∈H−I

∥D2F (g)∥2LHS
2 (H−I)

= ∥D2F∥2C(LHS
2 (H−I))

.

Using Hölder's inequality and then Jensen's inequality, we get

E
[
∥E∗∥LHS

2 (RTdn )

]2
≤ 2E

[
∥E1∗∥2

LHS
2 (RTdn )

]
+ 8E

[
∥E2∗∥2

LHS
2 (RTdn )

]
.

Rewriting

E
[
∥E1∗∥2

LHS
2 (RTdn )

]
=
∑

k,l∈Zd
n

E
[〈(

(ηn − ρn)
2 − ρn(1− ρn)

)
ς̃ ′′k , ς̃

′′
l

〉2
n

]

=
1

(2n+ 1)2d

∑
k,l∈Zd

n

E

∑
x∈Td

n

(
(ηn(x)− ρn(x))

2 − ρn(x)(1− ρn(x))
)
ς̃ ′′k (x)ς̃

′′
l (x)

2

and using the independence of ηn(x), x ∈ Td
n, and the equality E

[
(ηn(x)− ρn(x))

2
]
=

ρn(x)(1− ρn(x)), we get

E
[
∥E1∗∥2

LHS
2 (RTdn )

]
=

1

(2n+ 1)2d

∑
k,l∈Zd

n

1

(1 + |k|2)I(1 + |l|2)I

·
∑
x∈Td

n

E
[(
(ηn(x)− ρn(x))

2 − ρn(x)(1− ρn(x))
)2]

ς̃2k(x)ς̃
2
l (x)

≤ 16

(2n+ 1)2d

∑
k,l∈Zd

n

1

(1 + |k|2)I(1 + |l|2)I

·
∑
x∈Td

n

E
[(
(ηn(x)− ρn(x))

2 − ρn(x)(1− ρn(x))
)2]

≤ CI

(2n+ 1)d

due to the boundedness of ηn, ρn and the fact that I > d
2 . We now consider

E
[
∥E2∗∥2

LHS
2 (RTdn )

]
=
∑

k,l∈Zd
n

(⟨ρn(1− ρn)ς̃
′′
k , ς̃

′′
l ⟩n − ⟨ρ(1− ρ)ς̃ ′′k , ς̃

′′
l ⟩)

2

=
∑

k,l∈Zd
n

1

(1 + |k|2)I(1 + |l|2)I
(⟨ρn(1− ρn)ς̃k, ς̃l⟩n − ⟨ρ(1− ρ)ς̃k, ς̃l⟩)2 .

To estimate the sum in the right hand side, we rewrite for φ ∈ C(Td)

|⟨ρn(1− ρn), φ⟩n − ⟨ρ(1− ρ), φ⟩|

=

∣∣∣∣∣∣ 1

(2n+ 1)d

∑
x∈Td

n

ρn(x)(1− ρn(x))φ(x)−
∫
Td

ρ(y)(1− ρ(y))φ(y)dy

∣∣∣∣∣∣ (4.2)

=

∣∣∣∣∫
Td

ρ̄n(y)(1− ρ̄n(y))φ̄n(y)dy −
∫
Td

ρ(y)(1− ρ(y))φ(y)dy

∣∣∣∣ ,
where

ρ̄n =
∑
x∈Td

n

ρn(x)Iπn
x

and φ̄n =
∑
x∈Td

n

φ(x)Iπn
x
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for πn
x =

∏d
j=1

[
xj , xj +

2π
2n+1

)
. Using the triangle inequality, we can bound the right

hand side of (4.2) by∫
Td

|ρ̄n(y)− ρ(y)| (1− ρ̄n(y)) |φ̄n(y)| dy

+

∫
Td

ρ(y) |ρ̄n(y)− ρ(y)| |φ̄n(y)| dy

+

∫
Td

ρ(y)(1− ρ(y)) |φ(y)− φ̄n(y)| dy

≤ 2∥φ∥C
∫
Td

|ρ̄n(y)− ρ(y)| dy + C

n
∥∇φ∥C.

This implies that

E
[
∥E2∗∥2

LHS
2 (RTdn )

]
≤
∑

k,l∈Zd
n

1

(1 + |k|2)I(1 + |l|2)I

·
(
∥ς̃k ς̃l∥C

∫
Td

|ρ̄n(y)− ρ(y)| dy + C

n
∥∇ (ς̃k ς̃l) ∥C

)2

≤ CI

(
1

n
+

∫
Td

|ρ̄n(y)− ρ(y)| dy
)2

≤ CI

(
1

n
(1 + ∥∇ρ∥C) + ∥ρn − ρ∥n

)2

.

We now estimate

∥D3fn∥C(L3(RTdn )
= sup

z∈RZdn

sup
|ai|≤1

∣∣D3fn(z)(a1, a2, a3)
∣∣

= sup
z∈RZdn

sup
|ai|≤1

∣∣∣∣∣∣
∑
k,l,i

∂3fn
∂zk∂zl∂zi

(z)a1ka
2
l a

3
i

∣∣∣∣∣∣
= sup

z∈RZdn

sup
|ai|≤1

∣∣∣∣∣∣
∑
k,l,i

D3F (κn(z)) [ς̃
′
k, ς̃

′
l , ς̃

′
i] a

1
ka

2
l a

3
i

∣∣∣∣∣∣
= sup

z∈RZdn

sup
|ai|≤1

∣∣D3F (κn(z))
[
ιn(a

1), ιn(a
2), ιn(a

3)
]∣∣ ,

where

ιn(a) =
∑
k∈Zd

n

ak ς̃
′
k ∈ L2(Td)

for a ∈ RZd
n . Due to the identity

∥ι(a)∥2H−I
=
∑
k∈Zd

n

1

(1 + |k|2)I
(
1 + |k|2

)I
a2k =

∑
k∈Zd

n

a2k = |a|2,

we get

∥D3fn∥C ≤ sup
z∈RZdn

sup
∥gi∥H−I

≤1

∣∣D3F (χn(z)) [g1, g2, g3]
∣∣ ≤ ∥D3F∥C(L3(H−I)).
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It only remains to estimate

E
[
|X ′ −X|3

]
=

1

(2n+ 1)3d
E


∑

k∈Zd
n

∣∣∣ζ̃n(γ)− ζn(γ)
∣∣∣2 |ς̃ ′′k (γ)|2

 3
2


=

1

(2n+ 1)3d
E

∣∣∣ζ̃n(γ)− ζn(γ)
∣∣∣3
∑

k∈Zd
n

1

(1 + |k|2)I

 3
2


=

CI

(2n+ 1)3d
E
[∣∣∣ζ̃n(γ)− ζn(γ)

∣∣∣3]
≤ CI

(2n+ 1)3d/2

due to the bound
∣∣∣ζn(γ)− ζ̃n(γ)

∣∣∣ ≤ 2(2n+1)d/2 for all x ∈ Td
n. Combining all estimates

together, we get the statement of the proposition.

5 Proof of Theorem 1.1

The goal of this section is to prove Theorem 1.1. We will do so under more general
assumptions on ρn0 than in the statement of the result. Namely, we assume that the
initial conditions ρn0 are arbitrary functions from L2(Td

n) taking values in [0, 1] such that
supn≥1 ∥exnρn0∥HJ̃

< ∞. Additionally, let J > d
2 ∨ 2, Ĩ > d

2 + 1, I > Ĩ + d
2 + 2 and

J̃ > (Ĩ ∨ (d2 + 4)) + d
2 + 1. We will show that for each T > 0 there exists a constant C

independent of F and n such that

sup
t∈[0,T ]

∣∣∣EF (ρ̂nt , ζ̂nt )− EF (ρ∞t , η∞t )
∣∣∣ ≤ C∥F∥C1,3

l,HS

(
1

n
d
2∧1

+ ∥ρ̂n0 − ρ0∥HJ

)
.

Using the inequality above and Lemma B.6, this immediately yields Theorem 1.1.

We �rst assume that F ∈ C2,4
l,HS(HJ , H−I) andD

2
2F is uniformly continuous in LHS

2 (H−I).

Let t ∈ (0, T ] be �xed. To compare the di�erence E [F (ρ∞t , ζ
∞
t )]− E[F (ρ̂nt , ζ̂nt )], we will

use the expression (1.5). Since Ut−s(ρ̂
n
s , ζ̂

n
s ) is not well-de�ned there if ρ̂ns takes values

outside [0, 1], we will �rst replace the process ζ∞ by a solutions to the SPDE (3.2) with
Φ being a molli�cation of f(x) := x(1 − x) ∨ 0, x ∈ R. More precisely, we take a non-
negative function ϕ ∈ C2(R) such that suppϕ ∈ [−1, 1] and

∫
R ϕ(x)dx = 1. Then for

each ε > 0 we de�ne ϕε :=
1
εϕ(ε·) and Φε := ϕε ∗ f . Let

Uε
t (ρ, ζ) := EF (ρ∞t , ζ

∞,ε
t ),

where (ρ∞, ζ∞,ε) is a solution to (3.1), (3.2) in HJ ×H−Ĩ started from (ρ0, ζ0) with Φ

replaced by Φε. Since I >
d
2 + 3 and J > d

2 + 1, we can use Proposition 3.8 to conclude

that Uε, ∂Uε, D1U
ε ∈ C([0,∞) × HJ+2 × H−I+2) and U

ε
t ∈ C1,3

l,HS(HJ , H−I) for each
t > 0. Thus, by Lemma 2.2 and Proposition 3.9, we get

EF (ρ̂nt , ζ̂nt ) = EUε
t−t(ρ̂

n
t , ζ̂

n
t )

= EUε
t (ρ̂

n
0 , ζ̂

n
0 ) +

∫ t

0

E
[
ĜFFUε

t−s(ρ̂
n
s , ζ̂

n
s )− ∂Uε

t−s(ρ̂
n
t , ζ̂

n
t )
]
ds

= EUε
t (ρ̂

n
0 , ζ̂

n
0 ) +

∫ t

0

E
[
ĜFFUε

t−s(ρ̂
n
s , ζ̂

n
s )− GOU,ΦεUε

t−s(ρ̂
n
t , ζ̂

n
t )
]
ds.
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Applying Proposition 2.3, we obtain

EF (ρ̂nt , ζ̂nt )− EUε
t (ρ̂

n
0 , ζ̂

n
0 )

=
2π2

(2n+ 1)d

d∑
j=1

∫ t

0

E
〈
Tr
(
∂⊗2
j D2

2U
ε
t−s(ρ̂

n
s , ζ̂

n
s )
)
, exn

[
ζns τ

n
j ζ

n
s

]〉
ds

+ 4π2

∫ t

0

d∑
j=1

E

[〈
Tr
(
∂⊗2
j D2

2U
ε
t−s(ρ̂

n
s , ζ̂

n
s )
)
, ρ̂ns (1− ρ̂ns )

〉

−
〈
Tr
(
∂⊗2
j D2

2U
ε
t−s(ρ̂

n
s , ζ̂

n
s )
)
,Φε (ρ̂

n
s )
〉]

ds

+

∫ t

0

ERn
t−s(ρ

n
s , ζ

n
s )ds,

where

|Rn
s (ρ, ζ)| ≤

CJ,I,Ĩ,T

n
d
2∧1

∥Uε
t−s∥C1,3

l,HS

(
1 + ∥ρ̂∥2C⌈d/2⌉+4 + ∥ρ̂∥C⌈Ĩ⌉

) (
1 + ∥ζ̂∥H−Ĩ

)
for all ρ ∈ [0, 1]T

d
n and ζ = (2n+ 1)d/2(η − ρ), η ∈ {0, 1}Td

n . Consequently,∣∣∣∣∣EF (ρ̂nt , ζ̂nt )− EUε
t (ρ̂

n
0 , ζ̂

n
0 )

∣∣∣∣∣
≤ 2π2

(2n+ 1)d

d∑
j=1

∫ t

0

∣∣∣E〈Tr(∂⊗2
j D2

2U
ε
t−s(ρ̂

n
s , ζ̂

n
s )
)
, exn

[
ζns τ

n
j ζ

n
s

]〉∣∣∣ ds
+ 2π2

∫ t

0

d∑
j=1

E
∣∣∣〈Tr(∂⊗2

j D2
2U

ε
t−s(ρ̂

n
s , ζ̂

n
s )
)
, ρ̂ns (1− ρ̂ns )− Φε (ρ̂

n
s )
〉∣∣∣ ds (5.1)

+
CJ,I,Ĩ,T

n
d
2∧1

∫ t

0

∥Uε
t−s∥C1,3

l,HS

(
1 + ∥ρ̂ns ∥2C⌈d/2⌉+4 + ∥ρ̂ns ∥C⌈Ĩ⌉

) (
1 + E∥ζ̂ns ∥H−Ĩ

)
ds.

We next note that the function fn,j,εs := Tr
(
∂⊗2
j D2

2U
ε
t−s(ρ̂

n
s , ζ̂

n
s )
)
belongs to HĨ due to

Ĩ + 1 + d
2 < I and

∥fn,j,εs ∥HĨ
≤ C∥∂⊗2

j D2
2U

ε
t−s(ρ̂

n
s , ζ̂

n
s )∥LHS

2 (H−I+1) (5.2)

≤ C∥D2
2U

ε
t−s(ρ̂

n
s , ζ̂

n
s )∥LHS

2 (H−I) ≤ CI,T (∥Φ′
ε∥C + 1)∥F∥C1,3

l,HS
,

according to Proposition 3.9 and Lemmas B.15 and B.16. Thus, by Lemma 2.6 (recall
that Ĩ > d

2 ), the �rst term of (5.1) can be estimated by

C̃

n
d
2∧1

E
[
∥fn,j,εs ∥2HĨ

]1/2
≤ C̃

n
d
2∧1

CI,T (∥Φ′
ε∥C + 1)∥F∥C1,3

l,HS
,

where the constant C̃ depends on J̃ , d and supn≥1 ∥∇ρn0∥n,C. Note that the �niteness
of supn≥1 ∥∇ρn0∥n,C follows from

∥∇nρ
n
0∥n,C ≤

d∑
j=1

∥∂n,jρn0∥n,C ≤
d∑

j=1

∥exn∂n,jρn0∥C
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≤
d∑

j=1

∥exn∂n,jρn0∥HJ̃−1
≤

d∑
j=1

∥exnρn0∥HJ̃
(5.3)

= d∥ρ̂n0∥HJ̃

and the assumption (i) of the theorem, where starting from the second inequality in the
estimate above we used the interpolation property (A.8) of exn, the Sobolev embedding
theorem and then Lemma B.8.

We next estimate the second term of the right hand side of (5.1). We note that
|Φε(x)− f(x)| ≤ ε for all x ∈ R. Thus,

∫ t

0

d∑
j=1

∣∣∣〈Tr(∂⊗2
j D2

2U
ε
t−s(ρ̂

n
s , ζ̂

n
s )
)
, ρ̂ns (1− ρ̂ns )− Φε (ρ̂

n
s )
〉∣∣∣ ds

≤
∫ t

0

d∑
j=1

∣∣〈fn,j,εs , f (ρ̂ns )− Φε (ρ̂
n
s )
〉∣∣ ds (5.4)

+

∫ t

0

d∑
j=1

∣∣〈fn,j,εs , ρ̂ns (1− ρ̂ns )I{ρ̂n
s ̸∈[0,1]}

〉∣∣ ds.
The �rst term of the right hand side of (5.4) can be estimated by εCI,T (∥Φ′

ε∥C +
1)∥F∥C1,3

l,HS
, according to the Cauchy-Schwarz inequality and (5.2). Next, for each

s ∈ [0, t] we have∣∣〈fn,j,εs , ρ̂ns (1− ρ̂ns )I{ρ̂n
s ̸∈[0,1]}

〉∣∣ ≤ ∥fn,j,εs ∥C
∥∥ρ̂ns I{ρ̂n

s ̸∈[0,1]}
∥∥∥∥(1− ρ̂ns )I{ρ̂n

s ̸∈[0,1]}
∥∥

≤ ∥fn,j,εs ∥Ĩ
∥∥ρ̂ns I{ρ̂n

s <0}
∥∥ ∥1− ρ̂ns ∥ .

Consider the convex function ψ(x) := |x|I{x<0}, x ∈ R, and note that it satis�es the
triangle inequality ψ(x+ y) ≤ ψ(x) + ψ(y), x, y ∈ R. Thus,∥∥ρ̂ns I{ρ̂n

s <0}
∥∥ = ∥ψ (ρ̂ns )∥ ≤ ∥ψ (ρ̂ns − ρ∞s )∥+ ∥ψ (ρ∞s )∥
≤ ∥ρ̂ns − ρ∞s ∥+ 0,

since ρ∞s ≥ 0. Now, using the triangle inequality, Corollary B.12 and Lemma B.2, we
get

∥ρ̂ns − ρ∞s ∥ ≤ ∥ρ̂ns − prnρ
∞
s ∥+ ∥prnρ∞s − ρ∞s ∥

≤ CT ∥ρ̂n0 − ρ0∥+
CT

n
∥ρ0∥H2

.

Consequently, ∥∥ρ̂ns I{ρ̂n
s <0}

∥∥ ≤ CT ∥ρ̂n0 − ρ0∥+
CT

n
∥ρ0∥H2

for all s ∈ [0, t]. Note that

∥1− ρ̂ns ∥ = ∥1− ρns ∥n ≤ 1,

according to the maximum principle. This shows that the second term in the right hand
side of (5.4) is estimated by

CI,T (∥Φ′
ε∥C + 1)∥F∥C1,3

l,HS

(
∥ρ̂n0 − ρ0∥+

1

n
∥ρ0∥H2

)
.
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To estimate the third term of the right hand side of (5.1), we use Proposition 3.9
to control ∥Uε

t−s∥C1,3
l,HS

by CI,T (∥Φ′
ε∥C + 1)∥F∥C1,3

l,HS
. Next, recall that the sequence

∥ρ̂n0∥HJ̃
, n ≥ 1, is bounded. Since trivially ∥ρ̂nt ∥HJ̃

≤ ∥ρ̂n0∥HJ̃
for all t ≥ 0, we get that

∥ρ̂ns ∥C⌈d/2⌉+4 and ∥ρ̂ns ∥C⌈Ĩ⌉ are uniformly bounded in n ≥ 1 and s ∈ [0, t], due to the

Sobolev embedding theorem and the fact that J̃ > ⌈d/2⌉+4+ d
2 and J̃ > ⌈Ĩ⌉+ d

2 . Using
Lemma 2.5 and (5.3), we get

E
[
∥exnζnt ∥2H−Ĩ

]
< CĨ

(
1 + 2π2dt∥ρ̂n0∥HJ̃

)
.

This completes the proof of the fact that∣∣∣EF (ρ̂nt , ζ̂nt )− EUε
t (ρ̂

n
0 , ζ̂

n
0 )
∣∣∣

≤ C(∥Φ′
ε∥C + 1)∥F∥C1,3

l,HS

(
1

n
d
2∧1

(
1 + ∥ρ0∥H2

)
+ ∥ρ̂n0 − ρ0∥+ ε

)
, (5.5)

where the constant C depends on J, J̃ , I, Ĩ, T and supn≥1 ∥ρ̂n0∥HJ̃
.

We next estimate the di�erence EUε
t (ρ0, ζ0) − EUε

t (ρ̂
n
0 , ζ̂

n
0 ). By the triangle inequality

and the mean-value theorem, we get∣∣∣EUε
t (ρ0, ζ0)− EUε

t (ρ̂
n
0 , ζ̂

n
0 )
∣∣∣ ≤ ∣∣∣EUε

t (ρ0, ζ0)− EUε
t (ρ0, ζ̂

n
0 )
∣∣∣

+
∣∣∣EUε

t (ρ0, ζ̂
n
0 )− EUε

t (ρ̂
n
0 , ζ̂

n
0 )
∣∣∣ (5.6)

≤
∣∣∣EUε

t (ρ0, ζ̂
n
0 )− EUε

t (ρ̂
n
0 , ζ̂

n
0 )
∣∣∣

+ ∥D1U
ε
t ∥C∥ρ0 − ρ̂n0∥HJ

.

Recall that
∥Uε

t ∥C1,3
l,HS

≤ CI,T (∥Φ′
ε∥C + 1)∥F∥C1,3

l,HS
,

according to Proposition 3.9. Moreover, by Proposition 4.1,∣∣∣EUε
t (ρ0, ζ0)− EUε

t (ρ0, ζ̂
n
0 )
∣∣∣ ≤ CI

(
1

n1∧
d
2

(1 + ∥∇ρ0∥C) + ∥ρn0 − ρ0∥n
)
∥Uε

t ∥C3
l,HS

.

We can also estimate ∥∇ρ0∥C ≤ ∥ρ0∥HJ
and

∥ρn0 − ρ0∥n ≤ ∥ρ̂n0 − ρ0∥C ≤ ∥ρ̂n0 − ρ0∥HJ
.

Consequently,∣∣∣EUε
t (ρ0, ζ0)− EUε

t (ρ̂
n
0 , ζ̂

n
0 )
∣∣∣

≤ CI,T (∥Φ′
ε∥C + 1)∥F∥C1,3

l,HS

(
1

n1∧
d
2

(1 + ∥ρ0∥HJ
) + ∥ρ̂n0 − ρ0∥HJ

)
. (5.7)

Combining the inequalities (5.5), (5.7) and using the uniform bound of ∥Φ′
ε∥C in ε, we

get that there exists a constant C independent of n, ε, t and F such that∣∣∣EF (ρ̂nt , ζ̂nt )− EF (ρ∞t , ζ
∞,ε
t )

∣∣∣ ≤ Ct∥F∥C1,3
l,HS

(
1

n1∧
d
2

+ ∥ρ̂n0 − ρ0∥HJ
+ ε

)
. (5.8)

Now, making ε → 0+ and using Lemma 3.3, we get the required estimate for F ∈
C2,4

l,HS(HJ , H−I) with uniformly continuous second order derivative D2F in LHS
2 (H−I).

Since the constant C is independent of F in the inequality (5.8), we can cover the case
F ∈ C1,3

l,HS(HJ , H−I) by an pointwise approximation argument. This completes the
proof of Theorem 1.1.
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A Notation and basic facts

The goal of this section is to introduce the basic notation that are used throughout this
work.

A.1 Continuous spaces

Recall that Td denotes the d-dimensional torus (R/ {2πk − π : k ∈ Z})d. Let C(E) be
the space of continuous functions on E and Cm(E) be a subspace of C(E) consisting of
all m-times continuously di�erentiable functions for m ∈ N∪{∞}, where E = Td or Rd.
We equip C(Td) and Cm(Td) with the standard uniform norms denoted by ∥ · ∥C and
∥ · ∥Cm , respectively. For f ∈ Cm(Td) we write ∂mj f for its partial derivative of m-th
order with respect to the j-th coordinate. As usual, we also set

∆f :=

d∑
j=1

∂2j f and ∇f := (∂jf)j∈[d] .

The set of all functions from Cm(Rd) that have bounded derivatives to the m-th order
is denoted by Cm

l (Rd). The subset of Cm
l (Rd) consisting of all bounded functions is

denoted by Cm
b (Rd).

Sobolev spaces. Let L2(Td) denote the Hilbert space of square-integrable real-valued
functions on Td with respect to the Lebesgue measure. The inner product on L2(Td)
associated with the normalized Lebasgue measure is denoted by ⟨·, ·⟩ and the corre-
sponding norm by ∥ · ∥. To de�ne a basis on L2(Td) we split Zd\{0} on two disjoint
subsets Zd

1 and Zd
2 such that Zd

1 = −Zd
2 and take

ς̃k =


2 cos k · x, k ∈ Zd

1,

2 sin k · x, k ∈ Zd
2,

1, k = 0,

for all k ∈ Zd. We also consider the complex-valued functions

ςk =
(
eik·x, x ∈ Td

)
, k ∈ Zd,

that form an orthonormal basis in the Hilbert space of all square-integrable complex-
valued functions on Td equipped with the standard inner product, denoted also by ⟨·, ·⟩.
Since for each f ∈ L2(Td) and n ∈ N

prnf :=
∑
k∈Zd

n

⟨f, ςk⟩ςk =
∑
k∈Zd

n

⟨f, ς̃k⟩ς̃k ∈ L2(Td),
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where Zd
n = {−n, . . . , n}d, the set of functions {ς̃k, k ∈ Zd} is an orthonormal basis in

L2(Td). To simplify many computations later on, we will prefer to work with {ςk, k ∈ Z}.
For J ≥ 0 we de�ne the Sobolev space

HJ :=

f ∈ L2(Td) : ∥f∥2HJ
:=
∑
k∈Zd

(
1 + |k|2

)J |⟨f, ςk⟩|2 <∞


and H−J as the completion of L2(Td) with respect to the norm

∥f∥2H−J
:=
∑
k∈Zd

(
1 + |k|2

)−J |⟨f, ςk⟩|2 .

It is well-known that HJ ⊂ L2(Td) ⊂ H−J for each J > 0 and H−J is the dual space
to HJ with respect to the relation ⟨·, ·⟩. We also note that the operators ∂j and ∆
can be naturally de�ned on HJ for each J ∈ R. Moreover, ∂j : HJ → HJ−1 and
∆ : HJ → HJ−2 are bounded linear operators and

∥f∥HJ
=
∥∥(1 + ∆)Jf

∥∥
for each J ∈ R.
Multilinear operators. Let (Ei, ∥ · ∥Ei

), i ∈ [2], be arbitrary Banach spaces. The
set of all continuous symmetric multilinear operators from Em

1 to E2 is denoted by
Lm(E1;E2). We equip Lm(E1;E2) with the norm

∥A∥Lm := sup
∥xj∥E1

≤1

∥A[x1, . . . , xm]∥E2
,

which makes it a Banach space (see e.g. [9, Section 1.8] for more details). If E2 = R,
we simply write Lm(E1) instead of Lm(E1;R). If E1 is a separable Hilbert space with
an orthonormal basis {zl, l ∈ N} and E2 = R, we de�ne the space of Hilbert-Schmidt
multilinear operators by

LHS
m (E1) :=

A ∈ Lm(E1) : ∥A∥2LHS
m

:=
∑

(lj)∈Nm

|A[zl1 , . . . , zlm ]|2 <∞

 .

Note that the space LHS
m (E1) can be de�ned iteratively as the space of all Hilbert-

Schmidt operators from E1 to LHS
m−1(E1) for m ≥ 2, where LHS

1 (E1) is identi�ed with
E1 via the Riesz representation theorem, and then ∥ · ∥LHS

m
coincides with the usual

Hilbert-Schmidt norm. In particular, for E1 = HJ and m = 2 one has

∥A∥2LHS
2

:=
∑

k,l∈Zd

(1 + |k|2)−J(1 + |l|2)−J |A[ςk, ςl]|2

=
∑

k,l∈Zd

(1 + |k|2)−J(1 + |l|2)−J |A[ς̃k, ς̃l]|2 . (A.1)

A simple computation shows that Lm(HJ) is continuously embedded into LHS
m (HI) for

I > J + d/2, i.e. the restriction of A ∈ Lm(HJ) to (HI)
m

belongs to LHS
m (HI) and

∥A∥LHS
m (HI) ≤ CI,J,m∥A∥Lm(HJ ), (A.2)

where the constant CI,J,m depends on I, J and m.
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For each J ∈ R and A ∈ L2(HJ) we de�ne the symmetric multilinear operator

∂⊗2
j A[f, g] = A[∂jf, ∂jg], f, g ∈ HJ+1,

that belongs to L2(HJ+1). Moreover, it is easily seen that∥∥∂⊗2
j A

∥∥
L2(HJ+1)

≤ ∥A∥L2(HJ ).

We will need a bounded linear operator Tr : LHS
2 (H−J) → HI such that TrKa = a(x, x),

where Ka denotes the kernel multilinear operator for a kernel a :
(
Td
)2 → R. Since the

δx-function belongs to H−J for J > d
2 , we de�ne the function TrA : Td → R by

TrA(x) = A[δx, δx].

It is continuous and, by Lemma B.15 below, belongs to HI for each I < J − d
2 .

Derivatives on Banach spaces. Let C(E1;E2) be the space of continuous functions
from a Banach space E1 to a Banach space E2. The subspace of C(E1;E2) of m-times
continuously Frechet di�erentiable functions6 is denoted by Cm(E1;E2). The subspace
of Cm(E1;E2) of all bounded functions together with their derivatives to the m-th order
is denoted by Cm

b (E1;E2). We will simply write C(E1), C
m(E1), C

m
b (E1) instead of

C(E1;R), Cm(E1;R), Cm
b (E1;R), respectively. Note that for each k ∈ [m] := {1, . . . ,m}

the k-th derivative DkF (x) of F ∈ Cm(E1;E2) at x ∈ E1 can be identi�ed with a
continuous symmetric multilinear operator from Lk(E1;E2). The set of functions F
from Cm(E1) whose derivatives DkF are bounded (in ∥ · ∥Lk

-norm) functions for all
k ∈ [m] is denoted by Cm

l (E1). Note that functions from Cm
l (E1) are not bounded in

general but they are of linear growth. The semi-norm on Cm
l (E1) is de�ned by

∥F∥Cm
l
:=

m∑
k=1

sup
x∈E1

∥DkF (x)∥Lk
.

If additionally m ≥ 2 and D2F is an LHS
2 (E1)-valued bounded function, we write

D2F ∈ Cm
l,HS(E1) and de�ne

∥F∥Cm
l,HS

:= ∥F∥Cm
l
+ sup

x∈E1

∥D2F (x)∥LHS
2
. (A.3)

We often identify DF (x) with an element from H−J for each F ∈ C1(HJ) using the
dual relation ⟨·, ·⟩ between HJ and H−J .

Remark A.1. Note that F ∈ Cm1,m2

l (HJ , H−I′) ⊂ Cm1,m2

l,HS (HJ , H−I) for I ′ > I + d
2 ,

according to (A.2) and Lemma B.20 below. Thus, the assumption on the boundedness
of the Hilbert-Schmidt norm of D2F can be replaced with the di�erentiability of F in a
larger Sobolev space.

Set x×m := (x, . . . , x) ∈ Em
1 for x ∈ E1. A function F ∈ Cm+1(E1;E2) with bounded

derivative Dm+1F can be expanded into the Taylor series

F (x) =

m∑
k=0

1

k!
DkF (x0)

[
(x− x0)

×k
]
+Rm(x, x0), x ∈ E1, (A.4)

where

∥Rm(x, x0)∥E2
≤ 1

(m+ 1)!
∥Dm+1F∥Lm+1

∥x− x0∥m+1
E1

,

6See [9, Section 5]
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according to [9, Theorem 5.6.2].

The subspace of C(E1 × . . . × Ej) of all functions that are mi-times continuously dif-
ferentiable with respect to the i-th variable will be denoted by Cm1,...,m2(E1, . . . , Ej)
and Dk

i , i ∈ [j], will denote the corresponding partial derivatives of the k-th or-
der. We similarly introduce C

m1,...,mj

l (E1, . . . , Ej), C
1,m1,...,mj ([0,∞), E1, . . . , Ej) and

∥F∥
C

m1,...,mj
l

. If F ∈ C ([0,∞)× E1 × . . .× Ej) and it is di�erentiable with respect to

the �rst (time) variable, we use a special notation ∂F for its time derivative. In this
case, all other derivatives, if they exist, are denoted by D1, D2, ..., Dj , respectively. Note
that Cm,m(E1, E2) = Cm(E1 × E2), according to [9, Proposition 2.6.2].

A.2 Discrete spaces

We recall that Td
n :=

{
2πk
2n+1 : k ∈ Zd

n

}
is the d-dimensional torus7, and is considered as

a subset of Td. The space of functions from Td
n to R equipped with the inner product

⟨f, g⟩n =
1

(2n+ 1)
d

∑
x∈Td

n

f(x)g(x)

is denoted by L2(Td
n). The corresponding norm on L2(Td

n) and the maximum norm are
denoted by ∥ · ∥n and ∥ · ∥n,C, respectively.
Following [46, Section 5.6], we can write

f(x) =
∑
k∈Zd

n

⟨f, ςk⟩nςk(x) =
∑
k∈Zd

n

⟨f, ς̃k⟩nς̃k, x ∈ Td
n, (A.5)

for each function f ∈ L2(Td
n) due to the equality ⟨ςk, ςl⟩n = δk,l for k, l ∈ Zd

n, where δk,l
is the Kronecker-Delta.

The discrete di�erential operators on L2(Td
n) are de�ned by

∂n,jf(x) :=
2n+ 1

2π

(
f(x+ enj )− f(x)

)
, x ∈ Td

n,

∇nf := (∂n,jf)j∈[d]

and

∆nf(x) =
(2n+ 1)2

4π2

d∑
j=1

(f(x+ ej) + f(x− ej)− 2f(x)) , x ∈ Td
n,

where ej = enj denote the canonical vectors, that is, enj =
(

2π
2n+1 I{i=j}

)
i∈[d]

and we used

the normalization constant 1
2π for the sake of conformity with the continuous derivatives.

A simple computation shows that

⟨∆nf, g⟩n = ⟨f,∆ng⟩n and ⟨∂n,jf, g⟩n = −⟨f, ∂n,jg⟩n (A.6)

for each f, g ∈ L2(Td
n). We also note that for each k ∈ Zd

n the equalities

∂n,jςk = µn
k,jςk and ∆nςk = −λnk ςk (A.7)

7The choice of the scale for the torus is motivated by our argument that relies on the dis-
crete/continuous Fourier expansion. In particular, to simplify the notation, we removed the constant
2π from the exponent in the standard Fourier basis by rescaling the torus. The odd number of points in
any direction will allow us easily to jump between complex-valued exponential basis and the real-valued
cos-sin basis.
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hold with µn
k,j :=

(2n+1)
2π

(
ei

2πkj
2n+1 − 1

)
and λnk := (2n+1)2

2π2

∑d
j=1

[
1− cos

2πkj

2n+1

]
.

For a function f :
(
Td
n

)2 → R, we de�ne

∂⊗2
n,jf(x1, x2) = (∂n,jg(x1, ·)) (x2), (x1, x2) ∈

(
Td
n

)2
,

where g(x1, x2) = (∂n,jg(·, x2)) (x1), and Trf : Td
n → R by

Trf(x) = f(x, x), x ∈ Td
n.

A.2.1 Projection and extension operators

Recall the expansion (A.5) for f ∈ L2(Td
n). Since the right hand side of this expansion

is a well-de�ned smooth real-valued function on Td, we will use it for the interpolation
of f . More precisely, for f ∈ L2(Td

n) de�ne

exnf(x) =
∑
k∈Zd

n

⟨f, ςk⟩nςk(x) =
∑
k∈Zd

n

⟨f, ς̃k⟩nς̃k(x), x ∈ Td.

By (A.5), we have

exnf(x) = f(x), x ∈ Td
n. (A.8)

Considering a function f de�ned on Td, we will write exnf for exn applied to the
restriction of f to Td

n.

We will also need a kind of inverse operation to exn that will allow to transform elements
from HJ to functions on Td

n for every J ∈ R. For the sake of this, we will use the usual
projection operator

prng =
∑
k∈Zd

n

⟨g, ςk⟩ςk =
∑
k∈Zd

n

⟨g, ς̃k⟩ς̃k.

For every g ∈ HJ , the function prng is well-de�ned and smooth on Td. Therefore, its
restriction to Td

n is well-de�ned as well, and is also denoted by prng.

The equality

⟨exnf, g⟩ = ⟨f, prng⟩n (A.9)

easily follows from the de�nitions of exn and prn for every f ∈ L2(Td
n) and g ∈ HJ .

Thus, it will be often used to replace the discrete inner product by the continuous one
and vice versa. In particular, the equality (A.9) implies that

⟨exnf, ςk⟩ =

{
⟨f, ςk⟩n, if k ∈ Zd

n,

0, otherwise,
(A.10)

for each k ∈ Zd. One can also easily see that

prnexnf = f and exnprng = prng (A.11)

for all f ∈ L2(Td
n) and g ∈ HJ . Thus, combining (A.9) and (A.11), we obtain

⟨exnf1, exnf2⟩ = ⟨f1, f2⟩n and ⟨prng1,prng2⟩ = ⟨prng1,prng2⟩n (A.12)

for all f1, f2 ∈ L2(Td
n) and g1, g2 ∈ HJ . With some abuse of notation, we set f̂ := exnf

and ǧ := prng.
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For A ∈ Lm(HJ) we similarly de�ne pr⊗m
n A :

(
Td
n

)m → R by

pr⊗m
n A =

∑
k∈(Zd

n)
m

A[ς̃×k]ς̃k,

where

ς̃k =

m⊗
j=1

ς̃kj
and ς̃×k = (ς̃kj

)j∈[m]

for k = (kj)j∈[m]. Similarly to prnf , we will also consider pr⊗nA as a smooth function

on Td, that is de�ned by the same expression. For f = (fj)j∈[m] ∈ (L2(Td
n))

m, let also

ex×m
n f = (exnfj)j∈[m] .

A simple computation yields the equality

A
[
ex×m

n f
]
=
〈
pr⊗m

n A, f⊗m
〉
n
, (A.13)

where f⊗m(x) :=
∏m

j=1 fj(xj), x = (xj)j∈[m] ∈
(
Td
n

)m
and ⟨·, ·⟩n is the discrete in-

ner product on L2(Tmd
n ). We will also identify pr⊗m

n A with the symmetric multilinear
operator

pr⊗m
n A[f ] =

〈
pr⊗m

n A, f⊗m
〉
, f = (fj)j∈[m] ∈ Hm

J .

A.3 Further notation and comments

The natural �ltration generated by a càdlàg process Xt, t ≥ 0, is denoted by (FX
t )t≥0.

The distribution of a random variable ξ in a Banach space is denoted by Lawξ.

A constant C in estimates below will be changed from line to line. Parameters on which
C depends will be listed as its subscripts, e.g. CJ,I will mean that the constant depends
on parameters J, I. Since the dimension d is �xed, we will not further point out the
dependence on d in constants.

B Some operators on Sobolev spaces

In this section, we will prove some basic properties of prn, exn and multilinear operators
on Sobolev spaces.

B.1 prn and exn operators

Recall that ςk(x) = eik·x, x ∈ Td, k ∈ Zd.

Lemma B.1. For each n ∈ N, j ∈ [d] and k ∈ Zd
n the equalities

∂n,jςk = µn
k,jςk and ∆nςk = −λnk ςk (B.1)

hold with µn
k,j =

(2n+1)
2π

(
ei

2πkj
2n+1 − 1

)
and λnk = (2n+1)2

2π2

∑d
j=1

[
1− cos

2πkj

2n+1

]
. Moreover,

|kj |√
3
≤ |µn

k,j | ≤ |kj | and
|k|2

3
≤ λnk ≤ |k|2. (B.2)
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Proof. The equalities (B.1) directly follows from simple computations. The inequalities
(B.2) follows from

x2

3
≤
∣∣eix − 1

∣∣2 = (cosx− 1)
2
+ sin2 x ≤ x2

and
x2

6
≤ |1− cosx| ≤ x2

2

for all x ∈ [−π, π].

We next recall that for each f ∈ L2(Td
n) and g ∈ HJ

exnf =
∑
k∈Zd

n

⟨f, ςk⟩nςk and prng =
∑
k∈Zd

n

⟨g, ςk⟩ςk

that are smooth functions on Td. Moreover, the equality

⟨exnf, g⟩ = ⟨f, prng⟩n (B.3)

holds. It directly follows from the fact that ⟨ςk, ςl⟩ = δk,l for all k, l ∈ Zd and ⟨ςk, ςl⟩n =
δk,l for all k, l ∈ Zd

n. We next collect the basic properties of the operator prn.

Lemma B.2. The following statements holds.

(i) For each J ∈ R and g ∈ HJ

prng → g in HJ and ∥prng∥HJ
≤ ∥g∥HJ

.

(ii) Let m ≥ 0 and J > m+ d
2 . Then every function g ∈ HJ has m times continuously

di�erentiable version, denoted also by g, such that

∥g∥Cm ≤ Cm,J∥g∥HJ
.

(iii) For each J ≥ 0, m := ⌈J⌉ and every g ∈ Cm(Td)

∥g∥HJ
≤ Cm∥g∥Cm .

(iv) For each J, I ∈ R, J < I, g ∈ HI and n ≥ 1

∥g − prng∥HJ
≤ 1

nI−J
∥g − prng∥HI

.

In particular, for each m ∈ N0, p ≥ 0 and J > m+ p+ d
2 one has

∥g − prng∥Cm ≤ Cm,p,J

np
∥g∥HJ

.

Proof. The statement (i) directly follows from the de�nitions of prng and the norm in
HJ .

The statement (ii) is the well-known Sobolev embedding theorem.

Using integration-by-parts, we next estimate

∥g∥2HJ
=
∑
k∈Zd

(
1 + |k|2

)J |⟨g, ςk⟩|2 ≤
∑
k∈Zd

(
1 + |k|2

)m |⟨g, ςk⟩|2
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≤ Cm

∑
k∈Zd

(
1 + |k|2m

)
|⟨g, ςk⟩|2

≤ Cm

∑
k∈Zd

1 +

d∑
j=1

|kj |2m
 |⟨g, ςk⟩|2

= Cm

∑
k∈Zd

|⟨g, ςk⟩|2 + Cm

d∑
j=1

∑
k∈Zd

∣∣⟨∂mj g, ςk⟩∣∣2
= Cm∥g∥2 + Cm

d∑
j=1

∥∂mj g∥2 ≤ Cm∥g∥Cm .

This implies (iii).

According to the de�nition of prng, we have

∥g − prng∥2HJ
=
∑
k ̸∈Zd

n

(
1 + |k|2

)J |⟨g, ςk⟩|2

=
∑
k ̸∈Zd

n

(
1 + |k|2

)I
(1 + |k|2)I−J

|⟨g, ςk⟩|2 ≤ 1

n2(I−J)
∥g − prng∥2HI

.

The second part of (iv) directly follows from the �rst one and (ii). The proof of the
lemma is complete.

Lemma B.3. The linear maps prn : HJ → L2(Td
n) and exn : L2(Td

n) → HJ are
continuous for each J ∈ R. Moreover, prnexn = id and exnprn = prn, where id denotes
the identity operator and prn in the right hand side of the second equality is considered
as a map from HJ to HJ .

Proof. We �rst show the continuity of exn, that will follow from its boundedness. Take
f ∈ L2(Td

n) and estimate

∥exnf∥2HJ
=
∑
k∈Zd

(1 + |k|2)J |⟨exnf, ςk⟩|2

=
∑
k∈Zd

(1 + |k|2)J |⟨f, prnςk⟩n|
2

=
∑
k∈Zd

n

(1 + |k|2)J |⟨f, ςk⟩n|2

≤
[
(1 + |n|2)J ∨ 1

] ∑
k∈Zd

n

|⟨f, ςk⟩n|2

=
[
(1 + |n|2)J ∨ 1

]
∥f∥2n.

Thus, exn is a bounded linear operator.

The boundedness of prn follows from the estimate

∥prng∥n = sup
f∈L2(Td

n)

⟨prng, f⟩n
∥f∥n

= sup
f∈L2(Td

n)

⟨g, exnf⟩
∥f∥n

≤ sup
f∈L2(Td

n)

∥g∥HJ

∥exnf∥H−J

∥f∥n
≤ ∥g∥HJ

[
(1 + |n|2)−J ∨ 1

]
.

for each g ∈ HJ , where we used the boundedness of exn in H−J .

46



Now for f ∈ L2(Td
n) and g ∈ HJ we get

prnexnf = prn
∑
k∈Zd

n

⟨f, ςk⟩nςk = f

and

exnprng = exn
∑
k∈Zd

n

⟨g, ςk⟩ςk =
∑
k∈Zd

n

⟨g, ςk⟩exnςk

=
∑

k,l∈Zd
n

⟨g, ςk⟩⟨ςk, ςl⟩nςl = prng.

This completes the proof of the lemma.

Corollary B.4. Let f1, f2 ∈ L2(Td
n) and g1, g2 ∈ HJ . Then ⟨f1, f2⟩n = ⟨exnf1, exnf2⟩

and ⟨prng1,prng2⟩n = ⟨prng1,prng2⟩ for each n ≥ 1.

Proof. By Lemma B.3, f1 = prnexnf1. Thus, ⟨f1, f2⟩n = ⟨prnexnf1, f2⟩n = ⟨exnf1, exnf2⟩
due to (B.3). The second equality follows from the �rst one by taking fi = prngi and
using the fact that exnprn = prn.

Remark B.5. The last two equalities in the proof of Lemma B.3 implies that for each
f ∈ L2(Td

n) and g ∈ HJ

prnexnf(x) = exnf(x) and exnprng(x) = prng(x)

for all x ∈ Td.

We will next focus on the approximating properties of the operator exn. Recall that
considering a function f : Td → R, we write exnf for the operator exn applied to the
restriction of f to the set Td

n.

Lemma B.6. Let J ≥ 0 and m ∈ N such that 2m > J + 1 + d
2 . Then for each

f ∈ C2m+1(Td) one has

∥exnf − f∥HJ
≤ CJ,m

n
∥f∥C2m+1

for all n ≥ 1.

Proof. Using the triangle inequality, we �rst get

∥exnf − f∥HJ
≤ ∥exnf − prnf∥HJ

+ ∥prnf − f∥HJ
,

where the second term in the right hand side of the estimate above can be bounded by

∥prnf − f∥HJ
≤ 1

n
∥prnf − f∥HJ+1

≤ 2

n
∥f∥HJ+1

≤ Cm

n
∥f∥C2m+1 ,

according to Lemma B.2 and the fact that ⌈J⌉ + 1 ≤ 2m + 1. The square of the �rst
term can be rewritten as

∥exnf − prnf∥2HJ
=
∑
k∈Zd

n

(
1 + |k|2

)J |⟨f, ςk⟩n − ⟨f, ςk⟩|2 .
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Thus, we will need to estimate the di�erence of discrete and continuous Fourier coe�-
cients. Using the integration-by-parts formula and Lemma B.1, we get

|⟨f, ςk⟩n − ⟨f, ςk⟩| =
∣∣∣∣ 1

(λnk )
m ⟨f,∆m

n ςk⟩n − 1

|k|2m
⟨f,∆mςk⟩

∣∣∣∣
=

∣∣∣∣ 1

(λnk )
m ⟨∆m

n f, ςk⟩n − 1

|k|2m
⟨∆mf, ςk⟩

∣∣∣∣
≤
∣∣∣∣ 1

(λnk )
m − 1

|k|2m

∣∣∣∣ |⟨∆m
n f, ςk⟩|

+
1

|k|2m
|⟨∆m

n f, ςk⟩n − ⟨∆mf, ςk⟩|

for k ∈ Zd
n \ {0}.

Note that∣∣∣∣ 1

(λnk )
m − 1

|k|2m

∣∣∣∣ = 1

(λnk )
m

∣∣∣∣∣∣1−
 (2n+ 1)2

2π2|k|2
d∑

j=1

[
1− cos

2πkj
2n+ 1

]m∣∣∣∣∣∣ .
By Taylor's formula

cosx = 1− x2

2
+

cos θ(x)

4!
x4,

where θ : R → R is a function, we get for each j ∈ [d]

(2n+ 1)2

2π2|k|2
d∑

j=1

[
1− cos

2πkj
2n+ 1

]
=

(2n+ 1)2

2π2|k|2
d∑

j=1

[
2π2k2j

(2n+ 1)2
+

cos θj(n)

4!

16π4k4j
(2n+ 1)4

]

= 1 +
π2

3|k|2(2n+ 1)2

d∑
j=1

cos θj(n)k
4
j =: 1 + znk ,

where θj(n) := θ(2πkj/(2n + 1)) and |znk | ≤
C|k|2
n2 for all k ∈ Zd

n\{0}, n ≥ 1 and a
constant C > 0 is independent of n and k. Consequently, using Taylor's formula again
for the function x 7→ (1 + x)m, we obtain∣∣∣∣ 1

(λnk )
m − 1

|k|2m

∣∣∣∣ = 1

(λnk )
m |1− (1 + znk )

m| ≤ Cm|k|2

(λnk )
m
n2

≤ Cm

|k|2m−2n2
(B.4)

for each k ∈ Zd
n \ {0} and n ∈ N, where we used Lemma B.1 in the last step.

By Taylor's formula, there exists a constant C > 0 such that

|⟨∆m
n f, ςk⟩n − ⟨∆mf, ςk⟩| ≤

C

n
∥f∥C2m+1 .

Combining the obtained estimates together, we conclude

|⟨f, ςk⟩n − ⟨f, ςk⟩| ≤
Cm

n2|k|2m−2
|⟨∆m

n f, ςk⟩|+
C

n|k|2m
∥f∥C2m+1

≤ Cm

n|k|2m−1
∥f∥C2m+1

for all k ∈ Zd
n \ {0} and n ∈ N. Similarly, we can estimate

|⟨f, ς0⟩n − ⟨f, ς0⟩| ≤
C

n
∥f∥C1 .
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Consequently,

∥exnf − prnf∥2HJ
≤ C2

n2
∥f∥2C1 +

C2
m

n2
∥f∥2C2m+1

∑
k∈Zd

n\{0}

(
1 + |k|2

)
|k|4m−2

J

≤ CJ,m

n2
∥f∥2C2m+1 ,

since 2m− 1− J > d
2 . This completes the proof of the statement.

Lemma B.7. For all f ∈ L2(Td
n) and n ≥ 1 one has∥∥∥exnf2 − (exnf)

2
∥∥∥ ≤ Cm

n
∥exnf∥2C⌈d/2⌉+4 .

Proof. We �rst note that f(x) = exnf(x) for all x ∈ Td
n, according to (A.8). Since exnf

2

is only de�ned by values of f2 on Td
n, exnf

2 = exn (exnf)
2
. Hence, we can estimate∥∥∥exnf2 − (exnf)

2
∥∥∥ =

∥∥∥exn (exnf)2 − (exnf)
2
∥∥∥

≤ Cm

n

∥∥∥(exnf)2∥∥∥
C2m+1

≤ Cm

n
∥exnf∥2C2m+1

due to Lemma B.6 with J = 0 and m ∈ N satisfying d
2 + 2 < 2m+ 1 ≤ ⌈d/2⌉+ 4. This

completes the proof of the statement.

Lemma B.8. For each J ∈ R, n ∈ N, j ∈ [d] and f ∈ L2(Td
n), one has

∥exn∂n,jf∥HJ
≤ ∥exnf∥HJ+1

.

Proof. Using Lemma B.1, we estimate

∥exn∂n,jf∥2HJ
=
∑
k∈Zd

(
1 + |k|2

)J |⟨exn∂n,jf, ςk⟩|2 =
∑
k∈Zd

n

(
1 + |k|2

)J |⟨∂n,jf, ςk⟩n|2

=
∑
k∈Zd

n

(
1 + |k|2

)J |⟨f, ∂n,jςk⟩n|2 =
∑
k∈Zd

n

(
1 + |k|2

)J ∣∣µn
k,j

∣∣2 |⟨f, ςk⟩n|2
≤
∑
k∈Zd

n

(
1 + |k|2

)J+1 |⟨f, ςk⟩n|2 = ∥exnf∥2HJ+1
.

Lemma B.9. Let J ∈ N0. Then for each f ∈ CJ(Td) and g ∈ HJ one has

∥exn(fg)∥HJ
≤ CJ∥exnf∥CJ∥exng∥HJ

.

Proof. Using Lemma B.1 and the integration-by-parts formula, we estimate

∥exn(fg)∥2HJ
≤
∑
k∈Zd

n

(
1 + |k|2

)J |⟨fg, ςk⟩n|2

≤ 3J
∑
k∈Zd

n

1 +

d∑
j=1

|µn
k,j |2

J

|⟨fg, ςk⟩n|2

≤ CJ

∑
k∈Zd

n

1 +

d∑
j=1

|µn
k,j |2J

 |⟨fg, ςk⟩n|2

49



= CJ

∥fg∥2n +

d∑
j=1

∑
k∈Zd

n

∣∣⟨∂Jn,j(fg), ςk⟩n∣∣2


= CJ

∥fg∥2n +

d∑
j=1

∥∥∂Jn,j(fg)∥∥2n
 .

Iterating the equality ∂n,j(fg) = ∂n,jfτ
n
j g + f∂n,jg, where τ

n
j f(x) = f(x+ enj ), we get

∂Jn,j(fg) =

J∑
l=0

(
J

l

)[
∂ln,jf

] [
(τnj )

l∂J−l
n,j g

]
.

Thus, using the fact that ∥τn,jg∥n = ∥g∥n, we obtain

∥exn(fg)∥2HJ
≤ CJ

∥f∥2n,C∥g∥2n +

d∑
j=1

J∑
l=0

∥∥∂ln,jf∥∥2n,C ∥∥∂J−l
n,j g

∥∥2
n

 .
We next note that exnf(x) = f(x) for all x ∈ Td

n. Thus, ∥f∥n,C ≤ ∥exnf∥C. Moreover,
applying Taylor's formula to exnf , we get

∥∂ln,jf∥C = ∥∂ln,jexnf∥C ≤ Cl∥∂ljexnf∥C.

Consequently, we can continue the estimate as follows

∥exn(fg)∥2HJ
≤ CJ

∥exnf∥2C∥exng∥2 + d∑
j=1

J∑
l=0

∥∥∂ljexnf∥∥2C ∥∥exn∂J−l
n,j g

∥∥2 .
The statement now follows from Lemma B.8.

Lemma B.10. Let J ∈ R, n ∈ N, j ∈ [d] and f ∈ L2(Td
n). Then

∥exnτnj f∥HJ
= ∥exnf∥HJ

.

Proof. The statement directly follows from the following computation

∥exnτnj f∥2HJ
=
∑
k∈Zd

n

(
1 + |k|2

)J ∣∣⟨τnj f, ςk⟩n∣∣2
=
∑
k∈Zd

n

(
1 + |k|2

)J ∣∣∣〈f, (τnk )−1
ςk

〉
n

∣∣∣2
=
∑
k∈Zd

n

(
1 + |k|2

)J |⟨f, ςk⟩n|
2
= ∥exnf∥HJ

.

Lemma B.11. There exists a constant C > 0 such that for each J ∈ R and g ∈ HJ+2

the inequality

∥exn∆nprng − prn∆g∥HJ
≤ C

n
∥g∥HJ+2

holds.
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Proof. Using integration-by-parts formula Lemma B.1 and (A.9), we compute

∥exn∆nprng − prn∆g∥
2
HJ

=
∑
k∈Zd

(1 + |k|2)J |⟨exn∆nprng, ςk⟩ − ⟨prn∆g, ςk⟩|
2

=
∑
k∈Zd

n

(1 + |k|2)J |⟨∆nprng, ςk⟩n − ⟨∆g, ςk⟩|2

=
∑
k∈Zd

n

(1 + |k|2)J
∣∣λnk ⟨prng, ςk⟩n − |k|2⟨g, ςk⟩

∣∣2
=
∑
k∈Zd

n

(1 + |k|2)J
∣∣λnk − |k|2

∣∣2 |⟨g, ςk⟩|2 ,
where we used the equality ⟨prng, ςk⟩n = ⟨g, exnςk⟩ = ⟨g, ςk⟩ in the last step. Using
Taylor's expansion, we get

λnk =
(2n+ 1)2

2π2

d∑
j=1

[
1− cos

2πkj
2n+ 1

]
= |k|2 + 1

(2n+ 1)2

d∑
j=1

k4ja
n
k ,

where the family |ank |, k ∈ Zd
n, n ≥ 1, is bounded by an universal constant. Thus,

∥exn∆nprng − prn∆g∥
2
HJ

≤ C

(2n+ 1)2

∑
k∈Zd

n

(1 + |k|2)J |k|4 |⟨g, ςk⟩|2

≤ C

n2
∥g∥2HJ+2

.

This completes the proof of the lemma.

Corollary B.12. Let (ρ∞t )t≥0 and (ρnt )t≥0, n ≥ 1, be solutions to (3.1) and (2.2),
respectively. Let also ρ∞0 ∈ H2. Then for each T > 0 there exists a constant CT > 0
such that

∥exnρnt − prnρ
∞
t ∥ ≤ CT ∥exnρn0 − ρ∞0 ∥+ CT

n
∥ρ∞0 ∥H2

for all t ∈ [0, T ] and n ≥ 1.

Proof. Using Corollary B.4, we easily get

∥exnρnt − prnρ
∞
t ∥2 = ∥ρnt − prnρ

∞
t ∥2n =

= ∥ρn0 − prnρ
∞
0 ∥2n + 4π2

∫ t

0

⟨ρns − prnρ
∞
s ,∆nρ

n
s − prn∆ρ

∞
s ⟩nds.

Integrating-by-parts and using the Cauchy-Schwarz inequality, we can estimate

⟨ρns − prnρ
∞
s ,∆nρ

n
s − prn∆ρ

∞
s ⟩n = ⟨ρns − prnρ

∞
s ,∆nρ

n
s −∆nprnρ

∞
s ⟩n

+ ⟨ρns − prnρ
∞
s ,∆nprnρ

∞
s − prn∆ρ

∞
s ⟩n

≤ −
d∑

j=1

∥∂n,j (ρns − prnρ
∞
s )∥2n

+ ∥ρns − prnρ
∞
s ∥n ∥∆nprnρ

∞
s − prn∆ρ

∞
s ∥n

≤ 1

2
∥ρns − prnρ

∞
s ∥2n +

1

2
∥∆nprnρ

∞
s − prn∆ρ

∞
s ∥2n .
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According to Corollary B.4 and Lemma B.11, the bounds

∥∆nprnρ
∞
s − prn∆ρ

∞
s ∥2n = ∥exn∆nprnρ

∞
s − prn∆ρ

∞
s ∥2

≤ C

n2
∥ρ∞s ∥2H2

≤ C

n2
∥ρ∞0 ∥2H2

hold. Consequently, we obtain

∥exnρnt − prnρ
∞
t ∥2 ≤ ∥ρn0 − prnρ

∞
0 ∥2n + 2π2

∫ t

0

∥ρns − prnρ
∞
s ∥2n ds+

Ct

n2
∥ρ∞0 ∥H2

for all t ≥ 0. Using Grönwall's inequality, we conclude

∥exnρnt − prnρ
∞
t ∥2 ≤ CT ∥exnρn0 − prnρ

∞
0 ∥2 + CT

n2
∥ρ∞0 ∥2H2

that completes the proof of the corollary.

B.2 Multilinear operators on Sobolev spaces

Recall that Lm(HJ) denotes the space of all continuous multilinear operators from
(HJ)

m
to R equipped with the norm

∥A∥Lm
= sup

∥fj∥HJ
≤1

|A[f1, . . . , fm]| ,

and the subset of Lm(HJ) consisting of multilinear operators with �nite Hilbert-Schmidt
norm (A.1) is denoted by LHS

m (HJ).

Since for each J < I one has HI ⊂ HJ and ∥ · ∥HJ
≤ ∥ · ∥HI

, the space Lm(HJ) is
continuously embedded into Lm(HI) and ∥ · ∥Lm(HI) ≤ ∥ · ∥Lm(HJ ). We next show the
continuous embedding of LHS

m (HJ) into Lm(HI).

Lemma B.13. For each I, J ∈ R with I > J + d
2 one has

∥A∥LHS
m (HI) ≤ CI−J,m∥A∥Lm(HJ )

for all A ∈ LHS
m (HI). In particular, the space LHS

m (HI) is continuously embedded into
Lm(HJ).

Proof. The statement follows from the straightforward estimate

∥A∥2LHS
m (HI)

=
∑

k1,...,km∈Zd

m∏
j=1

(
1 + |kj |2

)−I |A[ς̃k1
, . . . , ς̃km

]|2

≤ ∥A∥Lm(HJ )

∑
k1,...,km∈Zd

m∏
j=1

(
1 + |kj |2

)−I ∥ς̃j∥2HJ

≤ ∥A∥Lm(HJ )

∑
k1,...,km∈Zd

m∏
j=1

(
1 + |kj |2

)−I+J
.

This completes the proof of the lemma.
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We will further focus on the case m = 2. Take a ∈ CJ,J(Td,Td) for some even J ∈ N0

and de�ne the multilinear operator Ka with kernel a by

Ka(f, g) := ⟨f ⊗ g, a⟩ =
∑

k,l∈Zd

⟨ς(k,l), a⟩⟨f, ςk⟩⟨g, ςl⟩

=
∑

k,l∈Zd

⟨a, ς(−k,−l)⟩⟨f, ςk⟩⟨g, ςl⟩, f, g ∈ C(Td),

where ς(k,l)(x, y) = ςk ⊗ ςl(x, y) = ςk(x)ςl(y), x, y ∈ Td. Then the operator Ka can be
uniquely extended to a multilinear operator on H−J , denoted also by Ka. Moreover, it
is a Hilbert-Schmidt operator satisfying

∥Ka∥LHS
2 (H−J ) ≤ C∥a∥CJ,J . (B.5)

Indeed, this directly follows from the following computation

∥Ka∥2LHS
2

=
∑

k,l∈Zd

(1 + |k|2)J(1 + |l|2)J
∣∣⟨a, ς(k,l)⟩∣∣2

=
∑

k,l∈Zd

∣∣∣〈a, (1 + ∆)J/2 ⊗ (1 + ∆)J/2ςk ⊗ ςl

〉∣∣∣2
=
∑

k,l∈Zd

∣∣∣〈(1 + ∆)J/2 ⊗ (1 + ∆)J/2a, ςk ⊗ ςl

〉∣∣∣2
=
∥∥∥(1 + ∆)J/2 ⊗ (1 + ∆)J/2a

∥∥∥2 ≤ C∥a∥2CJ,J ,

where we have used the integration-by-parts passing from the second to the third line.

Since we usually work with the Fourier basis {ςk, k ∈ Zd} instead of {ς̃k, k ∈ Zd}, we
will extend A ∈ Lm(HJ) linearly with respect to each component to the set of complex
valued square integrable function, following e.g. the de�nition of the kernel operator
Ka. In this case, a simple computation shows that

pr⊗m
n A :=

∑
k∈(Zd

n)
m

A[ς−(×k)]ςk =
∑

k∈(Zd
n)

m

A[ς̃×k]ς̃k

for all n ∈ N, where ς×k = (ςkj )j∈[m], ς̃×k =
(
ς̃kj

)
j∈[m]

, ςk(x) =
∏m

j=1 ςkj
(xj) and ς̃k(x) =∏m

j=1 ς̃kj
(xj) for k = (kj)j∈[m] and x = (xj)j∈[m]. Thus, for each f = (fj)j∈[m] ∈ (HJ)

m

we have

⟨f⊗,pr⊗m
n A⟩ =

∑
k∈(Zd

n)
m

A[ς×k] ⟨f, ςk⟩ = A[prnf ] → A[f ], n→ ∞, (B.6)

where prnf := (prnfj)j∈[m] and f
⊗(x) =

∏m
j=1 fj(xj), x = (xj)j∈[m], according to the

continuity of A and the convergence prnfj → fj in HJ . Thus, we can consider pr⊗m
n as

an analog of the operator prn.

The following statement is an analog of Lemma B.2 (iv).

Lemma B.14. For each J, I ∈ R, J < I, a multi-linear operator A ∈ LHS
2 (HJ) and

n ≥ 1 the kernel operator Kpr⊗2
n A belongs to LHS

2 (HJ) and∥∥∥A−Kpr⊗2
n A

∥∥∥2
LHS

2 (HI)
≤ 1

nI−J

∥∥∥A−Kpr⊗2
n A

∥∥∥2
LHS

2 (HJ )
.
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Proof. The fact that Kpr⊗2
n A ∈ LHS

2 (HJ) follows from the de�nitions of the kernel
operator and (B.5). We next estimate∥∥∥A−Kpr⊗2

n A

∥∥∥2
LHS

2 (HI)
=
∑

k,l∈Zd

(1 + |k|2)−I(1 + |l|2)−I
∣∣A[ςk, ςl]− ⟨ς(k,l),pr⊗2

n A⟩
∣∣2

=
∑

(k,l)̸∈(Zd
n)

2

(1 + |k|2)−I(1 + |l|2)−I |A[ςk, ςl]|2

≤ 1

n2(I−J)

∑
(k,l)̸∈(Zd

n)
2

(1 + |k|2)−J(1 + |l|2)−J |A[ςk, ςl]|2

=
1

n2(I−J)

∥∥∥A−Kpr⊗2
n A

∥∥∥2
LHS

2 (HJ )
.

This completes the proof of the lemma.

We next de�ne a bounded linear operator Tr : LHS
2 (H−J) → HI for some J and I such

that TrKa = a(x, x) for a kernel a. Note that the δx-function belongs to H−J for J > d
2

due to the inequality

∥δx∥2H−J
=
∑
k∈Zd

(1 + |k|2)−J |⟨δx, ςk⟩|2 =
∑
k∈Zd

(1 + |k|2)−J |ςk(x)|2

=
∑
k∈Zd

(1 + |k|2)−J <∞.

Lemma B.15. Let J > d
2 and I < J − d

2 . Then for each A ∈ LHS
2 (H−J) the function

TrA, de�ned by

TrA(x) := A[δx, δx]

is continuous, belongs to HI and

TrA(x) =
∑
l∈Zd

∑
k∈Zd

A[ςk−l, ς−k]

 ςl(x) (B.7)

for all x ∈ Td. Moreover, Tr : LHS
2 (H−J) → HI is a bounded linear operator satisfying

TrKa(x) = a(x, x), x ∈ Td, for each a ∈ Cm,m(Td,Td), where m ≥ J is an even number.

Proof. The continuity of TrA as a map from Td to R follows from the continuity of
A : (H−J)

2 → R and δ· : Td → H−J . By the de�nition of Tr and (B.6), we have

TrA(x) = lim
n→∞

⟨δx ⊗ δx,pr
⊗2
n A⟩ =

∑
k,l∈Zd

A[ςk, ςl] ⟨δx, ςk⟩ ⟨δx, ςl⟩

=
∑

k,l∈Zd

A[ςk, ςl]ς−k(x)ς−l(x).

The series above converges absolutely because∑
k,l∈Zd

|A(ςk, ςl)ς−k(x)ς−l(x)| =
∑

k,l∈Zd

1

(1 + |k|2)J/2(1 + |l|2)J/2

· (1 + |k|2)J/2(1 + |l|2)J/2 |A[ςk, ςl]|
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≤

 ∑
k,l∈Zd

1

(1 + |k|2)J(1 + |l|2)J

 1
2

·

 ∑
k,l∈Zd

(1 + |k|2)J(1 + |l|2)J |A[ςk, ςl]|2
 1

2

≤ CJ∥A∥LHS
2 (H−J ),

where we have used the Cauchy-Schwarz inequality in the second step. Thus, we may
interchange the summands in the series, to get the expression (B.7).

We next show that TrA ∈ HI for I < J − d
2 . Similarly to the estimate above, we

conclude ∣∣∣∣∣∣
∑
k∈Zd

A[ςk−l, ς−k]

∣∣∣∣∣∣
2

≤ ∥A∥2LHS
2

∑
k∈Zd

1

(1 + |k − l|2)J(1 + |k|2)J

since J > d
2 . Thus,

∥TrA∥2HI
=
∑
l∈Zd

(1 + |l|2)I
∣∣∣∣∣∣
∑
k∈Zd

A[ςk−l, ς−k]

∣∣∣∣∣∣
2

≤ ∥A∥2LHS
2

∑
l∈Zd

(1 + |l|2)I
∑
k∈Zd

1

(1 + |k − l|2)J(1 + |k|2)J

≤ ∥A∥2LHS
2

∑
k,l∈Zd

(1 + |l + k|2)I

(1 + |l|2)J(1 + |k|2)J
<∞

due to J − I > d
2 .

We note that Ka ∈ LHS
2 (H−J), by (B.5), and trivially TrKa(x) = Ka[δx, δx] = a(x, x)

for all x ∈ Td. This completes the proof of the lemma.

De�ne the mixed derivative of a multilinear operator from L2(HJ) by

∂⊗2
j A[f, g] = −A[∂jf, ∂jg], f, g ∈ HJ+1.

The following statement easily follows from the de�nition of ∂j on HJ .

Lemma B.16. For each J ∈ R and A ∈ LHS
2 (HJ) the multilinear operator ∂⊗2

j A is

well-de�ned and belongs to LHS
2 (HJ+1). Moreover,∥∥∂⊗2
j A

∥∥
LHS

2 (HJ+1)
≤ ∥A∥LHS

2 (HJ ).

Remark B.17. (i) The statement of Lemma B.16 remains true, if we replace LHS
2 by L2

and ∥ · ∥LHS
2

by ∥ · ∥L2 .

(ii) According integration-by-parts formula, we have the equality ∂⊗2
j Ka = K∂⊗2

j a for

each j ∈ [d].

With some abuse of notation we will also set

Trf(x) = f(x, x), x ∈ Td
n,

if f ∈ (L2(Td
n))

2.
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Proposition B.18. Let J − 1− d
2 > I ≥ 0 and j ∈ [d]. Then for every A ∈ LHS

2 (H−J)
and n ∈ N the estimate∥∥exn [Tr∂⊗2

n,jpr
⊗2
n A

]∥∥
HI

≤ CJ,I∥A∥LHS
2 (H−J ) (B.8)

holds. Moreover, if J > d+ 2 then for each A ∈ LHS
2 (H−J) and n ∈ N

max
x∈Td

n

∣∣∂⊗2
n,jpr

⊗2
n A(x, x)− prnTr

(
∂⊗2
j A

)
(x)
∣∣ ≤ CJ

n
∥A∥LHS

2 (H−J ).

Proof. We �rst prove the estimate (B.8). Setting

Rn(x) := Tr∂⊗2
n,jpr

⊗2
n A(x) = ∂⊗2

n,jpr
⊗2
n A(x, x), x ∈ Td

n,

and using (A.10), we get

∥exnRn∥2HI
=
∑
k∈Zd

(
1 + |k|2

)I |⟨exnRn, ςk⟩|2 =
∑
k∈Zd

n

(
1 + |k|2

)I |⟨Rn, ςk⟩n|2

=
∑
k∈Zd

n

(
1 + |k|2

)I ∣∣∣〈Tr∂⊗2
n,jpr

⊗2
n A, ςk

〉
n

∣∣∣2 .
By (B.1), we can write for x ∈ Td

n

Tr∂⊗2
n,jpr

⊗2
n A(x) =

∑
l,l̃∈Zd

n

A[ς−l, ς−l̃]
(
∂n,jςl(x)∂n,jςl̃(x)

)
=
∑

l,l̃∈Zd
n

µl,jµl̃,jA[ς−l, ς−l̃]ςl+l̃(x)

and thus, using the periodicity of ςl+l̃ on Td
n, we estimate

∣∣∣〈Tr∂⊗2
n,jpr

⊗2
n A, ςk

〉
n

∣∣∣2 =

∣∣∣∣∣∣
∑

l,l̃∈Zd
n

µl,jµl̃,jA[ςl, ςl̃]⟨ςl+l̃, ςk⟩n

∣∣∣∣∣∣
2

≤

∣∣∣∣∣∣
∑

l,l̃∈Zd
n

µl,jµl̃,jA[ςl, ςl̃]I{l+l̃=k mod (2n+1)}

∣∣∣∣∣∣
2

≤ ∥A∥2LHS
2 (H−J )

∑
l,l̃∈Zd

n

|l|2|l̃|2

(1 + |l|2)J(1 + |l̃|2)J
I{l+l̃=k mod (2n+1)} (B.9)

≤ ∥A∥2LHS
2 (H−J )

∑
l,l̃∈Zd

n

1

(1 + |l|2)J−1(1 + |l̃|2)J−1
I{l+l̃=k mod (2n+1)}.

Combining the estimates together and using the fact that |k|I{l+l̃=k mod (2n+1)} ≤ |l +
l̃|I{l+l̃=k mod (2n+1)}, we obtain

∥exnRn∥2HI
≤ ∥A∥2LHS

2 (H−J )

∑
k∈Zd

n

(
1 + |k|2

)I
·
∑

l,l̃∈Zd
n

1

(1 + |l|2)J−1(1 + |l̃|2)J−1
I{l+l̃=k mod (2n+1)}
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≤ ∥A∥2LHS
2 (H−J )

∑
k∈Zd

n

∑
l,l̃∈Zd

n

(
1 + |l + l̃|2

)I
(1 + |l|2)J−1(1 + |l̃|2)J−1

I{l+l̃=k mod (2n+1)}

= 3d∥A∥2LHS
2 (H−J )

∑
l,l̃∈Zd

n

(
1 + |l + l̃|2

)I
(1 + |l|2)J−1(1 + |l̃|2)J−1

< CJ,I∥A∥2LHS
2 (H−J )

,

since J − 1− I > d
2 .

To get the second part of the statement, we �rst use (B.1) and the Cauchy-Schwarz
inequality to estimate for each x, y ∈ Td

n∣∣∂⊗2
n,jpr

⊗2
n A(x, y)− ∂⊗2

j pr⊗2
n A(x, y)

∣∣2
=

∣∣∣∣∣∣
∑

k,l∈Zd
n

A[ς−k, ς−l]∂n,jςk(x)∂n,jςl(y)−
∑

k,l∈Zd
n

A[ς−k, ς−l]∂jςk(x)∂jςl(y)

∣∣∣∣∣∣
2

≤

 ∑
k,l∈Zd

n

|A[ς−k, ς−l]|
∣∣µn

k,jµ
n
l,j + kj lj

∣∣2

≤
∑

k,l∈Zd
n

|A[ςk, ςl]|2(1 + |k|2)J(1 + |l|2)J

·
∑

k,l∈Zd
n

(1 + |k|2)−J(1 + |l|2)−J
∣∣µn

k,jµ
n
l,j + kj lj

∣∣2
≤ 2∥A∥2LHS

2 (H−J )

∑
k,l∈Zd

n

(1 + |k|2)−J(1 + |l|2)−J

·
[
|µn

l,j |2
∣∣µn

k,j − ikj
∣∣2 + |kj |2|µn

l,j − ilj |2
]
.

By Lemma B.1 and Taylor's expansion

µn
k,j = ikj −

k2j
n
θn,j

for some θj,n ∈ C such that |θj,n| ≤ 1, we can continue the estimate as follow

2

n2
∥A∥2LHS

2 (H−J )

∑
k,l∈Zd

n

(1 + |k|2)−J(1 + |l|2)−J
[
l2jk

4
j + k2j l

4
j

]
≤ 4

n2
∥A∥2LHS

2 (H−J )

∑
k,l∈Zd

n

(1 + |k|2)−J+2(1 + |l|2)−J+2

≤ CJ

n2
∥A∥2LHS

2 (H−J )

since J > d
2 + 2. Thus,

max
x∈Td

n

∣∣∂⊗2
n,jpr

⊗2
n A(x, x)− ∂⊗2

j pr⊗2
n A(x, x)2

∣∣ ≤ CJ

n
∥A∥2LHS

2 (H−J )
. (B.10)

We next compute the norm∥∥∥K∂⊗2
j pr⊗2

n A − ∂⊗2
j A

∥∥∥2
LHS

2 (H−J+2)
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=
∑

k,l∈Zd

(1 + |k|2)J−2(1 + |l|2)J−2
∣∣∣K∂⊗2

j pr⊗2
n A[ςk, ςl]− ∂⊗2

j A[ςk, ςl]
∣∣∣2 (B.11)

=
∑

k,l∈Zd

(1 + |k|2)J−2(1 + |l|2)J−2
∣∣〈ςk ⊗ ςl, ∂

⊗2
j pr⊗2

n A
〉
−A[∂jςk, ∂jςl]

∣∣2 .
Using the de�nition of pr⊗2

n and (B.1), we continue the equality as follows∑
k,l∈Zd

(1 + |k|2)J−2(1 + |l|2)J−2
∣∣〈∂jςk ⊗ ∂jςl,pr

⊗2
n A

〉
−A[∂jςk, ∂jςl]

∣∣2
=
∑

k,l ̸∈Zd
n

(1 + |k|2)J−2(1 + |l|2)J−2k2j l
2
j |A[ςk, ςl]|

2

≤
∑

k,l ̸∈Zd
n

(1 + |k|2)J−1(1 + |l|2)J−1 |A[ςk, ςl]|2 ≤ 1

n2
∥A∥2LHS

2 (H−J )
.

Now, taking Ĩ ∈
(
d
2 , J − 2− d/2

)
and applying Lemmas B.2, B.15, B.16 and (B.11), we

obtain ∥∥∥TrK∂⊗2
j pr⊗2

n A − prnTr∂
⊗2
j A

∥∥∥
C
≤
∥∥∥TrK∂⊗2

j pr⊗2
n A − Tr∂⊗2

j A
∥∥∥
C

+
∥∥Tr∂⊗2

j A− prnTr∂
⊗2
j A

∥∥
C

≤ CJ

∥∥∥TrK∂⊗2
j pr⊗2

n A − Tr∂⊗2
j A

∥∥∥
HĨ

+
∥∥Tr∂⊗2

j A− prnTr∂
⊗2
j A

∥∥
HĨ

≤ CJ,Ĩ

∥∥∥K∂⊗2
j pr⊗2

n A − ∂⊗2
j A

∥∥∥
LHS

2 (H−J+2)
+
CĨ

n

∥∥Tr∂⊗2
j A

∥∥
HĨ+1

(B.12)

≤
CJ,Ĩ

n
∥A∥LHS

2 (H−J ) +
CĨ

n
∥∂⊗2

j A∥LHS
2 (H−J+1)

≤
CJ,Ĩ

n
∥A∥LHS

2 (H−J ).

Thus,

max
x∈Td

n

∣∣∣∂⊗2
n,jpr

⊗2
n A(x, x)− prnTr∂

⊗2
j A(x)

∣∣∣ ≤ max
x∈Td

n

∣∣∂⊗2
n,jpr

⊗2
n A(x, x)− ∂⊗2

j pr⊗2
n A(x, x)

∣∣
+ ∥TrK∂⊗2

j pr⊗2
n A − prnTr∂

⊗2
j A∥C ≤ C

n
∥A∥LHS

2 (H−J ),

due to the triangle inequality the estimates (B.10), (B.12) and the fact that TrK∂⊗2
j pr⊗2

n A =

∂⊗2
j pr⊗2

n A(x, x), x ∈ Td (see Lemma B.15). This completes the proof of the proposi-
tion.

For A ∈ LHS
2 (H−J) and B ∈ LHS

2 (HJ) we de�ne

A : B :=
∑

k,l∈Zd

A[ς̃k, ς̃l]B[ς̃k, ς̃l],

The series above absolutely converges and

|A : B|2 ≤

 ∑
k,l∈Zd

|A[ς̃k, ς̃l]B[ς̃k, ς̃l]|

2

=
∑

k,l∈Zd

(1 + |k|2)−J(1 + |l|2)−J |A[ς̃k, ς̃l]|2 (B.13)

58



·
∑

k,l∈Zd

(1 + |k|2)J(1 + |l|2)J |B[ς̃k, ς̃l]|2

= ∥A∥2LHS
2 (H−J )

∥B∥2LHS
2 (HJ )

,

where we Lemma (3.2) and Hölder's inequality.

B.3 Di�erentiable functions on HJ

In this section, we will investigate some di�erential properties of functions de�ned on
Sobolev spaces.

Recall that for J < I we have HI ⊂ HJ . Abusing notation, the restrictions of a function
F : Hk

J → R to Hk
I will be denoted also by F for k ∈ N. Let (E, ∥ · ∥E) denote a Banach

space. The following statement directly follows from the inequality ∥ · ∥HJ
≤ ∥ · ∥HI

.

Lemma B.19. For each J, I ∈ R, J < I, and k ∈ N the space Lk(HJ ;E) is continuously
embedded into Lk(HI ;E) and

∥A∥Lk(HI ;E) ≤ ∥A∥Lk(HJ ;E)

for all A ∈ Lk(HJ ;E).

Recall that a function F : HJ → E is di�erentiable8 at f ∈ HJ if it is continuous at f
and there exists a bounded linear map DF (f) from HJ to E such that

F (f + h) = F (f) +DF (f)[h] + o(∥h∥HJ
)

as h → 0. Following [9, Section 5], we de�ned the k-th derivative DkF (f) of a map
F : HJ → R at f ∈ HJ as an element of Lk(HJ) that is identi�ed with the derivative
of Dk−1F : HJ → Lk−1(HJ) at f . Considering a di�erentiable function de�ned on a
Sobolev space HJ , we often consider its restriction to a smaller Sobolev space HI with
J < I. The following statement guarantees the preservation of the di�erentiability. To
point out that DkF is the derivative of F with respect to the topology of the space HJ

in the next statements, we will write Dk
JF instead.

Lemma B.20. Let J, I ∈ R, J < I, and F : HJ → E be a di�erentiable function at
f ∈ HI in the space HJ . Then F is di�erentiable at f in the topology of the space HI ,
DIF (f) coincide with the restriction of DJF (f) to HI and

∥DIF (f)∥L1(HI ;E) ≤ ∥DJF (f)∥L1(HJ ;E).

Proof. The continuity of F at f in the space HI trivially follows from the continuous
embedding of HI into HJ . According to Lemma B.19, DJF (f) ∈ Lk(HI ;E) and

∥DJF (f)∥Lk(HI ;E) ≤ ∥DJF (f)∥Lk(HJ ;E).

We have only to show that DIF (f)[h] = DJF (f)[h], h ∈ HI . Using the di�erentiability
of F in HJ at f and the fact that ∥ · ∥HJ

≤ ∥ · ∥HI
, we get

F (f + h) = F (f) +DJ(f)[h] + o(∥h∥HJ
)

= F (f) +DJ(f)[h] + o(∥h∥HI
).

This completes the proof of the lemma.

8see [9, De�nition on p. 25]
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The following corollary is the direct consequence of Lemma B.20.

Corollary B.21. For each J, I ∈ R, J < I, and m ∈ N0 the space Cm(HJ) is a subset
of Cm(HI). Moreover, for each F ∈ Cm(HJ), k ∈ [m], f ∈ HI the derivatives Dk

JF (f)
and Dk

IF (f) coincide on Hk
I and

∥Dk
IF (f)∥Lk(HI) ≤ ∥Dk

JF (f)∥Lk(HJ ).

Our further goal will be to investigate the di�erentiability of F ◦ exn : L2(Td
n) → R for

F ∈ Cm(HJ). Using the fact that exn : L2(Td
n) → HJ is a continuous linear operator,

it is continuously di�erentiable with

Dexn(f)[h] = exnh

for each f, h ∈ L2(Td
n).

Lemma B.22. Let F ∈ C1(HJ) for some m ∈ N and J ∈ R. Then the function F ◦ exn
belongs to C1(L2(Td

n)) and

D(F ◦ exn) = prnDF ◦ exn.

Proof. The di�erentiability of F ◦ exn follows from [9, Theorem 2.2.1] and the di�eren-
tiability of F : HJ → R and exn : L2(Td

n) → HJ . We will only compute the derivative
of D(F ◦ exn). Taking f, h ∈ L2(Td

n) and using the chain rule and (A.9), we compute

D(F ◦ exn)(f)[h] = DF (exnf) [Dexn(f)[h]] = DF (exnf)[exnh]

= ⟨DF (exnf), exnh⟩ = ⟨prn(DF )(exnf), h⟩n.

This completes the proof of the statement.

C Some additional facts and proofs

We recall that Symn denotes the Hilbert space of symmetric matrices A = (Ak,l)k,l∈Zd
n

with real-valued entries equipped with the inner product

A : B =
∑

k,l∈Zd
n

Ak,lBk,l.

An open subset of positively de�ned matrices from Symn is denoted by Sym+
n .

Lemma C.1. Let A = (Ak,l)k,l∈Zd
n

∈ Sym+
n and B ∈ Symn. Then for a standard

Gaussian vector ζ in RZd
n and f ∈ C2

l (RZd
n) the integration-by-parts formula

E [Df(Aζ) · (Bζ)] = E
[
D2f(Aζ) : (BA)

]
holds.

Proof. Setting R := BA−1, η := Aζ, and using the integration-by-parts formula, we get

E [Df (Aζ) · (Bζ)] = E
[
Df (Aζ) ·

(
BA−1Aζ

)]
=
∑

k,l∈Zd
n

E
[
∂f

∂xk
(η)Rk,lηl

]
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=
∑

k,l,k̃∈Zd
n

E
[

∂2f

∂xk∂xk̃
(η)Rk,lCov(ηl, ηk̃)

]

=
∑

k,l,k̃∈Zd
n

E
[

∂2f

∂xk∂xk̃
(η)Rk,l(A

2)l,k̃

]

=
∑

k,k̃∈Zd
n

E
[

∂2f

∂xk∂xk̃
(η)(RA2)k,k̃

]
= E

[
D2f(Aζ) : (BA)

]
.

This completes the proof of the lemma.

For completeness of the presentation, we next provide the estimate of the term

I :=
1

(2n+ 1)d

∑
x̸=y∈Td

n

E [(ηnt (x)− ρnt (x)) (η
n
t (y)− ρnt (y))]φn(x)φn(y)

in the proof of Lemma [56, p. 32], following the proof of the main theorem in [56, p.
32].

Proof. (Estimate of o�-diagonal sum in the proof of Lemma 2.4) . Set for x, y ∈ Td
n

V (t, x, y) :=
1

(2n+ 1)d
E(ηnt (x)− ρnt (x))(η

n
t (y)− ρnt (y))

= Eηnt (x)ηnt (y)− ρnt (x)ρ
n
t (y),

where the letter equality follows from the de�nition of ρnt . Applying the generator
2π2∆n ⊗ GEP

n of the Markov process (ρnt , η
n
t ), t ≥ 0, to the function G(x, y; η, ρ) =

η(x)η(y)− ρ(x)ρ(y) for �xed x, y ∈ Td
n, x ̸= y, we get(

2π2∆n ⊗ GEP
n

)
G(x, y; ·, ·)(η, ρ) = GEP

n [η(x)η(y)]− 2π2∆n [ρ(x)ρ(y)] .

Now we separately rewrite

GEP
n [η(x)η(y)] =

(2n+ 1)2

2

d∑
j=1

∑
z∈Td

n

(
ηz↔z+ej (x)ηz↔z+ej (y)− η(x)η(y)

)
=

(2n+ 1)2

2

∑
e∈E1

(η(x+ e)η(y)− η(x)η(y))
(
1− I{x+e=y}

)
+

(2n+ 1)2

2

∑
e∈E1

(η(x)η(y − e)− η(x)η(y))
(
1− I{x+e=y}

)
,

where the summation is taken over E1 := {±ej , j ∈ [d]}. We also note that

2π2∆n [ρ(x)ρ(y)] =
(2n+ 1)2

2

d∑
j=1

(ρ(x+ ej)ρ(y) + ρ(x− ej)ρ(y)− 2ρ(x)ρ(y))

+
(2n+ 1)2

2

d∑
j=1

(ρ(x)ρ(y + ej) + ρ(x)ρ(y − ej)− 2ρ(x)ρ(y))

=
(2n+ 1)2

2

∑
e∈E1

(ρ(x+ e)ρ(y)− ρ(x)ρ(y))
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+
(2n+ 1)2

2

∑
e∈E1

(ρ(x)ρ(y − e)− ρ(x)ρ(y)) .

Hence

(
2π2∆n ⊗ GEP

n

)
G(x, y; η, ρ)

=
(2n+ 1)2

2

∑
e∈E1

(η(x+ e)η(y)− η(x)η(y))
(
1− I{x+e=y}

)
+

(2n+ 1)2

2

∑
e∈E1

(η(x)η(y − e)− η(x)η(y))
(
1− I{x+e=y}

)
− (2n+ 1)2

2

∑
e∈E1

(ρ(x+ e)ρ(y)− ρ(x)ρ(y))

− (2n+ 1)2

2

∑
e∈E1

(ρ(x)ρ(y − e)− ρ(x)ρ(y))

=
(2n+ 1)2

2

∑
e∈E1

(G(x+ e, y; η, ρ)−G(x, y; η, ρ))
(
1− I{x+e=y}

)
+

(2n+ 1)2

2

∑
e∈E1

(G(x, y − e; η, ρ)−G(x, y; η, ρ))
(
1− I{x+e=y}

)
− (2n+ 1)2

2

∑
e∈E1

(ρ(x)− ρ(y))
2 I{x+e=y}.

This implies that the function

V (t, x, y) = E [ηnt (x)η
n
t (y)]− ρnt (x)ρ

n
t (y)

is a solution to the following di�erential equation

d

dt
V (t, x, y) = LV (t, x, y)− (2n+ 1)2

2

∑
e∈E1

(ρnt (x)− ρnt (y))
2 I{x+e=y},

where

LV (x, y) =
(2n+ 1)2

2

∑
e∈E1

(V (x+ e, y)− V (x, y))
(
1− I{x+e=y}

)
+

(2n+ 1)2

2

∑
e∈E1

(V (x, y − e)− V (x, y))
(
1− I{x+e=y}

)
.

Note that L is the generator of the process {Xt, Yt}, t ≥ 0, on Td
n × Td

n that evolves as
an exclusion process with two particles. Let Pt(x, y;u, v), u, v ∈ Td

n, be its semigroup.
Then

V (t, x, y) = PtV (0, x, y)

− (2n+ 1)2

2

∫ t

0

∑
u,v∈Td

n

∑
e∈E1

Pt−s(x, y;u, v) (ρ
n
s (u)− ρns (v))

2 I{u+e=v}ds

= PtV (0, x, y)
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− (2n+ 1)2

2

∫ t

0

∑
e∈E1

∑
u∈Td

n

Pt−s(x, y;u, u+ e) (ρns (u)− ρns (u+ e))
2
ds.

Due to the independents of ηn0 (x) and ηn0 (y) we conclude V (0, x, y) = 0. Therefore,
PtV (0, x, y) = 0. Thus,

V (t, x, y) = − (2n+ 1)2

2

∫ t

0

∑
e∈E1

∑
u∈Td

n

Pt−s(x, y;u, u+ e) (ρns (u)− ρns (u+ e))
2
ds.

Consequently, we can estimate

|I| ≤ (2n+ 1)2

2

1

(2n+ 1)d

∑
e∈E1

∑
u∈Td

n

∑
x ̸=y

|φn(x)||φn(y)|

·
∫ t

0

Pt−s(x, y;u, u+ e) (ρns (u)− ρns (u+ e))
2
ds

≤ 2π2

(2n+ 1)d
sup

s∈[0,t]

max
u∈Td

n

|∇nρ
n
s (u)|

2

·
∑
e∈E1

∑
u∈Td

n

∑
x ̸=y

|φn(x)||φn(y)|
∫ t

0

Pt−s(x, y;u, u+ e)ds.

Using the duality of the SSEP, we get for each e ∈ E1

1

(2n+ 1)d

∑
u∈Td

n

∑
x ̸=y

|φn(x)||φn(y)|
∫ t

0

Pt−s(x, y;u, u+ e)ds

=
1

(2n+ 1)d

∑
u∈Td

n

∑
x̸=y

|φn(x)||φn(y)|
∫ t

0

Pt−s(u, u+ e;x, y)ds

≤ ∥φn∥n,C
(2n+ 1)d

∑
u∈Td

n

∑
x∈Td

n

|φn(x)|
∫ t

0

Pt−s(u, u+ e;x,Td
n)ds.

Since
Pt−s(u, u+ e;x,Td

n) = P 0
t−s(u;x) + P 0

t−s(u+ e;x),

where P 0
t is the transition kernel for a single particle executing a random walk in Td

n,
we get for e ∈ E1

1

(2n+ 1)d

∑
u∈Td

n

∑
x∈Td

n

|φn(x)|
∫ t

0

Pt−s(u, u+ e;x,Td
n)ds

=
1

(2n+ 1)d

∑
u∈Td

n

∑
x∈Td

n

|φn(x)|
∫ t

0

[
P 0
t−s(u;x) + P 0

t−s(u+ e;x)
]
ds

=
1

(2n+ 1)d

∑
u∈Td

n

∑
x∈Td

n

|φn(x)|
∫ t

0

[
P 0
t−s(x;u) + P 0

t−s(x;u+ e)
]
ds

=
t

(2n+ 1)d

∑
x∈Td

n

|φn(x)| ≤ t∥φn∥n,C.

Combining the estimates above, we conclude

|I| ≤ 2π2 sup
s∈[0,t]

max
u∈Td

n

|∇nρ
n
s (u)|

2 ∥prnφ∥2n,Ct.

This completes the estimate.
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