A quantitative central limit theorem for the simple
symmetric exclusion process

Benjamin Gess*', Vitalii Konarovskyis

Abstract A quantitative central limit theorem for the simple symmetric exclusion
process (SSEP) on a d-dimensional discrete torus is proven. The argument is based
on a comparison of the generators of the density fluctuation field of the SSEP and the
generalized Ornstein-Uhlenbeck process, as well as on an infinite-dimensional Berry-
Essen bound for the initial particle fluctuations. The obtained rate of convergence is

optimal.
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1 Introduction

We consider the simple symmetric exclusion process (SSEP) on the d-dimensional dis-
crete torus T¢ := { k: ke {-n, n}d}. This is a continuous time Markov

2n+1
process that describes the evolution of partlcles located at points of T¢, where each side
can contain at most one particle. A particle at site x € 'JI“}L attempts to jump to one
of the nearest neighboring sides after an exponential waiting time. If the target side is
occupied, then the jump does not take place.

As usual, the state space for SSEP is {0, 1}13‘37 where n(z) = 1 provided the side « is
occupied by a particle, and n(z) = 0 otherwise. The generator of the SSEP is defined
by

U

GEFF(n) : = 2”“ ZZ (FoTre) — Fa)], e {0, (L)

for each function F : {0, 1}TZ — R, where

n(z), z#wx,y,
") =Snly), z==2,  2€TL,
77(50), zZ=1Y,

and e; = e} denote the canonical vectors of T?. For a function p : T — [0,1], we let
vy be the product measure on {0, 1}T% with marginals given by vy {n(z) =1} = p(z),
x € T, Let n™ = (n")i>0 be the SSEP with the initial distribution Vg, Where p
T — [0,1] and the sequence p§, n > 1, converges to a profile py : T — [0, 1] as n — oco.
It is well-known [46, Theorem 2.1] that the hydrodynamic limit of ™, n > 1, is given
by the solution to the heat equation

dp$® = 212 Apsedt (1.2)

on T¢ starting from po.

By [31, 32, 56], also a central limit theorem (CLT) is known. Precisely, it is known that
the density fluctuation field

G (@) = 2n+ DY (f (x) — pj(2)), @ €Ty,

with p?(z) := En(x) converges to the solution of the linear SPDE

A = 2w ACRdt + 27V - (\/p;>°<1 - ng)th) (1.3)

in the Sobolev space H_j for I > %Jrl started from (o, where (dW});>¢ is a d-dimensional
space-time white noise, and ( is a centered Gaussian distribution in H_; with variance
E [(Co, )] = (po(1 — po)e, @) for smooth functions ¢ on T?. By [43, Theorem A.1],
the discretization error of the heat equation ||[En™ — p*°|« behaves like (2n + 1)=2
Therefore, informally, the CLT corresponds to the expansion

0y (@) = pi (@) + (20 + 1) V2 (@) + (20 + 1) W2 o). (1.4)

Since the proof given in [56] proceeds via a compactness argument, the martingale
central limit theorem, and the Holley and Stroock theory [39, 40], it does not allow
the derivation of a quantitative convergence estimate in the central limit theorem, nor



in (1.4). This open problem is solved in the present work, with an optimal rate of
convergence. It appears that this is the first result proving a quantitative central limit
theorem in the context of a non-equilibrium particle system?®.

The proof developed in this work is instead based on the formula
t
BF(. )~ BFG" 67" = [(E[(67F - 6°) PRURGR. D] s (15)

see e.g. [24, Lemma 1.2.5], which allows to deduce estimates on the difference of the
semigroups (PfF);>0 and (PPY);>0 associated with the Markov processes (p", (") and
(p>,¢>), from the difference of their generators GF'F and GOU. Here, f = ex,, f denotes
smooth interpolation and (p°",(>") is a solution to (1.2) and (1.3) started from the
initial particle configuration (pg, C2).

The estimation of the right hand side of (1.5), however, leads to several challenges:
Firstly, the difference between generators can be estimated only on sufficiently regular

functions U = PPY F. Moreover, the obtained errors depend on higher-order derivatives

of U, the norms of p7, ég in corresponding Sobolev spaces and the expression B((?) :=
[ex, (C'7¢™))? for the shift operator 7 on T¢. The differentiability of P°UF is a non-
trivial problem because the diffusion coefficient f(p>°) = /p>°(1 — p=) in (1.3) is not
differentiable. Therefore, the standard approach to the preservation of regularity of
infinite-dimensional Kolmogorov equations, by proving the regularity on the level of
the corresponding SPDE, cannot be applied. This issue is resolved in this work by
a more careful infinite-dimensional analysis based on the fact that the process {(*° is
Gaussian. A second important ingredient to this part of the proof is a careful choice
of the extension operator ex,, in order to guarantee the differentiability of U at points
(exnp, €x,() appearing in (1.5), and in order to quantitatively control discretization
errors (lattice effects) and interpolation errors, see e.g. Proposition 2.3.

Secondly, the control of the expectation of error terms requires additional path properties
of the SSEP compared to the proof of the non-quantified CLT in [56]. For instance, the
bound of E[B(¢")] fundamentally relies on the estimation of the four-point correlation
function E[H?Zl(ng(xi) — p™(z;))], while only the two point correlation function is used
in [56].

Thirdly, quantitative, optimal estimates for the initial fluctuations
PPYF (5. 68) = PPUF(po. o) = EF (7", ") = EF (5, )

are required. Compared to Stein’s method in the finite-dimensional context, see e.g.,
[50, 57], the present situation is more challenging, since the dimension of (;~" diverges
with n — oo, for observables F' that are not assumed to be of the specific form of partial
sums. This difficulty is resolved in the present work by carefully controling the constants
appearing in the application of Stein’s method, thereby proving their independence of
the dimension.

We refer the reader to Section A in the appendix for the basic notation. As above, let
(nf')e>0 be the SSEP with the initial distribution v, (p')i>o its expectation field and
(¢1")¢>¢ its density fluctuation field for each n > 1. Let also (p{®),~, be a solution to
the heat equation (1.2) started from pg, and (¢°),s a solution to (1.3) with the initial
condition {y. The following theorem is the main result of the paper.

3Tn contrast, in the setting of weakly interacting particle systems, related high order expansions have
been obtained in [11].



Theorem 1.1. Let J > 4V 2, I >d+3,J > J+d+5 and F € C}g(Hy, H_y).
Furthermore, assume that po € Hj takes values in [0,1] and py is the restriction of po
to T¢ for each n > 1. Then, for each T > 0 there exists a constant C' independent of F
and n such that

sup (ptaCt) ]EPKFﬁDaCEO) —
t€[0,T]

[PAIFSr

dAl ZHS'

Remark 1.2. The rate ;M cannot, be improved in the statement of Theorem 1.1, since
n2

it also includes the discretization error that equals %
The following corollary directly follows from Theorem 1.1.

Corollary 1.3. Under the assumptions of Theorem 1.1, for each T > 0 and m > 1
there exists a constant C' such that

C
sup [Ef ((¢,¢°)) —Ef (B, ¢)n)l < T Iflles @l crn

t€[0,T]
foralln>1, f € C3R™) and g € (CM1(T4))™

In [18], the SPDEs

A’ = By dt+f8 ( 77?7‘5(1—77?’5)th‘5>

have been analyzed as effective models for the one-dimensional SSEP, where (dW});>o
is a mollified 1-dimensional space-time white noise. In appropriate scaling regimes, it
was concluded that

EF(i") — EF(5™%) = o (n—%) (1.6)

which improves over the deterministic error
EF(i") — EF(p™) = O (m%) .

While one would expect (1.6) to be of order O(n~!), this was left open in [18] since a
quantified CLT for a SSEP was missing, thus giving further motivation for the questions
addressed in the present work.

The work is organized as follows. The basic notation and some facts are collected
and postponed to the appendix in Section A. Section 2 is devoted to an expansion
of generators associated with the particle system and an investigation of some path
properties of the system. In particular, the expansion of generators of the SSEP and its
density fluctuation field is obtained in Sections 2.1 and 2.2, respectively. Estimates of
the expectation of Sobolev norms of 47, ¢ and the control of E[B((™)] are obtained in
Section 2.3. The aim of Section 3 is to show the regularity of the semigroup associated
with the Ornstein-Uhlenbeck process in both variables py and (y. The differentiability
of U in (y straightforward follows from the linearity of the SPDE (1.3). Therefore, the
main focus of this section is concentrated on the regularity of U with respect to pg.
The differentiability of the covariance operator of ({° in pg is obtained in Section 3.2.
Then, using a kind of the integration-by-parts formula for Gaussian distributions, we get
the differentiability of U. The Berry-Essen bound on the rate of convergence of particle
fluctuations §g to the Gaussian random distribution ¢§° in a corresponding Sobolev space
is obtained in Section 4. For this, we adapt the finite-dimensional approach, e.g, from
[50, 57], to Sobolev spaces. The rest of the appendix is devoted to some properties of pr,,



and ex,, operators, multilinear operators on Sobolev spaces and Frechet differentiable
functions defined on Sobolev spaces (see Sections B.1, B.2 and B.3, respectively).

Comments on the literature. For a comprehensive treatment of equilibrium fluc-
tuations, we refer to the monographs [46, 47] and the detailed review of the literature
contained therein.

In the case of gradient models and their perturbations, out-of-equilibrium fluctuation
results have been established in [10, 15, 45, 55], including the central limit theorem for
the weakly asymmetric simple exclusion process in [16, 19], and for the one-dimensional
symmetric zero-range process with constant jump rate in [30]. The central limit theorem
for the symmetric simple exclusion process was first established in [32, 56]. Several of
these works build upon extensions of the equilibrium theories developed by Holley and
Stroock [39, 40], as well as the Boltzmann—Gibbs principle [8]. A quantitative form of
the Boltzmann—Gibbs principle for independent random walkers, and particle systems
with duality has been obtained in [1]. Additionally, non-equilibrium fluctuations for
the boundary-driven symmetric SSEP are discussed in [48], the SSEP with a slow bond
in [22], and for a tagged particle in SSEP in [43]. In the recent contribution [23] the
joint fluctuations of current and occupation time of the one-dimensional non-equilibrium
simple symmetric exclusion process have been found. We are not aware of any previous
results providing quantitative central limit theorems for out-of-equilibrium fluctuations
in these contexts.

For recent advances in the analysis of quantitative fluctuations for non-gradient systems
in equilibrium, see [37]. This work also reviews a series of studies establishing the
non-quantitative equilibrium central limit theorem for several non-gradient systems.

Recent developments in the quantification of convergence in the law of large numbers for
both gradient and non-gradient systems are documented in [36, 51] and the references
cited therein. Quantitative estimates of propagation of chaos for mean field systems with
singular kernels are provided in [7, 42]. The study of fluctuations in this context has a
longstanding history, including works such as [28, 41, 63], with recent contributions in
the setting of singular kernels found in [65]. A deep analysis of central limit fluctuations
around the Boltzmann equation can be found in [4, 61].

Furthermore, fluctuation corrections of PDEs, leading to stochastic PDEs, and their con-
nection to higher-order fluctuation expansions of particle systems and large deviations,
have attracted significant attention in recent years [12, 13, 18, 20, 25-27, 34, 35].

Since its development in [62], Stein’s method for the derivation of quantitative estimates
on the distance to Gaussians has been an active and fruitful field, an overview of which
would go far beyond the scope of this article. We restrict to mentioning a few points of
references, where further references to the theory may be found. The main concepts of
Stein’s method is discussed in the survey article [59]. Careful estimates for multivariate
normal approximation with Stein’s method are obtained in [50, 57]. An early contribu-
tion extending Stein’s method to the context of approximations of processes, that is, to
infinite dimension is [2]. See also [14] and the references therein for subsequent general-
izations. For applications of Stein’s method in the context of statistical mechanics, we
refer to [17, 21] and the references therein, where Berry-Esseen bounds for Curie-Weiss
and mean-field Ising models have been derived. Stein’s method in infinite dimension has
been developed, for example, in [6, 60] deriving Berry—Esséen type estimate for abstract
Wiener measures and in [58] for high-dimensional settings. A significant extension of
Stein’s method has been achieved by combination with Malliavin calculus in a line of
developments [52, 53] and the monograph [54], which, in particular, allows application
going beyond observables taking the specific form of partial sums. An extension of
admissible functionals has been discussed in [3].



2 Particle system

The goal of this section is to study some properties of the SSEP needed for the proof
of the main result. In particular, we expand the generator of the density fluctuation
field and show that the leading terms in this expansion coincide with the generator of
an Ornstein-Uhlenbeck process.

2.1 Expansion of the generator of the SSEP

We start from the expansion of the generator of the SSEP. Let n* = (nj(z), z € T4),

t > 0, be the SSEP defined on the configuration space {0, 1}Ti C Lo(T%). Recall that
it is a time continuous Markov Process whose generator GEZ¥ is defined by (1.1). We
extend (n');>o to a C>(T%)-valued process by considering

0= exany’, >0,

According to (A.8), the restriction of i to the set T¢ C T¢ coincides with ! for each
t > 0 and n € N. Next note that for each J € R and F € C(H), the process

t
MF = F(i) — F(il}) — / GEP (F o exy) (n")ds, >0,
0

is a right-continuous martingale with respect to the filtration (]—"t"n)tzo generated by n™.

In the next statement, we derive an expansion of the generator GZ¥ that will be used
for an expansion of the generator of the density fluctuation field later.

Lemma 2.1. Let I > 4 + 1. Then for each F € C}(H_;) and n > 1

Gy (F o exy) (n) = 20(Appr,, DF (1), )

4t
+ (2n + 1)d+2 Z O, 5o D2 F (1)) v[an,ﬂ?]2>n + R (n),
Jj=

for all n € {0, 1}Ti, where

C d
7 () 2d+1 |D*Fllc, ne{0,1}".

}—2+1)

Proof. To prove the lemma, we use the Taylor formula (A.4). For n € {0, 1}Ti we get

n 2
ngLE‘P (Foex,)(n) = w Z Z (F(ﬁm—erej) — F(f’))
Jj=1zeTd
5 d
(2n + 1 Z Z DF A;C<—>£C+6J _ ,':\]]
j=1zeTd
d
yent )7 (2”+ 1)? Z Z D2F [ Ax<—>x+e7 _ ﬁ)xz]

z€TY

2 +1)2 & .
+ %Z Z Rj(il?,’l]) = Il +[2 +REP,
Jj=1zeTd

=2



where H*%+¢ = ex,n**T% and

ID*Fllc

1By, )] < P,

17 e*es — g,

Using the equality (A.10), we first estimate the expression

. 1 _ 2
Arrxte; a2 — ATrTHe;
l=o+es — fl|2, ;Z:d T (T 6|
€
_ 1 rirxr+te; 2
= ZdWK?? J—n,§k>n‘
kezd

for z € T,, and j € [d]. Note that for each ¢ : T¢ — C

x TTE€j 1 X TT€;
o™ = ot = (g e 2 PTG
zeTd

1
- m Z p(2)n(z)
zeTd

~ iy e+ o) = (@) (@) @)
+ gy ) — (e + €)oo+ )
1

T @2nt1)d [n(z) = n(z +€;)l [o(z + €;) — ()]

472

= —Ziﬁj;jjg;gandn(x)and¢(x)

Thus, using (A.7) and Lemma B.1, we estimate

|<77 crte _777§k>n| = W |0n,51(2)] [0, 5k (2)]
472 n 87T2|k5j|
= (2TL+ 1)d+2 |87’L7J77($>| ’Mkvj‘ S (2n+ 1)d+1
and, consequently,
_ 64 |k, |? 6474C;
srerrte; a2 < J <
I il < (2n + 1)2d+2 Z (1+|k|2)f = (2n + 1)2d+2

kezd
due to I > % + 1. This implies the inequality

d
(2n+1)% Cr Cr 3
2 1D F”CZ Z (2n + 1)3d+3 = (2n + 1)24+1 ID°Fllc-

j=1z€T,

|REP(n)] <

In order to rewrite I; we use the fact that the derivative DF(7}) belongs to the dual
space of H_;. Hence, DF (7)) € H; and

DF (i) ["*e — ] = (DF(7), 7" "% — i) = (pr, DF (), n" " —n)
472

=~ Gy 1y P DE()(@)0n gu(2),



according to (A.9) and (2.1). This implies

I — _(2n;1) (Qnil — Z > 8, jpr, DF (i) ()0, ()

Jj=1zeTd

d
= 7271-2 Z<an,jprnDF(ﬁ)v an]77>n = 27T2<AnprnDF(ﬁ), 7]>n7
j=1

where we used the discrete integration by parts formula (A.6).
Since D?F(f) € L2(H_7), the equality (A.13) yields

D2FG) |7 =) | = (DR (@), (" — ) %)

n

Similarly to the computation in (2.1), we get that the right hand side in the expression
above equals

1674 92 @2 2 9
W@L]pr D*F(7)(x, x) (On n(x))” .

Hence,

1674(2n + 1)2

2T 4@n+1) 2d+4

Z Oapr 2 DXF (1) (x, x) (O, ()

Jj=1zeTd

47t
= Gnr e 21 (T (0720 2D2F(3) , (0 gn)”)
2

This completes the proof of the lemma. O

2.2 Density fluctuation field for the SSEP and its generator
The aim of this section is to consider the density fluctuation field
G (2) = (2n+ )2 () (z) — o} (@), x €T, ¢>0,
for the SSEP and obtain an expansion of its generator. It is easy to see that the process
pr(x) =Enj(a), weTd, t>0,

is a unique solution to the discrete heat equation
t
i) = i)+ 2 [ Aupbla)ds, we T 20, (2:2)
0

with pl(z) = En?(z) € [0,1], = € TL. Moreover, p} € [0,1]T" C Ly(T?) for all t > 0.
Using the chain rule (see, e.g. Theorem [9, Theorem 2.2.1]) and the discrete integration-
by-parts formula, we get for each F € C!(Ly(T%))

t
F(pP) = F(o}) + 22 / (DF (o), Anpl)., ds

t
= () + 2 | (AP, p2), ds. 0.
0



In particular, this implies that (p}*,n}), t > 0, is a Markov process with generator

Thus, the process (p}, ('), t > 0, is also a Markov process and for each F' € C*(Ly(T%)?)
t
P3G = P G) — [ G7TF (s, e 0,
0

is a martingale with respect to the filtration (ffn)tzo generated by the process (™ that
coincides with (F}" );>o. Here

G F(p,¢) = 2x° (AnD1G(p,m). p),, + G7FGlp, ) (),
where G(p,n) := F(p,¢) and n = p+ (2n +1)~%?C,
Similarly to the previous section, we extend p and ¢} to the domain T¢ by setting
= exuplt and (= exp (P (2.3)

for all ¢ > 0 and consider (57, fﬁ), t > 0, as a process with values in H; x H_j for each
I,J € R. Since (p™, (™) is obtained from the Markov process (p”, (") using injective
mappings, it is a Markov process too. Furthermore, for each F' € C'(H; x H_j)

F(pr. ) — P3G / GFFF(pn (M)ds, ¢ 0, (2.4)

is a martingale with respect to (an)tzo, where F(p, () = F(expp, exnC), p, ¢ € Ly(T2),
and F' € C'(Ly(T%)?), according to Lemma B.22. Note that GFFEF(p”, (") can be
rewritten as GE'F' F(pr, p7, pr,,(*) due to Lemma B.3. Consequently, setting

G F(p,¢) = G F(pr,p,pr,¢) = G (F o ex)?) (prop,pr,(), p€ Hy (€ Hoy,

where ex*2(f, g) = (ex, f,ex,g), f,g € L2(T%), we conclude that for each F € C1(H; x
Hy)

t
F(pr,(my — P30, &) - / GFF R, (s, 130, (2.5)

0

is a martingale with respect to (}'fn)tzo. In particular, the expectation of the martingale
in (2.5) equals zero.

We will need the following property for the case of time dependent functions F'.

Lemma 2.2. Let J,I € R and F € CYY1([0,00), Hy, H_;). Then, for all t > 0 and
n €N,

t
BE( ) = BRa(5,G) + [ B[OR.G.G) + G RG] ds, 20,
0
Proof. Considering a partition 0 =ty < t; < ... <t =t, we get

EF (7, CP) — EFo(p5.¢ ZE B Gy = B, (1, G

NE

E[ ti— 1(ptv<t> ti— 1(Pt lagtni,l)}

k

1



Z K [Ft Ptis G b (91 G )} (2.6)

/Z GFFFM 1(ﬁ?7§n)d5]
ti—1

aF pt1 ) ]7

k= ti—1

where we used (2.5). Trivially, E,, = ex, ([0, 1]T%) xex,, (n¥/2[0,1]T) is a compact subset
of Hy x H_; because it is closed, bounded and finite-dimensional. Moreover, (5}, f{’),
t > 0, takes values in E,. We also note that the functions (s, p,¢) — GFF Fy(p,¢) and
(s,p,¢) — OFs(p, () are continuous and, thus, bounded on [0,¢] x E,. Using the right-
continuity of (57, éf), t > 0, and the dominated convergence theorem, we conclude that
the right hand side of (2.6) converges to

t
| B0 Rn e +o.p ] as,
0

as the mesh of the partition goes to zero. This completes the proof of the lemma. O

In the next statement, we get an expansion of GFF F(j, () needed for its comparison
with the generator of an Ornstein-Uhlenbeck process. Let 7 denote the shift operator

on T¢ defined by ' f(z) = f(z +e}).
Proposition 2.3. Let J > 2,1 > d+2,1 >0, |—ﬂ—|—1+ <ITandF € Cl HS(HJ,H )
Then for each n > 1 there exists a function R, : [0, 1] " x R™" — R such that

GEFF(p,) = 2m* (ADLF(p,0),p) + 2n* (AD2F (5, )., €)
+4n? Z (T (652D3F(5,0)) .51~ 5))

Jj=1

U

272 o n
+ Gnrid ; <Tr (8;82D§F(p, C)) ,exp, [(T] C]>
+ R, (),

and

R e R N CE P 14 I

C. . -
B0 < 3
for all p €0, 1]Ti and ¢ = (2n +1)¥2(n — p), n € {0, 1}Tfu

Proof. Take p € [0,1] "o e {0, 13T and ¢ := (2n + 1)¥2(y — p). For G(p,n) =
E(p, (2n+ 1)%2(n — p)), where F(p,¢) = F(p, (), we first rewrite

(BuD1Glp.m).p) = (AuDiF(p, 2+ 1)Y= p)).p)
— @n+ )72 (A, DoF(p, 20+ )" (= p)).p)

= (APt DiF(3.0).p) = (2n+ 1" (Aupr, DaF (5.C), )

n n

10



due to Lemma B.22. Thus, using Lemma 2.1, we obtain

GEFF(p, ) = 272 (Mupr, D1 F(5,0), p) = 2m(2n + 1) (Aypr, DaF (5,0), p)
+27%(2n + 1)Y2(Anpr, Do F(5,C),n)n

n n

47t d 9 .
+ W; <T1"( oty P D3F (p C)) 7(6n,jn)2>n (2.7)
+ Ry (p,m),

where the error term RET satisfies

Cr

(B o.0)| < oy

ID3Fllc-
For the first term of the equality (2.7) we have

‘ (8upr, DiF(p.C)p) = (ADIF(5.0). )

n

= ‘<ean pr, D1 F'(p, ), > - <prnAD1F(ﬁ’ é)’ﬁ>

< |lexaapr, D1 F(5,0) = pr, ADF RO lolla

J—=2

C L oa . C
< ZIDFE Ol 18] < 1D Flle,

according to (A.12), Lemma B.11 and the fact that J > 2. Similarly, we get

Q

<AnprnD2F<ﬁ7 6)7 <>n - <AD2F(ﬁ7 é)v §>

1D2E (D, Ol 1€ 11

ID2FllcICllzr_ -

Q:

3

To rewrite the fourth term in (2.7), which will be denoted by I, we first set

Usan(p,m) o= Tr (052032 D3P (5, 0))
and note that

@ yn@)? = ZT D (0 4 o) (@)’

472

= D (e tep) + ) — 200 + en(a)

for all x € T¢. In terms of the shift operator 7', we get

=

I

:]l\.’l
M~

(Ujnlpsn)smin +n—2n7i'n),

d
Ui n(pm), p(1 = p)), + 72> (Ujnlpn),7i'n = p),,

1 j=1

Il
[\™}
3
[\v]
M= *

<.
Il
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d
Z )on = p), —2772 (P )7 — %) ZL“

We next estimate each term of the right hand side of the equality above.
(I4,1): According to Proposition B.18, there exists a function R?:}L : [0, I]Ti x {0, 1}71'1 —
Ly(T%) such that

Ujn(p,n) = pr,Tr (8? *D3F(p,¢ )) + R (p,m) (2.8)

due to I > d + 2, where

Cr .2 Cr
max | R}, (p,1)(z)| < — sup ID3F(p, )l sy < s - (29)
veln pel0,1]™ ceR™ ’

We also note that

c
2
Jexnr® = (exup)?|| < ZllexupliErarm o (2.10)

by Lemma B.7. Thus, setting H(p,n) := Tr (6;82D§F(,6, f)) and using (A.12), we can
rewrite

(Us.npsm), p(1 = p)),, = (pr, Hp,m), ), — (o1, Hp,m), %), + { Rin (o). p(1 = p) )

= (H(p,n), p) — (H(p,n), exnp”) + <R§,’i(p, 1), p(1 — p)>
= (H(p,n),p(1 = p)) + Rj ,.(p.n),

n

n

where RY, (p,n) = (Ria(om)p(L=p)) + (H(p,m), (ex0p)” = exop?). Using (2.9)
and (2.10), we get

|R;,.(p,m)| < *IIFIICIS

I,HS

C
5IIH(p, MIllexnplZraraa-
Since I > ¢ 41, we can use Lemmas B.2 (iii), B.15 and B.16 to get

1H (p,m)l| < C1llOF* DIF (D, Ol cars a1y
< CHIDIF(p, )l cprs () < CrlFllcrs -

Thus,
Cr R
B ao)| < =2 [1Fllgps, (1 1212 rra)] -
(I4,3): Using (A.12) and Proposition B.18, we get

1
(2n+1) d/2| 2

- e nton. &

(Ujnlpsm)sn—p),| = 2,1)5 )l

IN

1 .
—arz lexaUsn(p, )l lICH

I A

d/QIIDz (0 Ollzgs - ICla_;
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1,0 P
< WHFHC;”;S”C”HJ

foreachfZOsuchthat I~+1+g < I.
(I4,2) : We first rewrite
Ujnlpn),tin—p) = Uinlp,n),n = p), — Ujnlpsn), i —n)

= (Ujn(p,n),n—p),, (Ujm(psm), 0n3m),, -

™
2n+1
The term (U;»(p,n),n — p),, was estimated above. We now estimate

‘<Uj,n(p7 77)7an,j77>n| = ‘<an,jUj,n(p7 77)777>n‘ = |<eXn8n,jUj,n(p7n)7ﬁ>|
< [lexnn.;Ujn (0, M 17

Due to the fact that n takes values from {0, 1} and Corollary B.4, we get ||7|| = |lexnn| =
[I7ll» < 1. By Lemma B.8 and Proposition B.18, we obtain

||eXn8n7jUj,n(p7 77)” < ||eXnt,n(pv 77)||H1 < CI”FHC;;ISv
where we have used the fact that I > 2+ . Thus,

Cri 2 Cy
(Usnloim)smin = p), < 51 Fllors Nclla_; + —=l1F s

(I1.4) : Using the equality n = p 4+ n~%2¢, we first rewrite
(Ujnlpmsnrin=p%), = Usnlp:n), o750 = %),

1 n
+ (e (Ujnlp,m), p7jC)

1 n
+ @nt )i (Ujnlp,m),C}o)

1

Let I4.4, i € [4], denote the terms in the right hand side of the equality above. We first
estimate the term I, 41 as follows

2T 2T
L S i,n\Fs yUn, g S = 4 j,n\Fs n||n,jPlIn
Haan] = 5= [Usn(p,mp, Ongp)| < 5=7 105 (0:m)plln|0n sl
2 2
< T_HHUJW(P’ MnllOn,jplln = m”eXnt,n(@ M llexnn jpll
Cr .2 R
< ?”DgF(pvC)HL‘?S(H_I)HpHPh
Cr

< 2L Fllgyg, 1olm,
where we used (A.12) and Proposition B.18. According (A.12) and Lemmas B.9 and
B.10, the estimate

1
RCEE [(exn (Uj,n(psm)p) s ex07]C)|

1
|I442] = Gnr1)ir ‘<Uj,n(/), np,7; >n

1
< ndl2 llexn (Ujn(p, U)P)”HI. lex, 7" Cllm_;

13



1,0 A 2
< 12 llexnUj.n(ps 77)||Hm lAllarn lICie_;

Crij R .
S — i 1 eps Mpllarn lICla_;

holds due to [I]+1 +42 < I. Here we estimated |lex,U;,»(p,n) ||HI asin (I,3). The term

14,43, can be estimated similarly to I 42 by the same expression. Due to the equality
(2.8), we get

1
@nr i (Ujnlp,m), CT}C)

= Gy (T (07205 (.0)) 7<) + (RENoan). =9} (0= 0)),

Iy44 =

Now, by (2.9) and the boundedness of 7 and p, we obtain

(BE o). = o) =0)) | < Pl

L,HS

This completes the proof of the proposition. O

2.3 Some properties of the density fluctuation field

The goal of this section is to estimate the Sobolev norm of the density fluctuation field
and the expectation of the term (f,ex, [¢/'7/'(;']) appearing in the expansion of the

generator G'F. We first prove an auxiliary statement.

Lemma 2.4. Let py € Lo(TY) take values in [0,1], ¢ € C(T?) and (n}*)i>0 be the SSEP
started from ny = (g (x))gera for each n > 1, where ny(z), x € T4, are independent
random variables with Bernoulli distribution with parameters p(x), © € T, respectively.
Let also p*(z) = EnP(z), r € T¢, ¢t > 0, and ' = (2n + 1)d/2 (n — pit), t > 0. Then,
for every t > 0,

2
E [{exaCl', ¢)2] < (14272 | Vagbll) o) Iprael2 -

Proof. We set ¢, := pr,,¢ and rewrite for n > 1

E [<exn<tn730>2} [<Ct aprn<)0> ] 2n + 1 Z Ct

z€TY
(2n-|— 1 (2n + 1)2d Z E Ct Ct ( )] ($)<Pn(y)
z,y€Td
= o 2 E|or@ - @] e
z€T4
+ m > Bl @) = pp @) (07 () — £ )] en(@)en(y).
z#y€TH

The first term of the right hand side of the equality above can be estimated by

1 2 2
(2n+1) ot

14



due to the fact that n*(x) — p7(z) € [0,1] for all x € T¢ and ¢t > 0. The second term
can be estimated by

2
2n% sup max [V,,p7 (u)|? [pr, ]2 o
s€[0,t] weTy

similarly to the proof of the main theorem in [56, p. 32| (see also Section C for the
detailed estimate). Combining both estimates together, we get

n n 2
E [{exa7.9)%] < llealls + 27 sup mas [V, ()] 2, ct
sel0,t] weTq

2
< <1+2772t sup ||V7LP?||n,c> lenlln.c

s€[0,t]

2
< (14272 Vsl ) llonl

2
n,C»

according to the fact that p}, t > 0, is a solution to (2.2) and the maximum principle.
This completes the proof of the lemma. O

Lemma 2.5. Let I > g. Under the assumptions of Lemma 2.4, for every t > 0 one has
E [llexuGr I3 | < €1 (1420 1Vl c) -
Proof. By the definition of || - ||z_, and Lemma 2.4, we get

ST (1K) T E [exal, G

kezd

—I ~
S+ R (1202 Vbl 6 ) Ioril2
kezd

—I ~
SRR T (14202 90pg I o) 154112
kezd

<01 (14222 Vaph I )

E [llexn¢r I3,

IA

where we also used the boundedness of & for the estimate of ||Sx||»,c. The proof of the
lemma is complete. O

We recall that 7] denotes the shift operator on T¢ defined by T f(x) = 7} (7 + €}).

Lemma 2.6. Let J > g. Under the assumptions of Lemma 2.4, for every T > 0 there
exists a constant C' depending on J, T and sup,,~+ ||Vnp§lln,c such that for every random
variable f in H; with a finite second moment and defined on the same probability space
as (" we have

1 C 1
B e G| < B 115

for eachm >1, j€[d] andt € [0,T].

Proof. Using Parseval’s identity, (A.9), the Cauchy-Schwarz inequality and (B.2) (i), we
get

2 2

1
’WEUann[foC?D

1 n__n n
‘warnﬁ £ TG
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1
W Z]E (o1, s Sk )m Sk, fCt)]
kezZd
1

7 O (L )R [[Gpr f o0l

= 2 1
( e kezd

1 n_n n 2
Z WE [|<§kaCt7'th>H

kezZd

C
“yoaE [I£1%,] max E [l4sk, Grr ]

P .
- (2n+1)%

since J > 2. We next estimate for each k € Z¢

WE |:|<<k7<gl7—;b Zl>|2i| _ WE [<<k7<tn7—gn ><Cn nCt >§k>]
m > sk@)srly )E[(W?(w) = pi (@)} (x +€f) — pf(z + €]))
z,yeTd

() = PRy + €)= Py + €))].

Following the observation in [44, Theorem 6.1], that in our setting will follow from
sunllar computations [29], we can bound the expectation above by - £ for distinct x, z +

e?,y,y+e}, where the constant C' depends on 1" and sup,, >4 || Vg Hn ¢- The cardinality
of the set

{(a@y) € (']I‘Z)2 D z,r+e€},y,y+ €] are not distinct}
is bounded by 3(2n + 1)?. Thus, we can continue the estimate by

C 3
+3(2n + l)d:| — T+ m

1 [(Qn +1)%C

(2n 4 1)2d n?

Consequently, there exists a constant C' > 0 such that

1 2

C
< B [IF1,]

This completes the proof of the statement. O

3 Generalized Ornstein-Uhlenbeck process

The main result of this section is the regularity of the solution U, t > 0, to the infinite-
dimensional Kolmogorov backward equation corresponding to the system of SPDEs
(1.2), (1.3), which is defined by U; := PCVF.

The proof of this regularity faces several challenges due to the form of the diffusion
terms in (1.3). Firstly, 1/p(1 — p) is not differentiable, which prevents from following
the usual approach to deduce the regularity of U; from the regularity of solutions to
(1.3) with respect to their initial conditions. Secondly, the variance term p(1 — p) is
non-negative only for p € [0,1], and, as a result, the function U; is well-defined only
on a subset of H; x H_;. This is particularly problematic since the discrete semigroup
(p™,C™) does not necessarily take values in this domain, since p” is not a [0, 1]-valued

16



function in general. However, this property is crucial for our main approach based on
(1.5).

To overcome the latter problem and also to avoid the discussion of the differentiability of
U; at boundary points of its domain, in this section we first approximate p(1— p) in the
SPDE (1.3) by a smooth mollification ®¢ of the non-negative function p(1— p) Vv 0, such
that sup.¢(g 1) [|®°[lct < co. This allows to approximate the function U; by solutions Uy
to Kolmogorov equations that now are well-defined on the complete space Hy x H_j.
Then, in Section 5, we compare the corresponding generators on the functions Uf and
show that the additional mollification error can be well-controled.

The remaining difficulty of the non-differentiability of the diffusion coefficient \/p(1 — p)
is addressed in Section 3.2 below.

3.1 Covariance and Itd’s formula

In this section, we fix a continuous bounded function ® : R — [0,00) and build a
Gaussian process in H_j for some I that will be used for the description of fluctuations
of the SSEP. We first consider the heat equation

dp$® = 2m2 ApSedt (3.1)

in Hjy, for some J > 0, with initial condition pg € H;. It is well-known that there
exists a (continuous) H j-valued weak solution (p°);>¢ to the heat equation (3.1). The
semigroup associated with the PDE (3.1) will be denoted by P;, ¢ > 0. In particular,

ptOO:Ptva t>0.

We next define the generalized Ornstein-Uhlenbeck process ((f°);>0 as the variational?
solution to the SPDE

AGe = 2 Gt + 278 - (/B ) (3.2)

where dW is a d-dimensional white noise. The differentiability of the associated semi-
group will follow from the differentiability of the variance operator for the Ornstein-
Uhlenbeck process whose precise form is described in the next proposition.

Proposition 3.1. Let ® be a bounded non-negative continuous function. For each
1> % +1, po € La(T?) and {y € H_; there exists a unique continuous H_r-valued
variational solution (({°)¢>o to the SPDE (3.2) started from (p and

E sup X7, <o
t€l0,7]

for each T > 0, where (p°)i>0 solves the heat equation (8.2) with initial condition po.
Moreover, (*° is a Gaussian process in H_j with expectation

mt(Co)[QD] =E <S03 Ctoo> = <Pt307 C0> ) pE COO(Td)v (33)

and covariance operator

Vi(p)lw, ¥] = = Cov ({¢°, ), (¥, 7))
= 2712/ (VPi_sp - VPi_ 1), ® (Psp)yds, @, € C‘X’(Td)7 (34)
0

for each t > 0.
4See [49, Definition 4.2.1]
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Proof. The existence and uniqueness of the variational solution to the SPDE (3.2) follows
from [49, Theorem 4.2.4] and the fact that B(t) : Lo(T%;RY) — H_; defined by

B(t)h := 27V - (m h) (3.5)

is a Hilbert-Schmidt operator with Hilbert-Schmidt norm

IB(t ||Hsf2||B Ml =423 3 (14 k) (VB Vo)

=1 kezd
*4%222 1+|k| ‘hl,\/ (ps kgk’
=1 kezd
=472 > (1 + k) VR (p)skl® < 4x? @l D> (1 + [k[F) T < o0,
kezZa keZa

where {h;, [ > 1} is an orthonormal basis of (Ly(T¢))?. Note that the construction of
the variational solution is obtained by Galerkin approximation leading to linear SDEs
[49, (4.48)]. This implies that the process (> is Gaussian in H_; as a limit of Gaussian
processes.

Let T > 0 and ¢ € C°°(T?) be fixed. Consider v; := Pr_sp € Hyo for all t € [0,T]
and use the martingale problem for (*>° and It6’s formula to get

t
(1, €% = (g, Go) + /<sws,< ) ds + 272 /<A¢S,< \ds + mart.
= (Pr, (o) + mart.

for all t € [0, 7] a.s. Thus, taking the expectation and setting ¢t = T', we get
mr(Co)[¢] = E{p, (7°) = (Pre, (o) - (3.6)

Similarly, we compute

t t
(e, C°) = (o, Co)? + 2 / (16, €Y (Dys, C2°) ds + / (W (Y Aihy, € ds
0 0
t
22 Vip|*, ®(p°) ) d .
+ w/0<| VP (p) ) ds + mart

t
= (Pro, G +20% | (|Vi[*,0(p3°) ) d :
(Pro, o) +2m /0 <| vs|”, @(p )> s + mart
Therefore, using (3.6), we obtain for t =T
Var (9, (%) = Var (7, (%) = E [(r, ()°] — [E(¥r, )
= (Pre, (o) + 27 / {1V @(p2)) ds — (Pre, Go)*

T 2
= 271'2/ <|VPT_S<,0| ,<I>(p§°)>ds.
0

The expression for the covariance operator V;(p) follows from the polarization equality.
This completes the proof of the proposition. O

Remark 3.2. The statement of the theorem remains valid if ®(p;) is replaced by ®; for
each measurable locally bounded function @ : [0, 00) — Lo(T9) with ®; > 0 for all ¢ > 0.
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Lemma 3.3. Let ®" : [0,00) — Lo(T%), n € Ny, be locally bounded functions such that
@ >0 for allt >0, n €Ny and

sup ||®} — <I>?|| —0, n— oo,
t€[0,T]

for each T > 0. Additionally assume that (™ — (° in H_; for some I > g + 1 and
tn — to in [0,00) as n — oo. Let also (7" )i>0 be a (variational) solution to

AC™ = 2m2 A dt + 27V - (\/‘IT?th)

started from (" for every n € No. Then Law(~" — Law( 0 in the 2-Wasserstein
topology on the space of probability measures on H_; with a finite second moment as
n — oo. In particular, for each F € C{(H_j)

EF(GO") — EF(G7)
as n — 0.

Proof. We will first show that ¢, " — (7~ % in distribution as n — oo, using [5, Example
3.8.15]. For this we will show that the means E¢; ™ converge to EQ;O’O in H_;, the
covariance operators V" of Cf: "™ converge to the covariance operator Vt% of Cfoo 0 in
La(Hy) and E[IG" %) — BN
By Proposition 3.1 and Remark 3.2, we get

HECo:n - ECZJO’OHHJ = HPtnCn - PtoCO”H,,

<P (€ =)y, + ([P C” = Pl
<I¢™ = Cllay + [|PrC® = POl , =0

as n — oo. We similarly estimate
Vi = Vil e, <IVEL = Villes + 1V = Vidlca:

The fact that [[V,2 — V2|, — 0 follows from the continuity of ((;*%)s>0 in H_; and
[5, Example 3.8.15]. Next, using Proposition 3.1 and Remark 3.2 again, we estimate

Ve = V2%, < IV = VE s
= N @+ D TA+ DV G @) — V2 G @)
k,lEZd
<dr't, > (LR TIA+ )]

k,lezd
tn )
: / VP, G- VP, G, % — )| ds.
0
According to the fact that
PG =e MG ke zd,

we get
2 2 2
VP, -G - VP, oG = —e 27 I Gq.6.
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We now separately estimate for &, € Z% and a bounded measurable function f : [0,#] —
Ly(T9)

tn tn
/ <VPtn—s‘fk . thnisfl’fsy ds < ‘k|2|l|2/ 6—47r2(|k|2+\l|2)(tn—5) <§Nk§~lafs>2d3
0 0

IN

- 2 2 s

P sup 5 / e~ (HI) (1n =20 g 3.7)
SE n

_ SWacfo.r, sl k[0

ST 4 REA R

Hence, due to the fact that I > % + 1, we conclude that

Ve = V2 |[2gs < Crta sup |87 =08 =0
s€[0,tn]

as n — oo. The convergence of the second moments E[[|(;”"(|3, ] to the second moment

IE[HC;’O’OH%I_I] can be proved similarly. Hence, by [5, Example 3.8.15], {;7"" — Ctooo’o in
H_; in distribution as n — co. Now, using the fact that E[||¢;0"[13,_,] = ]E[HC;’O’OH%,_I]

as n — 0o, we can conclude that Law(;~" — Law(;> % in the 2-Wasserstein topology on
the space of probability measures on H_j, by [64, Theorem 1.6.9]. This easily implies
the second part of the lemma. O

Remark 3.4. According to the definition of variational solutions, we have
P = po + 27? / ApXds, t>0,

in H;_5 and

t t

G =C+ 27r2/ A(ds + 27r/ B(s)dWs, t>0,

0 0
in H,[,Q.
We will provide here the It6 formula for the process (p°°,(*°). Note that while Ito’s

formula for Hilbert space valued processes is available in the literature, we need to obtain
the resulting It -correction term in a particular form. We therefore include the result.

Lemma 3.5. Let I >4 +1,J>0, F e C"%([0,00), Hj_2, H__5), D3F take values
in LYS(H_1_5) and (p3°, (), t > 0, be a solution in Hy x H_; to (3.1), (3.2) started
from (po,Co) € Hy x H_;. Then

R, G¥) = Folnso) + 27 [ (D3 (5,2, Bls)aw)
t
+ [ oR(p . ¢yds + 2m / (ADLF, (5,C), o) ds
+or? /t (AD2F(p2°, (%), C°) ds
vt [ Z (T (972 D3FL (5, C2°))  @(p)) ds
for all t >0, where (B(t))e=o is defined by (3.5).
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Proof. We first note that according to the assumptions on J and I, the process (p°, (),
t > 0, has a continuous version in H; x H_; and thus the identities of Remark 3.4 hold
in the spaces Hj_o and H_j_o, respectively. Using then the infinite-dimensional It
formula® in the Hilbert space Hy_o x H_;_o, we get

t
Fupi®, ) = Faln, o) + 27 | (DaFu(5,G¥), Bs)W.)
0
t t
+ [on s+ ant [ (DiEE. 000 ds (39
0 0
t
+an? [ (DaF (5, ¢), AT ds
0
1 t
+ 2/ trace [Dz s(p°,C°)B(s )B*(s)] ds,
0
where B*(s) : H_;_5 — (L2(T%))? is the adjoint operator to B(s) and U(s) :=
D2F,(ps,Cs)B(s)B*(s) is interpreted as a bounded linear operator on H_;_ 5 defined

by
<U(s)§k’7§l>H—I—2 = Dng(psv Cs) [B<S)B*(S)§kv<fl} ’ kal € Zd-

We next rewrite the last term in the right hand side of (3.8). For this, we take the
orthonormal basis {(1 + \k|2)(1+2)/2 S, k€ Zd} on H_;_5 and compute

trace [U(s)] = Y (1+ [kI*) D3 Fu(ps, ¢o) [B(5)B" ()sk, <]
kezd

Taking also an orthonormal basis {h; = (h);c(g, | € N} on (Ls(T%))%, we can expand
B*(s)sy in the Fourier series

= (B*(s)sk, hu)h

=1 =1

= (1+ |k]?) qu,
= d
(14 k)2

MS

(S, B(s)h)_, I

M8

(o0, (Va5

j=11=1
d oo

= —21(1 + |E]?) 12221 <§k\/ (ps)s h>
Jj=11=1

:(_2m(1+|k|2)—1—2kjgk @(ps))‘ .
J€ld]

Thus,
d
B(s)B"(s)ai = —Am*(L+ [63) 714 3" k0 (0(p.)
j=1

and, consequently,

trace [U(s)] = —47TQZ Z ik; D3 Fy(ps, Cs) [0 (1 ®(ps)) s s—]

Jj=1kezd

5see e.g. [33, Theorem 2.10]
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= 42 Z > D3F.(ps,Cs) (05 (sr®(ps)) , Dis—i] -

j=1kezd

Using the expansion of ®(p,) in the Fourier series

®(ps) = Y (Plps)st)st = Y (s-1,®(ps))si

lezd lezd
= Z<§l7q)(ps)>§7l,
lezd
we get
o U] = 473" 3 3 DR (90 0 1.0554] (5. 000.)
Jj=1kezd ez
d
DN 3 LTRSS
Jj=1 \kezdlez?
= 4W2Z<Tr (022D3Fu(ps. C.)) . @(ps)
j=1
according to Lemma B.15. This completes the proof of the lemma. O

3.2 Differentiability of the Ornstein-Uhlenbeck semigroup

Let (p§°)i>0 and (n5°)¢>0 be solutions to (3.1) and (3.2) with a bounded continuous
function ® : R — [0,00), respectively. In this section, we consider these processes as
functions of their initial conditions p := p3® and ¢ := (§° and study the differentiability
of

UL (p.Q) = EF (p°, )
with respect to (p, () for F € C}”EIS(HJ,H_I).

The fact that U?® is three times continuously differentiable with respect to ¢ directly
follows from the linearity of (*° in (, see the proof of Proposition 3.9 below. Hence,
the main challenge is the regularity of U® with respect to p. The main difficulty is
that the diffusion term /®(p) is not differentiable, and, therefore, we cannot follow
the usual approach to conclude the differentiability of U® from the differentiability of
the solution ¢*° to the SPDE (3.2) as function of its initial condition. This is solved in
this section by exploiting the Gaussianity of (*° together with an infinite-dimensional
integration-by-parts formula.

We start from the following auxiliary statements.

Lemma 3.6. Let [ > % +1,J > %, (€ H_; be fized and ® € C3(R). Let also ((7°)i>0
be a solution to (3.2) started from (, where (p7°)i>0 is a solution to the heat equation
(8.1) with the initial condition p5° = p € Hy. Then for each t > 0 the covariance Vi(p)
of (° can be extended to an element in L¥S(H ) also denoted by Vi(p). Moreover, the
map V; belongs to C; (HJ; EfS(HI)) and its derivative at p € Hy in direction h € H;
is given by

DV(p)[hllip, ¥] = 20 / (VPyvp- VP, ® (Pup) Puh) ds (3.9)

for all p,¢p € Hy and
IDVi(p) (1]l cars (rrpy < tCHlIR"[clIPlmr, - (3.10)
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Proof. Using Holder’s inequality and Proposition 3.1, we get

Vi(o)ligs 1l < Nl Il B (113, ] < Conrclplin 161,

for all ¢,9) € C°°(T%). This implies that V;(p) can be extended to a continuous multi-
linear operator on (HI)Q. Using Proposition 3.1 again, following the proof of Lemma 3.3
and applying the estimate (3.7), we can show the boundedness of the Hilbert-Schmidt
norm of V;(p) given by

IVe(p)lzns < Crt sup, 12(p3%)]1* < Crt]| @] 2. (3.11)
sg|0,

To get the (Lipschitz) continuity of V; : H; — L5(H;), we can also follow the proof
of Lemma 3.3 and use the estimate (3.7) to get for p,p € H;

IVi(p) = Vi(p)l|zs < Crt sup [[9(Pp) - (P
s€|0,
< [|®'llc [Psp — Pspll < [12'llcllp — Al

< ®'llcllp = Allu,-
We next check the differentiability of V; at p € H; and show that its derivative is given
by
¢
DVi(p)[hllp, ] = 27T2/ (VP - VP_sip, ®'(Psp) Psh) ds.
0

Similarly as above, we estimate

IVi(p + k) = Vi(p) — DVi(p) (1] 2z5
= >+ EPTA+ DT Vilp + h)[e, Gl — Vi(p) [k @] — DVa(p) (Al [, 11

<10 sup || @ (Psp + Psh) — @ (Pyp) — ' (Pop) Psh||* < tCr||@"[|c ]| (Psh)?|?
s€0,t]

< tCr1l|®” |l ,

where we used Taylor’s expansion for @, (3.7) and
2 2 2
|P?|* < ||| | = IPIE < Callnlie < Collnl,

due to J > g.
The boundedness of DV; follows from (3.9) and (3.7). Indeed, for each h € H, one has

IDVi(p)[B]l[Zms < 4t D (L+ k)7 (1 +[117) 7
k,lezd

t
- / (VP - VPo i, ' (Pup) P ds
0
<ty Sl[lp] |®"(Psp) Psh||* < tCr[|®'||c||Pshl?
s€[0,t

= tCr||@'||c[Ihll* < tCr||®[lclIhlF, -

The continuity of DV; can be checked similarly. This completes the proof of the state-
ment. O
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Lemma 3.7. Under the assumptions of Lemma 3.6, one has

sup E [[[pr, ¢ — ¢<[l3_,] =0
pEH

as n — Q.

Proof. We rewrite

E [lpr, ¢ = I3, | = D2 1+ k) E [, 6)?]

kgL,

= > IR (Vi) 6] + E LG, 0 ) -

kgzd

Using Proposition 3.1 and following the proof of Lemma 3.3, in particular (3.7), the
expression above can be estimated as follows

S+ ) (Vo) ) + (me(G:))°)

kgzd
< S s (el 1 (¢ pay
B 20k
kg7
< 7T2t||cb||c Z (1 + |k‘2)71+1 + Z (1 + ‘k|2)71678ﬂ-2|k|2t<€,§k>2.
heZ kgL

This implies the uniform convergence of E [||prnc,§’° - ,?OH%LI} to zero as n — oco. [

Define for A € LIS(H_;) and B € L¥5(H;)
A:B:= Z AlSk, S B[Sk, <1
k,lezd

and note that
|A: Bl < | Allzzs (m_p |1 Bllcars (a1,

according to (B.13).

Proposition 3.8. Let I > %+ 1, J > % and ( € H_; be fived. Let also ((°);>0 be a
solution to (3.2) started from ¢, where (p?°);>0 is a solution to the heat equation (3.1)
with the initial condition p® = p € Hy. Then for each F € C}(H_;) with bounded
uniformly continuous second derivative in the space LES(H_;) and t > 0 the function

Ui(p) :=EF(¢°), peHy,
belongs to C}(Hj) and for each p € Hy and t > 0
DUp)[H] = SE [D*F(G®): DVi(p) ], h e Hy, (3.12)
where Vi(p) is the covariance operator of (° defined by (3.4).
Proof. Let t > 0 be fixed. We will show the differentiability of U; on H;, using the
differentiability of the variance V; that follows from Lemma 3.6. Define the sequence of

functions
U"(p) :==EF (pr,;°), n>1,
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and show that they are continuously differentiable on H; and their derivatives converge
uniformly to a continuous function U. By [9, Theorem 3.6.1], we will conclude that
U; € CY(H;) and DU = U.

Setting " := (((7°, Sk) — M) pega for my, = E(CP°, Sk), we can represent U™ as follows
U™(p) =Efn (m™ +£"),

where .,
fn(2) = F (xn(2)), z€R™,

Xn(2) = > peza 2k and m™ = (my)peze- Note that £ = (((7°, <) — Mk )peza 18 @
centered Gaussian vector with covariance matrix

V™(p) := (Vilp)[Sk> g peze

that is non-negatively defined and symmetric. By the differentiability of F', the function
fn belongs to C2(R%") and

& fn
8zk6zl

On _ DRyl

= D*F(xn)[&,G], k,lezl. (3.13)
3Zk

Using the spectral decomposition theorem, there exists a square-root 1/V"(p) of V"(p),
that is a (unique) non-negatively defined symmetric matrix such that (/V"(p))? =
V™(p). Thus, we can define &* = /V(p)&™ for a standard Gaussian vector £" =
(ék) kezd. Therefore, the differentiability of U™ will follow from the differentiability of
p = Efo(m™ 4+ \/V(p)E").

Let Sym,, denote the Hilbert space of symmetric matrices (Ak,l)k,lezg with real entries
and be equipped with the inner product

A:B:= Z AkJBkJ.
k,lezd

The open subset of positively defined matrices from Sym,, will be denoted by Sym;’.
Note that the square-root function /- : Sym,” — Sym} is continuously differentiable

n

and its derivative (Dv/A)[B] in a direction B € Sym,, satisfies
(D\/Z) [BIVA + VA (D\/Z) [B] = B, (3.14)

according to the expression for the derivative of the product A = v/AvA. We next
consider for each ¢ > 0 a continuously differentiable function Gs(A) := I + A, A €
Sym, %, with values in Sym;", where I is the identity matrix and

Sym; % := {A €Sym, : Az-x > —0lz|*>, x¢€ Rzz\{O}}
is an open subset of Sym,,. Then G € Cl(Sym;‘s; Sym,") and, consequently, the func-
tion
Kos(A) i=Efy (m" +V/G5(A)E"), A€ Sym?,

is continuously differentiable with derivative in a direction B € Sym,, given by
DK, 5(A)[B] =E[Df, (m" + VGs(A)E") - ((DV/Gs(4)) [BE")]
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due to [9, Theorem 2.2.1] and the dominated convergence theorem. Using the integration-
by-parts formula for a Gaussian vector (see Lemma C.1), we get

DK, s(A)[B] =E [D? n (m” + MGg(A)é”) : ((D\/GT;(A)) [B]\/G(;(A))} .

Next, by the equality A: (BR) = A: (RB) for A, B, R € Sym,, and (3.14), we have

DE, 5(4)[B] = 5E [D* 1, (m" + V@A) - ((Dv/Gs(4)) BIVGA)) |

2
=D (m VG - (VG (DVEs() [B])] (315)

- %JE {Dan (m" + \/mm) : B}

for all A € Sym,; %and B € Sym,,. By the differentiability of the composition and the ex-
pression (3.15), we conclude that the function Ef, (m” +VoI + V"é”) is continuously
differentiable and

DU™(p) i= DEf, (m" + /6T + V"(p)¢")

for all § > 0. Now, taking § — 0+, and using [9, Theorem 3.6.1] and the dominated
convergence theorem, we get that U™ € C! (H;) and

DU (p)[h] = DE, (m" + v/ V7 (p)€") [1]
_ %E [D2f, (m™ +€") : DV*(p)[h]] . p.h € Hy.

Note that the assumptions of [9, Theorem 3.6.1] require the uniform convergence of the
sequence DU™? to DU™ as § — 0. We will show this property for a more complicated
sequence of derivatives at the end of this proof. The uniform convergence in the present
case can be obtained similarly.

In order to show the differentiability of U;, we will use [9, Theorem 3.6.1] again. We
first note that
U™(p) = Ui(p)

as n — oo for each p € H;, by the dominated convergence theorem and the fact that
pr,C° — ¢° a.s. in H_j as n — oo. We will next rewrite the derivative DU, via the
derivatives D?F and DV} in the corresponding spaces. Using (3.13) and

DV (p)[h] = DVi(p)[h][Sk, Gl
we obtain
DU = 5 3 B [D2F(pr, )i G1DVi(o) 1[G ]
k,lezd

— %IE [D*F(pr,,¢°) : pr&2DVi(p)[h]]

for all p,h € Hy. We next note that D?F(¢) € L¥9(H_;) and DV;(p)[h] € LIS(H)),
by Lemma 3.6. Hence, D>F(C) : DV;(p)[h] is well defined for each ¢ € H_r, p € Hy
and h € H;. We will show that DU™ — DU uniformly. Using (B.13), we get

DU )] ~ DU)[A < 3B [|D?F(pr, %) - (pré?DVilo) 1] — DVi(p)[8]) 7]

26



+ 5 [[(D7F (o, ) ~ DPF(G)) < Vido) ][
< 5 D2 DVil) 1] — DVilo) Bl g B [ DPF 0, G oo )
4 3 1DV s 1y B [1D*For,G2%) = DRG]
for all h, p € H. By (3.10),
1DV ()25 1,y < I A, oo € Hy.

Moreover, similarly to the proof of (3.10), we conclude

2

= > (WHED) @+ IDV (o) RS, G
k,lgZd

< Y AR+ @ ekl F,
k,lgZd

= ent|¥llclblF,. o k€ Hy,

|7 (o)1m) - V<p>[h]H£gs<HI>

where e, = Y2 o0 (1 + [E[2) 7T (14 [II2)~ " = 0 as n — oo, due to I > 4 + 1.
We next fix arbitrary € > 0 and choose § > 0 such that

ID*F(C) = D*F(¢ )l czsqm_,y <€

for all ¢,{’ € H_j satisfying || — ('[|[g_, < &, according to the uniform continuity of
D?F. We also take N € N such that for all n > N

sup E [|lpr, ¢ = <%, ] <.
pEH

by Lemma 3.7. Then, using Chebyshev’s inequality, we get
o0 o0 2
]E |:HD2F(prn<t ) - DQF(Ct )HCES(H_I)}
2 00 2 NI
=k MD Fpr, &™) = DUF (G )HﬁéfS(HmH{Hprnw—cﬂfz,lza}}
2
tE [HDQF(prnCtOO) - DQF(C?O)”::;SUJ_I)H{\|prn<:°—<;>o||H_,ss}}

<5—2 sup D2 F (O B [Ior 67 = Gl |+

4
< 5 S 1D FO g e+ <

This shows that

2
pseulg)JE [HD2 (pr,¢:°) _DQF(CEO)HCES(H—I)} —0

as n — oo. Consequently,

sup [|DU"(p) — DU(p)|ly_, = sup sup |DU"(p)[h] — DU(p)[h]| — 0.
pEH peH ||h| ;<1

The boundedness of DU follows from the expression (3.12), (B.13) and Lemma 3.6. This
completes the proof of the proposition. O
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We next define for a function F' € C};I?{S(I{J7 H_ ) the differential operator
GO F (p,¢) = 27 (AD1F(p, ), p) + 27* (AD2F (p, €), C)

d
+ 2n? Z (Tr (02°D5F (p,Q)) ,®(p)), pE Hypa, (€ H_rpa.
j=1

Proposition 3.9. Let I > 4 +1, J> %, & C}(R), F € Cl2’4(HJ,H_I) and D2F be
bounded and uniformly continuous in L35 (H_1). Let also

Ui(p, Q) :== EF (p;°, (), t=0,

forpe Hy, ¢ € H_p, where (p$°,(5°), t >0, is a solution in Hy x H_1 to (3.1), (3.2)
started from (p, (). Then the function U belongs to C%13([0,00), H;, H_1) and for each
T>0

/
2 [0y, < Crr (19 + 1Py, (3.16)

Moreover, if I > g + 3, then for each p € Hyyo and { € H_j1o the map t — U;(p, () is
continuously differentiable,

8Ut(ﬂv C) = gOU’(I)Ut(pv C), t> 07 pE HJ+27 C € H7[+27 (317)

and OU € C ([0, OO) X HJ+2 X H71+2).

Proof. To prove the proposition, we will split the dependence of pf° and (/° on the
initial condition for the heat equation (3.1), extending U; by

Ut(ﬁvpvc) = ]EF(ﬁ?O’ 7?0)’

where (57°);>0 is a solution to (3.1) started from p € H; and ((°)i>0 is a solution
to (3.2) started from ¢ € H_; with the diffusion coefficient depending on the solution
(p2°)e>0 to the heat equation (3.1) started from p € H;. Then

Ut(pa C) = 0t(p7 P C)

forallt>0,pe Hyand ( € H_;.

The continuity of U directly follows from the mean-value theorem (see [9, Theorem
3.3.2]), the continuity (¢, p) — p2° as a map from [0, 00) x H; to H; and the continuity
of (t,p, ) — Law(?® in the 2-Wasserstein topology as a map from [0,00) x Hy x H_1 to
the space of probability distributions on H_; with a finite second moment, by Lemma
3.3.

We next show that U~'t is differentiable on H_; with respect to the third variable and its
derivative in a direction h € H_; equals

DsUy(p, p, Q)[h] = E [D2F(57°, G°) [P.h]] (3.18)
for all p,p € Hy, ( € H_j and t > 0. Using the differentiability of F', we get
’ﬁt(ﬁ7pa C + h) - Ut(ﬁa P C) - D3Ut(i5a P C)[h]

= [ [P, ") = PG5, ) = DaF (577, G)Pib] |
= B [F(57,7° + Pih) = F(5°, %) = DaF (5, ) [P
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where ((f°7h)t>0 is a solution to (3.2) started from ¢ + h and, by the linearity of (3.2),
¢ oh = (° + Pth. Consequently, we can estimate the right hand side of the equality
above by || D3F||c||P:h||};_,, according to [9, Theorem 5.6.1]. The continuity DsU

can be proved similarly to the continuity of U. Similarly, we can also prove that U
is continuously differentiable with respect to ¢ to the third order and continuously
differentiable with respect to p. Moreover, the derivatives have a similar structure as in
(3.18). Hence they are uniformly bounded.

The continuous differentiability of U with respect to p and the boundedness of its deriva-
tive follows from Proposition 3.8. Thus, U € C?’I’S([Q o0),Hy, H_y), by [9, Proposition
2.6.2]. The fact that D3U,(p,¢) € LES(H_r) follows from the estimate

~ ~1712
ID30 (0, O Zs iy = D L+ KA L+ UM [E[DIF(p7°, () [Ped, Pl

k,l€zd
= 3 W+ kP (@ + 2y et FPHIE) 1B [DEF (6%, ¢7°) (G &)
k,lezd
< > D A+ A E [ |DEF (0,6 5k,
k,lezd
=]EUIDiF(p}’"’CEO)Higs(H_I)]S swp (| D3F (0, )| s

pEH ;,(EH 1

The bound (3.16) follows from the latter inequality, direct estimates of the derivatives
DU, DF*U, m € [3], that satisfy expressions similar to (3.18), Lemma 3.6 and Propo-
sition 3.8.

Let p € Hyio, ¢ € H_1y2 and (pg°,¢°), t > 0, be a solution to (3.1), (3.2) started from
(p,¢). By Proposition 3.1, the process (p°°, () takes values in Hji9 X H_jyo. Using
the Markov property of (p>°,(*°) and Lemma 3.5, we get for each ¢ > 0 and € > 0

Uit=(p:€) = Ui(p, Q) = E[Us(p°, )] = Ui(p, §)

_ o2 / E(ADyUy(p2°, C), C°) ds
0

t
4 on? / (AD, U (p%°, ¢, p°) ds
+ o2 / ZIE (Tr (052 D3U(pg°, ¢°)) , D(p)) ds.

By the continuity of (p*°, () in Hjy2 X H_j42, the fact that U € C?’l’z([O, o), Hy, H_y),
the estimate (3.16) and Lemmas B.15, B.16 with the observation that ®(pg°), t > 0, is
continuous in Lo(T9), we get

hm Ut+€(p7 C) - Ut(p7 C)

e—0+ e

= QOU"I’Ut(p,C)-

Taking into account that the right derivative of (Uy(p, ¢))i>0 with respect to ¢ is contin-
uous, we conclude that (U;(p, ¢))i>0 is continuously differentiable (in ¢) and the equality
(3.17) holds. The continuity of U follows from (3.17). O

4 Berry-Esseen bound for the initial fluctuations

The main result of this section is a quantified CLT for the fluctuations of the random
initialization of the SSEP (n");>0. Recall that 5y has the distribution v/, that is the
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product measure on {0,1}T with marginals given by von {n(x) =1} = pj(z), © € T,
for a function pjj : T2 — [0, 1]. We define the multilinear operator

Al ] = (p(L = p)p,¥), @, € Hi, (4.1)

for p € Ly(T?) taking values in [0, 1] and I > ¢, and note that it is a trace class operator
since

1 - 1 o
2 Ty A = 2 ey 0

kezd kezd

1
< S — + IplI?) < oo.
- kgd (1 + [k]2)T (Ilpll + 1lplI?) < oo

Thus, by [38, Proposition 3.15], there exists a centered Gaussian random variable ¢ in
H_; with covariance A,, that is,

E[C o) (v, O] = Aplp,¥], ¢,v € Hy.

In the next statement we obtain a rate of convergence for the fluctuation density field
ng of the SSEP, started with distribution 1/;}61, to a Gaussian random variable with
covariance operator A, . Since in this section, we do not work with processes but
only with their initial conditions, we will drop the time-dependence in the notation

throughout this section.

Proposition 4.1. Let I > %—&—1 and p € C1(T?). Assume that C is a centered Gaussian
random variable in H_; with covariance operator A,. Let also p, € L2(T%), 1, have
distribution vy, and ¢, = (2n + )42 (n, — pp) for each n > 1. Then for each F €
C?,HS(HJ) andn > 1

EF(exaCy) — EF(Q)| < Ci ( A+ [90ll0) + llon - p|n) 1Pl

ning L,HS'
Proof. Using the triangle inequality, it is enough to estimate EF(ex,(,) —EF (pr,,¢) and
EF(pr,,{) — EF(¢). By the mean value theorem (see [9, Theorem 3.3.2]), we obtain

[EF(pr,¢) —EF(Q)| < [[DF|[cEllpr,¢ = Clla_; -

Note that ¢ has a version that belongs to H_;; due to the fact that I —1 > g and [38,
Proposition 3.15]. Thus, E[||¢||-1+1] < co. Then using Lemma B.2, we get

C[ CI CI
]EHprnC - CHHfI < ?EHprn( - CHH71+1 < ?EHCHH,“A < ?

We next estimate R} := |EF (pr,,() — EF(ex,(,)| by adopting Stein’s method, see e.g.,
[50, 57] and the survey paper [59]. While in these contributions, Stein’s method is de-
veloped for finite-dimensional random variables, the dimension of (,, diverges to infinity
for n — oco. Therefore, we need to carefully control the dependency of the occurring
constants, and to control them uniformly with respect to the dimension.

Let n > 1 be fixed. An important step in the estimation of R} is the identification of
the (finite-dimensional) random variable ex,(, taking values in the Sobolev space H_j
with a random variable X taking values in a Euclidean space, and to then build an
exchangeable pair (X, X’). This will allow to apply the general finite-dimensional result
from [50, Theorem 3]. We will identify ex,,(,, with its coordinates with respect to the
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basis ¢} = Wg}, k € Z4, of H_; by defining Xy, := ((,,3))n for k € Z2. Then
X = (Xk)reza is a random variable in RZ:. In particular, | X = llexnCallFr_,-

The standard approach for the construction of an exchangeable pair for a random vec-
tor with independent coordinates is to replace a randomly chosen coordinate by an
independent one with the same distribution. Note that the coordinates of X are not
independent. However, we have the independence of the fluctuations ¢,(z), » € T<.
Therefore, we will replace ¢, (z), € T, by an independent copy for a randomly cho-
sen x. Let (n be an independent copy of (n and v be a uniformly distributed random
variable on T¢ that is independent of ¢,, and Cn. Define

(@) = G (@) (e + Cn(@)(ymay, x € TE,

and 3
Cvlz(x) = Cn(x)]l{v7éz} + Cn(x)ﬂ{'y::r}’ T e TZ?

and

1 -
— - _ X ( " " > ~//
k <Cn7§k> k+(2n+1)d C( ) C( ) ( )
for each k € Z%. Trivially, (X, X') is an exchangeable pair, that is, (X, X’) and (X’, X)
have the same distribution.
We also need to replace the function F' : H_; — R by a function f, : RT" — R such that
F(exnCn) = fn(X). Trivially, we have to take f, := I o k,, where r,,(2) 1= D, cza 21,

for z = (2)peze and & := (14 |k )1/2 &, k € Z4. In particular, f € C3(R™") and
Ofn

—_— = =/
Dor DF (ky)[S;) and

3 fn
6Zkazl

= D?F (k) [, ]

for all k,1 € Z2.

Next, for every k € Z¢ we compute

E X}, — X¢/X] = ﬁE (Gt - cnw)) &)
o o 1
- G 2 Colsn = gy
Moreover, for each k,l € Z¢
E[(X}, - Xk) (X] — X1)|X]
Qnﬂ e O E ~ G(@) () — GIH @) ()
z,y€eLe
2n—|—1 (2n + 1)2d Z [ — Gl ))(5”(3/)74"( ))H{v z,y= y}K} Sk (@) ().
x,y€Ld
G O E[Ge) - @i @i @)
z€LY

Due to the equality
E |((a(2) - Cn(x))2|<} = E [(¢u(2))?] + ¢a(@) = 20+ 1)?pa(@)(1 — pa(@)) + G (@),
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we get

E[(X}, — X0) (X] = X)|X] = ——— Y pal@) (1= pu())5 (2)5] (x)

1 ~I1 ~I 1 211~
= m (on(1 = pn)Sis <) + W < nSks Sl >,L~

Note that the entries of the covariance matrix ¥ = (¥ ,)x eza of the random vector
Z = (<prnga§~l/c/>)kgzg = ({(¢,¢ ~”>)kezg

are given by
S = (p(1 = p)3, &)

We thus rewrite

(X} = X (X = X)IX] = g (o1 = ) 30)

2 {pa(l = o) S — (1 — )]

MO
1
= pM E;
e AN T s At
where
Ez,l = <(( —pn(l— Pn)) <~]/C/7<~l//>n
2[{pn(1 pn)fﬁ,% )n = (1= p)&, )]
=: Ek,l =+ 2Ek,l

Using [50, Theorem 3], we get

[EF(exnCn) — EF (pr,, Q)| = [Efu(X) — Efn(Z)]

2n+1) )
< WHD fn||C(CHs(RTg))]E||E ”LHS(RT“‘)
2n+ 1) 5 ) .
* T”D f”HC(L (]RTn))]E‘X - X7,

We next estimate each term in the right hand side of the inequality above. We start
from

92 f
2 o n
1D% Fulleegs ety = 592, 2 <82k82l(2))

2€R% g 1ezd

= swp Y (D*F (ku(2) [ G)°

Z€R% Jezd

= sup > (L4 KDL+ U (DF (ka(2)) G, @)

Z€R% Jezd
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< glép ||D2F(g)||2£§S(H7,) = ||D2F||?)(Lg5(H4))-
gEH 1

Using Holder’s inequality and then Jensen’s inequality, we get

E (1Bl pgoqurty) < 2B (1B 12 o gen, | + 98 (15712 00 s |-

Rewriting

B2 Rye g | = 30 B[00 = p0)? = pull = ) 612

k,l€Zd

= G B 3 (0n) — pa(a)? — pa(a)(1 = o) LK)

klezd zeTd

and using the independence of n,,(z), # € T%, and the equality E [(1,,(z) — pn(2))?] =
P (@) (1 = pn(x)), we get

1 1
o] = @i 2 ar ey

ST B[ () = pn(@)? = pu(@)(1 = pu(@))] E(@)E ()
zeTd

E|[E™l

< 16 Z 1
- 2d 2\1 2\I
@n+ D2 o, (L WP+ IP)

7 [(((@) = pu@)* = pu(@)(1 = pul))’]

z€TY
Cr
[ —
~ (2n+ 1)

due to the boundedness of n,, p, and the fact that I > %. We now consider

" - 1 2
E[1B2 0 00,) = 2 (all= pa)itd), = (o1 = )3 1)
klezd

- Z 1+|k| )1(1+|” ) (< ( Pn)§k,§l> < (lfp)fk,€l>)2~

k,leZgd

To estimate the sum in the right hand side, we rewrite for ¢ € C(T%)

[(on(1 = pn)s ), — (p(1 = p), 0|

2n+1d2pn (1= pu)e@) = [ o= p)etds|  (@2)

)

/ Pu(0)(L = pu())@n (y)dy — / (1)1 — () (y)dy
Td Td

where

Pn = Z pn(2)len  and @, = Z () Lrn

zeTd zeTd
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for 77} = H?:1 {mj,xj + 23%) Using the triangle inequality, we can bound the right
hand side of (4.2) by

[ 1920) = )] (1= (0D [0
- / P 1on(y) ~ p(w) £ (o) dy
+ [ o)1= 0w o) = 2u)ldy
<2elle [ 19,0 = sy + Il

This implies that

1
EQ* <
EIF s rn] € X Gamemrasimy

k,lezd

2
(n%qnc [ 1t = oty + 19 o c)

N

1 2
< i (S I90le) + ool

We now estimate

3 3
1D fn”c(£3 RTE) = Silz);ll ‘5}‘1};1 |D? f(2)(a1, az, a3)|

8fn 1.2 3

= Ssup sup E akalai
zeRZg ‘ai‘él 8zké)zl8zl

= sup sup |» D*F(kn(2))[&, <] akatal
zeR%4 at|<1 30
sup sup |D3F(k,(2)) [ta(al), tn(a?), tn(a®)]],

zeR% |a?[<1

where
= Y sy, € Lo(TY)
keZd
for a € RZn. Due to the identity
1 I
HL(Q)”%{_I = Z W (1 + |k|2) a% = aﬁ = |a|27
kezd

we get

ID* fullc < sup  sup | D3F(xa(2)) 91,92, 951| < |D*Fllcicycrr_,)-
2erZd llgillm_, <1

34



It only remains to estimate

(MY

B = XP) = g | | X o) -] koP

e

1 1

3
= WE Cn(7) — Cn(’Y)’ Z W
i kezd
~ g [ - G|
Cr

<
~ (2n+1)34/2

due to the bound [(,(7) — ¢, (fy)‘ <2(2n+1)4? for all € T¢. Combining all estimates
together, we get the statement of the proposition. O

5 Proof of Theorem 1.1

The goal of this section is to prove Theorem 1.1. We will do so under more general
assumptions on pj than in the statement of the result. Namely, we assume that the
initial conditions pf} are arbitrary functions from Lg(Td) taklng values in [0, 1} such that
SUp,>1 llexnpg || 2 ; < co. Additionally, let J > 4 v 2, I> 441, I1>1+%+2and

J > (IV(4+4)+¢+1. We will show that for each T > O there exists a constant C
independent of F' and n such that

o0 o0 1 AN
sup [EF(G7. )~ EF (i, 59)] < ClFlegs, (s + 178 = ol )
t€[0,T] ) n2

Using the inequality above and Lemma B.6, this immediately yields Theorem 1.1.
We first assume that F' € Clz”és(HJ, H_;) and D3F is uniformly continuous in £ (H_r).

Let ¢ € (0,T] be fixed. To compare the difference E [F(p2°, ()] — E[F(pr, ()], we will
use the expression (1.5). Since U;_,(p?, (") is not well-defined there if 5? takes values
outside [0, 1], we will first replace the process (> by a solutions to the SPDE (3.2) with
® being a mollification of f(x) := z(1 —z) V0, x € R. More precisely, we take a non-
negative function ¢ € C?(R) such that supp¢ € [—1,1] and Jg ¢(x)dz = 1. Then for
each € > 0 we define ¢, := 1¢(e) and O, := e * f. Let

Uf(ﬂz() = EF(ptOO7CtOO7E)’

where (p>°,(>®) is a solution to (3.1), (3.2) in H; x H_; started from (po, (o) with ®
replaced by ®.. Since I > % +3and J > % + 1, we can use Proposition 3.8 to conclude
that U®,0U¢, D1U* € C([0,00) x Hjyyo x H_r45) and Uf € Cpfg(Hy, H_p) for each
t > 0. Thus, by Lemma 2.2 and Proposition 3.9, we get

EF(py th ) =EU_.(p¢, étn)
t
= BUFGR.G) + [ B [67FUE (2.8 —0Ut (7.6 as
t
= BUF(5.G) + [ B [67TUE L (2.80) - 0OV UE 0. ) .
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Applying Proposition 2.3, we obtain

(pt ’ Ct ) ]EUtE (/387 CA(T)Z)

2n+1 ; / (T (952 D3UE_(p2,C2) ) sex [C7'C2] ) dis
+dx? / [ (072 D3Uz_ (2,2 ) P21 = )
— (T (97 D3UE_. (5. C)) L @ (61)) ] ds

t
+ [ BRY (o cds
0

where

CJIfT . R .
B0, Ol < 25~ 10 lleps, (1+IIpIIéWHmIIpHCm)(1+||<||H,,-)
n2 L

for all p € [0,1]™ and ¢ = (2n + 1)¥2(y — p), n € {0,1}T+. Consequently,

(pt aCt ) ]EUtg(pA(T)Lv 6[?)

(e (02 D3U7_ (52, C0) ) e [CEry 2] )| ds

””2/0 ZEKTT (052 D3Ue L2, &0) 1= ) — 2 G| ds (5.1

JI,I,T ~n n
/ 1 legs, (14 152 arares + 180 crn) (14 BIC ) ds.

We next note that the function f7¢ := Tr (8;82D%Utis(ﬁ?, é;’)) belongs to Hj due to
I+1+¢<TIand

¥ SU— o (2, C s (a1 14 (5.2)

< CIDRUE (4% &l egsqar_yy < Cra(l@Llc + DIFers

according to Proposition 3.9 and Lemmas B.15 and B.16. Thus, by Lemma 2.6 (recall
that I > 2), the first term of (5.1) can be estimated by

c . r_ C
B (172991, < e CrrIlo + DIl

n

where the constant C' depends on J, d and sup,,>1 [|[Vo§|ln,c- Note that the finiteness
of sup,,>1 | Vg ||ln,c follows from

d d
Vb e <D 1008 e <D lexndnof
j=1 j=1
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d d
< llexnOn o, < llexnpfll, (5.3)
j=1 j=1

= dl|pg || 1

and the assumption (i) of the theorem, where starting from the second inequality in the
estimate above we used the 1nterpolat10n property (A.8) of ex,, the Sobolev embedding
theorem and then Lemma B.8.

We next estimate the second term of the right hand side of (5.1). We note that
|®.(x) — f(z)] < e for all z € R. Thus,

/ Z ‘ Tr 8®2D2Ut 5(Psagn)) Pe(1—py) — @ (ﬁ?)>‘ ds
<[ Z (9%, £ 32) — . (52))] ds 6.4

+/0 Z (a2 521 — P pmgionn )] ds.
=1

The first term of the right hand side of (5.4) can be estimated by eCr(||®L|lc +
)||FH013 , according to the Cauchy-Schwarz inequality and (5.2). Next, for each

s €0, t] we have

Lo grony ]| [|(1 = Aoy |
P 1AL o <oy || 11— P21 -

[(frae g1 — ) pmgonn )] <
<[ fe

Consider the convex function ¥ (x) := |z|l{;<0y, * € R, and note that it satisfies the
triangle inequality ¥ (z + y) < ¥(z) + ¢¥(y), z,y € R. Thus,

165 gpm <oy || = 1 (PN < M9 (53 = p)II + 1 (02l
<|lpg = Pl +0,

since p2°® > 0. Now, using the triangle inequality, Corollary B.12 and Lemma B.2, we
get

105 = pIl < 1168 = prp |l + [[pr, 057 = P37 |
. Cr
< Cr 113 = poll + <L loll s, -
Consequently,
N N CVT
P2 5n<0y]| < CrllAG — poll + . ool 1,
for all s € [0, t]. Note that
1=pl =11 =pZll, <1

according to the maximum principle. This shows that the second term in the right hand
side of (5.4) is estimated by

Cran(lle + 1Py, (155 - ol + % ol ).
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To estimate the third term of the right hand side of (5.1), we use Proposition 3.9
to control ||UF_ S||Cu by Crr(|®Ll|lc + 1)||F||Cu . Next, recall that the sequence

166 e n > 1, s bounded Since trivially |57 ||z, < |66 ||z, for all t > 0, we get that
1571 cras21+a and |65l rr are uniformly bounded in n > 1 and s € [0, t} due to the

Sobolev embedding theorem and the fact that J > [d/2]+4+ % and J > [I]+ 4. Using
Lemma 2.5 and (5.3), we get

E | llexaG I, | < C7 (1 +2n%dtl5 1)
This completes the proof of the fact that

(Pt 7Ct ) — EU; (pOaCO)

<C(‘I>'s||c+1)||F|c;;gs< ] 1<1+||po||H2)+||ﬁ3—po+s), (5.5)

nz

where the constant C' depends on J,J, 1,1, T and sup,>1 166 |l = ;-

We next estimate the difference EUF (po, (o) — EUE(p1, ). By the triangle inequality
and the mean-value theorem, we get

EU5 (po. Co) — EUS (53, ¢

< [EUZ (po, o) — BU; (0, &)

+ ]EUt (po: G3) — EUF (7565 (5.6)
< |EUZ (oo, &) — EUF (46, G3)
+I1D1U¢ l|cllpo — Ao ll o, -
Recall that
1Vfllers. < Crar(l@tlc + DIFllcs .
according to Proposition 3.9. Moreover, by Proposition 4.1,
n 1 n
BUE (0 o) — EUF (0. G8)| < Cr (g 1+ I9pmlc) + 165 = ol ) 10 e
We can also estimate ||Vpollc < ||poll#, and
106 = polln < 1166 = pollc < 11665 — poll s, -
Consequently,
EU (po> Go) — BUF (65, C5)
1
< Crr(@clle + DIFlers, < g L+ lleolla,) + 1165 — /)0|HJ> - ()

Combining the inequalities (5.5), (5.7) and using the uniform bound of ||®.||¢ in &, we
get that there exists a constant C independent of n, ¢, ¢ and F such that

(Ptth) EF(pg° 7§ )

1 NG
< CUlPlegy, (g + 105 = ol +e) . 69

Now, making ¢ — 0+ and using Lemma 3.3, we get the required estimate for F' €
C7ypg(Hy, H_p) with uniformly continuous second order derivative Do F in L5S(H_;).
Since the constant C' is independent of F' in the inequality (5.8), we can cover the case
F € Cl HS(H J7,H_1) by an pointwise approximation argument. This completes the
proof of Theorem 1.1.
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A Notation and basic facts

The goal of this section is to introduce the basic notation that are used throughout this
work.

A.1 Continuous spaces

Recall that T¢ denotes the d-dimensional torus (R/ {21k — 7 : k € Z})%. Let C(E) be
the space of continuous functions on E and C™(FE) be a subspace of C(E) consisting of
all m-times continuously differentiable functions for m € NU{oc}, where E = T? or R%.
We equip C(T?) and C™(T?) with the standard uniform norms denoted by || - |c and
| - llcm, respectively. For f € C™(T9) we write o' f for its partial derivative of m-th
order with respect to the j-th coordinate. As usual, we also set

d
Af:=Y 0f and Vf:= D5 F);e1a -

Jj=1

The set of all functions from C™(R?) that have bounded derivatives to the m-th order
is denoted by C*(R?). The subset of CI"(R?) consisting of all bounded functions is
denoted by C*(R%).

Sobolev spaces. Let Ly(T?) denote the Hilbert space of square-integrable real-valued
functions on T? with respect to the Lebesgue measure. The inner product on Lo(T¢)
associated with the normalized Lebasgue measure is denoted by (-,-) and the corre-
sponding norm by || - ||. To define a basis on Ly(T9) we split Z4\{0} on two disjoint
subsets Z{ and Zg such that Z¢ = —74 and take

2cosk-x, keZf,
Sp =4 2sink-x, ke Zg,
1, k=0,
for all k € Z?. We also consider the complex-valued functions
S = (eik'r, T € Td) , kezd,

that form an orthonormal basis in the Hilbert space of all square-integrable complex-
valued functions on T¢ equipped with the standard inner product, denoted also by (-, ).
Since for each f € Ly(T9) and n € N

prof = Y (fradse = D (f,5)% € La(T7),

kezd kezd
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where Z4 = {—n,...,n}?, the set of functions {G, k € Z9} is an orthonormal basis in
Ly(T%). To simplify many computations later on, we will prefer to work with {c, k € Z}.

For J > 0 we define the Sobolev space

Hyi={ f e La(T): 1%, = 3 (L4 k2) 1o < o
kezd

and H_; as the completion of Ly(T9) with respect to the norm

A3, = >0 1+ 1K) 1)l

kezd

It is well-known that H; C Lo(T¢) C H_; for each J > 0 and H_ is the dual space
to H; with respect to the relation (-,-). We also note that the operators 9; and A
can be naturally defined on H; for each J € R. Moreover, 0; : H;y — H;_; and
A: H; — Hj_5 are bounded linear operators and

£l = |1+ 2A) £

for each J € R.

Multilinear operators. Let (E;, | - ||g;), ¢ € [2], be arbitrary Banach spaces. The
set of all continuous symmetric multilinear operators from E]" to Es is denoted by
L., (E1; Es). We equip L, (Fq; Eq) with the norm

1A]

Ly = SUp ||A[x1v"'7xm]”E2>
[lzjll e <1

which makes it a Banach space (see e.g. [9, Section 1.8] for more details). If Fy = R,
we simply write £,,(E;) instead of £,,(F1;R). If E; is a separable Hilbert space with
an orthonormal basis {z;,l € N} and E; = R, we define the space of Hilbert-Schmidt
multilinear operators by

LES(By) =S A€ Lon(Br): |Alzus = Y ALz, 21,]|" < oo
(I;)eNm

Note that the space LZ9(E;) can be defined iteratively as the space of all Hilbert-
Schmidt operators from E; to £H9 (E;) for m > 2, where £ (E}) is identified with

m—1
Ej via the Riesz representation theorem, and then [ - [[zxs coincides with the usual

Hilbert-Schmidt norm. In particular, for F4y = H; and m = 2 one has

AN s o= > (R (L4117 Al
k,l€zd

= > W+ EDTTO+ D) AR @) (A.1)
k,lezd

A simple computation shows that £, (H ) is continuously embedded into £Z9(H;) for
I>J+d/2,i.e. the restriction of A € L,,,(H) to (H;)™ belongs to LZ9(H;) and

1Al zzs (rry < CroamllAll,, (m)s (A.2)

where the constant C7t j,, depends on I, J and m.
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For each J € R and A € L3(H ;) we define the symmetric multilinear operator

02 Alf,g] = AlD; f,0;9], f,g9 € Hyya,
that belongs to L£2(H y41). Moreover, it is easily seen that

H8}®2AH52(HH1) < ||A||E2(H,,)~

We will need a bounded linear operator Tr : LI9(H_ ;) — Hy such that TrK, = a(z, ),
where K, denotes the kernel multilinear operator for a kernel a : (Td)2 — R. Since the
d-function belongs to H_; for J > %, we define the function TrA : T¢ — R by

TrA(z) = Aldy, 6z

It is continuous and, by Lemma B.15 below, belongs to H; for each I < J — g.

Derivatives on Banach spaces. Let C(E;; E3) be the space of continuous functions
from a Banach space E; to a Banach space Es. The subspace of C(E7; Es) of m-times
continuously Frechet differentiable functions® is denoted by C™(E;; E3). The subspace
of C™(FE7; Es) of all bounded functions together with their derivatives to the m-th order
is denoted by C}'(E1; E2). We will simply write C(E7), C™(E1), CJ*(E,) instead of
C(E1;R), C™(E1; R), CJ'(Eq; R), respectively. Note that for each k € [m] :={1,...,m}
the k-th derivative D¥F(x) of F € C™(Ey;Es) at x € E; can be identified with a
continuous symmetric multilinear operator from L;(E1; E2). The set of functions F
from C™(E;) whose derivatives D*F are bounded (in || - ||z, -norm) functions for all
k € [m] is denoted by CJ"(E1). Note that functions from C*(E;) are not bounded in
general but they are of linear growth. The semi-norm on C*(E) is defined by

m
cp =Y sup [DMF(@)e,

=1 zEE;

1F|

If additionally m > 2 and D?F is an L¥°(F;)-valued bounded function, we write
D*F ¢ Cl'ys(E1) and define

IEllcpm

I,HS

= ||Fllcy + sup [|[D*F ()| zs. (A.3)
zeFE;

We often identify DF(z) with an element from H_; for each F € C'(Hj) using the
dual relation (-,-) between H; and H_ .

Remark A.1. Note that F e C;"""™(H;,H 1)) C C/"y&”(Hy, H_y) for I' > I + §,
according to (A.2) and Lemma B.20 below. Thus, the assumption on the boundedness
of the Hilbert-Schmidt norm of Dy F' can be replaced with the differentiability of F' in a
larger Sobolev space.

Set *™ := (z,...,2) € E" for x € Ey. A function F € C™*1(Ey; Ey) with bounded
derivative D™ F can be expanded into the Taylor series

F(x) = Z
k=0

| —

D*F(x0) [(x — 0)**] + Rin(2,20), € En, (A.4)

o~

!

where

[ Bm (2, 20) | 2, < D™ g, e = wol g

(m+1)!

6See [9, Section 5]
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according to [9, Theorem 5.6.2].

The subspace of C(E; x ... x E;) of all functions that are m;-times continuously dif-
ferentiable with respect to the i-th variable will be denoted by C™1»"2(E,..., Ej)
and D¥ i € [j], will denote the corresponding partial derivatives of the k-th or-
der. We similarly introduce C;"*"" (Ey,..., E;), Ct™-mi([0,00), Ex, ..., E;) and
HFHC’"H ----- m;. If F e C([0,00) x By X ...x Ej;) and it is differentiable with respect to
the first (time) variable, we use a special notation OF for its time derivative. In this
case, all other derivatives, if they exist, are denoted by D, D, ..., D;, respectively. Note
that C™"™(Ey, E2) = C™(F; x E3), according to [9, Proposition 2.6.2].

A.2 Discrete spaces

2n+1
a subset of T<. The space of functions from T¢ to R equipped with the inner product

We recall that T4 := { Itk ke Zz} is the d-dimensional torus’, and is considered as

(fg)n = 3 fa)gle)

1
d
(271 + 1) z€Td

is denoted by Lo(T%). The corresponding norm on Ly(T¢) and the maximum norm are
denoted by || - ||, and || - |[»,c, respectively.

Following [46, Section 5.6], we can write

flx) = Z (fsSk)nsk(x) = Z (f,%)nSk, z€TI, (A.5)

kezd kezd

for each function f € Ly(T%) due to the equality (si, <), = 9k, for k, 1 € Z<, where
is the Kronecker-Delta.

The discrete differential operators on Ly(T%) are defined by

Ouyf(@) = 2 (@t ey~ f(@), weTd,

2T

Vaf = (8n-jf)je[d]

and
(2n +1)2
2

- (fla+e)+fla—e) ~2/(@), zeTs

1

Anflz) =

d

J

where e; = €7 denote the canonical vectors, that is, e} = (%H{i:j})ie[d} and we used

the normalization constant % for the sake of conformity with the continuous derivatives.
A simple computation shows that

<Anf7 g)n = <f7 Ang>n and <an,jf7 g>n = _<fa 8n,jg>n (AG)
for each f,g € La(T%). We also note that for each k € Z the equalities

On, ik = i,k and A = —Afg (A7)

"The choice of the scale for the torus is motivated by our argument that relies on the dis-
crete/continuous Fourier expansion. In particular, to simplify the notation, we removed the constant
27 from the exponent in the standard Fourier basis by rescaling the torus. The odd number of points in
any direction will allow us easily to jump between complex-valued exponential basis and the real-valued
cos-sin basis.
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27k ;

hold with pj! ; := @ntl) ((3"2" 1 - 1) and A} := (2nt1)” DO [1 — cos Qﬂk’} .

27 272 j=1 2n+1

For a function f : ("]I“fl)2 — R, we define

522?]0(%1,%2) = (Onj9(x1,7)) (x2), (21,22) € (Ti)Q,
where g(z1,22) = (On,;9(-,2)) (z1), and Trf : T¢ — R by

Trf(z) = f(x,z), = eTo.

A.2.1 Projection and extension operators

Recall the expansion (A.5) for f € Ly(T%). Since the right hand side of this expansion
is a well-defined smooth real-valued function on T¢, we will use it for the interpolation
of f. More precisely, for f € Ly(T¢) define

ex, f(z) = Y (frsmhnsu(@) = D (f.&)ni(x), 2€T™

kezZd kezd

By (A.5), we have
ex, f(z) = f(z), = €Tl (A.8)

Considering a function f defined on T?, we will write ex, f for ex, applied to the
restriction of f to T¢.

We will also need a kind of inverse operation to ex,, that will allow to transform elements
from H; to functions on T¢ for every J € R. For the sake of this, we will use the usual
projection operator

pr,g = > (gsk)sk = D (g%

kezd kezZd
For every g € Hj, the function pr, g is well-defined and smooth on T¢. Therefore, its
restriction to T¢ is well-defined as well, and is also denoted by pr,,g.
The equality

(exnf,9) = {f,Prog)n (A.9)

easily follows from the definitions of ex,, and pr,, for every f € Ly(T%) and g € Hj.
Thus, it will be often used to replace the discrete inner product by the continuous one
and vice versa. In particular, the equality (A.9) implies that

SR
for each k € Z?. One can also easily see that
prpex,f=f and ex,pr,g=pr,g (A.11)
for all f € Ly(T%) and g € H;. Thus, combining (A.9) and (A.11), we obtain
(exn f1,exnf2) = (f1, f2)n and  (pr,g1,pr,g2) = (Pr,g1,Prog2)n (A.12)

for all f1, fo € La(T%) and g1, g2 € Hy. With some abuse of notation, we set fi=ex,f
and § :=pr,g.
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For A € L,,(H) we similarly define pr®™A : (T¢)™ — R by
prim A=Y Alk|%,
ke(zg)™
where

m
& = ®§kj and  Sxk = (Sk;)jefm)
j=1

for k = (kj) cim)- Similarly to pr,, f, we will also consider pr®A as a smooth function
on T?, that is defined by the same expression. For f = (f;);epm) € (L2(T%))™, let also

exﬁmf = (eanj>je[77L] :
A simple computation yields the equality

Alex ™ f] = (pri™A, f®m>n, (A.13)

where f&™(x) = [[/L, fi(z;), = = (2))jem) € (T¢)™ and (-,-), is the discrete in-
ner product on Lo(T74). We will also identify pr®™A with the symmetric multilinear
operator

PrgmA[f] = <pr§mAa f®m>7 f = (fj)je[m] € HT]n
A.3 Further notation and comments

The natural filtration generated by a cadlag process Xy, t > 0, is denoted by (F{X)¢>o.
The distribution of a random variable £ in a Banach space is denoted by Law¢.

A constant C' in estimates below will be changed from line to line. Parameters on which
C depends will be listed as its subscripts, e.g. C';; will mean that the constant depends
on parameters J,I. Since the dimension d is fixed, we will not further point out the
dependence on d in constants.

B Some operators on Sobolev spaces

In this section, we will prove some basic properties of pr,,, ex,, and multilinear operators
on Sobolev spaces.

B.1 pr, and ex, operators

Recall that ¢ (v) = e*? € TY, k€ Z%.

Lemma B.1. For eachn € N, j € [d] and k € Z¢ the equalities

On,jSk = fg jSk and  Apcp = —Ajs (B.1)

27k
hold with . ; (2nt1) (e"zwjl — 1) and \} = (2nt1)? S {1 — cos 22k ] . Moreover,

2 27 j=1 2n—+1
M<|,u”.|<|l<:4| and @<)\"<\k|2 (B.2)
\/g — kgl = 1M 3 = k = . -



Proof. The equalities (B.1) directly follows from simple computations. The inequalities
(B.2) follows from

2

% < e — 1‘2 = (cosx —1)* +sin’ 2 < 2?
and
22 <l < 22
= —cosz| < —
6 — -2
for all z € [—m, 7). O

We next recall that for each f € Lo(T%) and g € H;

exnf = Y (fikdnsk and pr,g= > (g,k)k

keZd keZd
that are smooth functions on T¢. Moreover, the equality

<eana g> = <fa prng>n (B3)

holds. It directly follows from the fact that (s, <) = ¢ for all k,1 € Z% and {(sx,)n =
O, for all k,1 € Z%. We next collect the basic properties of the operator pr,,.

Lemma B.2. The following statements holds.
(i) For each J € R and g € Hy
pr,g =g inHy and |pr,glla, <llglla,-

i) Letm >0 and J > m+ 4. Then every function g € H; has m times continuously
2
differentiable version, denoted also by g, such that

l9llem < Crmillgllm;-
(iii) For each J >0, m := [J] and every g € C™(T4)
I9llr, < Crmllgllem-

() For each J,JI e R, J<1I,g€ Hr andn > 1
1
lg = praglla, < —=5llg = praglla;-

In particular, for each m € Ng, p >0 and J >m +p+ % one has

Cm,p,J
npb

cm < glle,-

llg —pr,gl

Proof. The statement (i) directly follows from the definitions of pr,,g and the norm in
Hy.
The statement (ii) is the well-known Sobolev embedding theorem.

Using integration-by-parts, we next estimate

o3, = 37 L+ 1) Hgoa) P < 37 (14 RP) ™ g, o0

kezZd kezZd

45



<Cm Y (L4 EP™) (g, i)l

kezd
d
<Cm > 1+ D 1K™ ) g
kezd Jj=1

d
=Cn > o)+ Cn 30 D (079,500

kezd J=1keza

d
= Cullgll? + Cn > 10 9II* < Cinlg]

C‘Vn..
j=1
This implies (iii).
According to the definition of pr, g, we have
J 2
lg = progllis, = > (L+ 1K) g,
kgzg
I
(1 + |k|2) 2 1 2
= Z W (g, si)|” < m“g—prng\\ﬂp
kgzg

The second part of (iv) directly follows from the first one and (ii). The proof of the
lemma is complete. O

Lemma B.3. The linear maps pr, : H; — Ly(T%) and ex, : Lo(T) — H; are
continuous for each J € R. Moreover, pr,ex, = id and ex,pr,, = pr,,, where id denotes
the identity operator and pr,, in the right hand side of the second equality is considered
as a map from Hy to Hj.

Proof. We first show the continuity of ex,,, that will follow from its boundedness. Take
f € Ly(T4) and estimate

lexa fl1Zr, = D (L4 k) [(exaf, )

kezZd

= > (kA (. prase)al
kezd

= 3 L+ B [ foskdl?
kezZd

< [+ P V1] S (foaw)al?

kezZd
= [+ )" V]I £l

Thus, ex,, is a bounded linear operator.

The boundedness of pr,, follows from the estimate

It = sup Pndfln o (g exnf)
n — =
n rera(rd) [l reramsy 1l

< sup |lgllm,

<\lglla, [T+[n)~7 v1].
FEL(TY) I £l

for each g € H;, where we used the boundedness of ex,, in H_.
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Now for f € Ly(T%) and g € H; we get

Pruexnf = pr, D (fisk)nsk = f

keZd
and
eXpPr,g = eXn Y (g,k)k = Y (s Sk)exnsn
kezd kezd
= > {g:k){skrS)nst = Dr,g-
k,lezd
This completes the proof of the lemma. O

Corollary B.4. Let fi, fo € L2(Tz) and g1,92 € Hy. Then (f1, fa)n = (exnf1,eX, f2)
and {(pr,,q1,Pr,92)n = (P, 01, D, g2) for each n > 1.

Proof. By LemmaB.3, f1 = pr,,ex,, f1. Thus, (f1, fo)n = (Dr,,€Xnf1, f2)n = (€Xn f1,Xn f2)
due to (B.3). The second equality follows from the first one by taking f; = pr,g; and
using the fact that ex,pr,, = pr,,- O

Remark B.5. The last two equalities in the proof of Lemma B.3 implies that for each
f€Ly(Td) and g € Hy

pr,ex, f(z) =ex, f(z) and ex,pr,g(z)=pr,g(x)
for all x € T

We will next focus on the approximating properties of the operator ex,. Recall that
considering a function f : T¢ — R, we write ex,, f for the operator ex,, applied to the
restriction of f to the set T¢.

Lemma B.6. Let J > 0 and m € N such that 2m > J + 1 + %. Then for each
f € C?™+L1(T?) one has

CJ,m
n

lexnf = flla, < £ lgzrm+a

for alln > 1.

Proof. Using the triangle inequality, we first get

lexnf = fllas < llexnf —pr, flla, + Ipr,f = flla,,
where the second term in the right hand side of the estimate above can be bounded by

1 2 C
”prnf - f”HJ < ﬁ”prnf - fHH.I+1 < ﬁHfHHJ-H < 7m||f‘|02""+1a

according to Lemma B.2 and the fact that [J] +1 < 2m + 1. The square of the first
term can be rewritten as

lexuf = proflZ, = S0 U+ K2 [(fsk)n — (Foa)”

kezd
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Thus, we will need to estimate the difference of discrete and continuous Fourier coeffi-
cients. Using the integration-by-parts formula and Lemma B.1, we get

1 m 1 m
[(fyskdn — (fysk)| = WU, AR Sk)n — ‘le,n(ﬁA Sk)
1 m 1 m
= ()\Z)m <An f7<k‘>n - ‘k|2m <A f7§k>
1 1
<N — —— | (AT
1 m m
+ |]€|2m |<An fa§k>n - <A fa§k>|
for k € 2\ {0}.
Note that
1 1 1 (2n+1)? & ork; 1)
’ n\m Zm‘: n\m 1 - 2 Z|: J:|
(A" Ik (M%) 2m2fk|? 1
By Taylor’s formula
2 cosf(z) 4,
cosx=1-— - + 1 z°,

where 6 : R — R is a function, we get for each j € [d]

d d
(22n;|rk132 > [1 o ‘22#]€ 1] 2n;|hk‘ g > 27T2k2 Cosej(n) ok
™ ° + 2w

| 4
= = (2n+1 4! (2n+1)
w2 d
_ . 4 _ . n
=1+ PR £ 1) ;:1 cosOj(n)k; =1+ zp,

where 0;(n) = 0(2k;/(2n + 1)) and |22 < S5 for all k € Z2\{0}, n > 1 and a
constant C' > 0 is independent of n and k. Consequently, using Taylor’s formula again
for the function = — (1 4+ )™, we obtain

PO Nk TR Tk

(B.4)

for each k € Z¢ \ {0} and n € N, where we used Lemma B.1 in the last step.
By Taylor’s formula, there exists a constant C' > 0 such that

m m C
‘<An [ §k>n - <A f §k>| < EHf”cszrl.

Combining the obtained estimates together, we conclude

O
n2|k‘2m 2

Cm
< WWHCMH

C
[(fs sk)n = (fri)| < (AR k)] + kP [fllgzmer

for all k € Z2 \ {0} and n € N. Similarly, we can estimate

[ s0d — (bl < il
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Consequently,

J
c? c? 1+ k%)
lexaf = prafl, < 31 fl& + 5 1 ffomes D (|k4m_2
kezd\{0}
Cy
< NG,

since 2m —1—J > g. This completes the proof of the statement. O

Lemma B.7. For all f € Ly(T%) and n > 1 one has
Cn
Hexnf2 - (ean)2H < o HeanH?:w/ﬂH .

Proof. We first note that f(z) = ex, f(z) for all # € T¢, according to (A.8). Since ex,, f>
is only defined by values of f2 on T¢, ex, f2 = ex, (ex, f)>. Hence, we can estimate

Jexn? = texa)?| = fJexn (ex0 1) = (o0 1’|
< O l@xf ) s < 2 e B

due to Lemma B.6 with J = 0 and m € N satisfying 4 +2 < 2m + 1 < [d/2] + 4. This
completes the proof of the statement. O

Lemma B.8. For each J € R, n €N, j € [d] and f € La(T2), one has
lexn O, I, < llexnfllEy,.-

Proof. Using Lemma B.1, we estimate

lexadng fl3, = S0 (14 K2) Hexadug o> = S0 (L4 k) [0, st)al

kezd kezd

_ Z (1+ \k|2)J I(f, On i)l = Z (1+ \k|2)J |u7$,j|2 [(f,s)nl?
kezd kEZ

<3 (D))l = llexa I, -
kezd

Lemma B.9. Let J € Ny. Then for each f € C/(T?) and g € Hy one has
lexn(fD)llm, < Cullexnfllcrllexngllm,-

Proof. Using Lemma B.1 and the integration-by-parts formula, we estimate

lexa(F) I3, < S0 (L4 1K) (g, )l

kezd
J
d
2
<37 S 1+ > P [(fg sl
kezd j=1

d
<0 3 (1T, gl
j=1

kezd
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=Cy |lIfgla +ZZ! 07 (£9)sk)n|”

J=1kezd

d
=y gl + SN0t
L j:1

Iterating the equality 0y, ;(fg) = On ; fT]'g + fOn.jg, where 7' f(x) = f(z + €}), we get

J
0i(f9) =3 (‘f) [05,31] [(77)'0,05"9] -

=0

Thus, using the fact that ||7,, ;gll» = || g]|», we obtain

lexn (F) 1%, < Co | I£117.cllgll% +ZZ & ,jf||nC [l

Jj=11=0

We next note that ex,, f(z) = f(z) for all z € T¢. Thus, | f|l..c < |lexnf|c. Moreover,
applying Taylor’s formula to ex,, f, we get

185, ; llc = 1105, jexnflle < Cilldjexn fllc-

Consequently, we can continue the estimate as follows

d J
lexn(f9)|%, < C | llexn fI2llexng]® + Zzna;exnfué||exna,{,;lguz
j=11=0

The statement now follows from Lemma B.8. O
Lemma B.10. Let J € R, n €N, j € [d] and f € Lo(T2). Then
lexn7 flla, = llexn fllm,-

Proof. The statement directly follows from the following computation

S+ K)o s

lexn " £1I34,

kezd
2
= > (W) o)
kezd "
= P skl = lloxaf -
kezd

O

Lemma B.11. There exists a constant C > 0 such that for each J € R and g € Hjio
the inequality

C
Hexn nPrp,g — PTr, Ag”HJ = ||g||H1+2

holds.
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Proof. Using integration-by-parts formula Lemma B.1 and (A.9), we compute

>+ k) [(exnAnpr,g, sx) — (pr,Ag, )|
kezd

Z (1 + |k‘2)J |<A7’Lprn97§k>n - <Aga§k>‘2

kezd

n 2
D+ [EP) AR Pr,g, sk)n — [ (g, k)|
kezd

ST R AR - K2 g,
kezd

2
Heannprng - prnAg”HJ

where we used the equality (pr,,g,sk)n = (g,exXnSk) = (g,$k) in the last step. Using
Taylor’s expansion, we get

., 2n+12 d k; ) |
)‘k < |:].—COS 1 :|k| +m;kjak,

where the family |a?|, k € Z%, n > 1, is bounded by an universal constant. Thus,

C

ex,Appr,g — P, A9||H, = enrie Z (1+ %) k] (g, )]
kezd

— E ||g||%{]+2 :

This completes the proof of the lemma. O

Corollary B.12. Let (p°);>0 and (p})i>0, n > 1, be solutions to (8.1) and (2.2),

respectively. Let also p3°® € Ha. Then for each T > 0 there exists a constant Cr > 0
such that

Cr
lexnpy — pr,pi° || < Crllexnpy — pg° || + 7HP8°||H2

for allt € [0,T] and n > 1.
Proof. Using Corollary B.4, we easily get
lexinp} = pr,pg |1 = llp} — pr,pf° 7 =
t
= [lpg — prpd°lly + 47T2/0 (ps = prppd, Anpd — pr,, Ap)nds
Integrating-by-parts and using the Cauchy-Schwarz inequality, we can estimate

(Ps = Prpss Anpy — Pr,ApsS)n = (py — Prpg s Anpy — Anpr,ps)n
+ <pn - prnpgo’ Anprnpgo - pI‘nAp:O>n

7] prnps )Hn

Q.M&

+ ||pg — Pryps || ||Anprnps pI‘nAp:OHn

—_

<5 ||ps — Pr'pps || 5 ||A’ﬂprnps — Pry Aps ||



According to Corollary B.4 and Lemma B.11, the bounds
| Anpr, 2 = pr, Mg 7 = llexn Anpr, p° — pr, ApZ||”

c c
el < o5,

hold. Consequently, we obtain

t
2 Ct
lexnpf — prp®l* < llog — propg°lli + 27T2/ s = prpClln ds + —5 106 |
0
for all ¢ > 0. Using Gronwall’s inequality, we conclude

Cr
llexnpf — pr,,pe°|I> < Crllexnpf — pr, 571> + FHPSOH%JQ

that completes the proof of the corollary. O

B.2 Multilinear operators on Sobolev spaces

Recall that £,,(H;) denotes the space of all continuous multilinear operators from
(H;)™ to R equipped with the norm

||AH£'m = sup |A[f17,fm]|7
1 £z, <1

and the subset of £,,,(H ) consisting of multilinear operators with finite Hilbert-Schmidt
norm (A.1) is denoted by £H5(H}).

m
Since for each J < I one has Hy C Hy and || - ||g, < || - ||m,, the space L,,(Hy) is
continuously embedded into £,,,(Hy) and || - ||z, () < || - Iz, (z,)- We next show the
continuous embedding of LE%(H ) into £, (H;).

Lemma B.13. For each I,J € R with I > J + % one has
[Allzzs 1,y < CrosmllAllz,,, a1,

for all A € LHS(Hy). In particular, the space L25(Hy) is continuously embedded into

Proof. The statement follows from the straightforward estimate

1A Zme iy = > T+ P AR, - &)

kiyeokm €24 j=1

<Mz, > TTO+1EP IG5,

<Al S JL@+1kP) .

klv--<7knLeZd Jj=1

This completes the proof of the lemma. O
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We will further focus on the case m = 2. Take a € C/(T¢, T?) for some even J € N
and define the multilinear operator K, with kernel a by

Ku(f,9) = (f@g,a) = > (Seay a){f, k) (g 51)
k,lezd
= Z <av§(—k:,—l)><fa§k><g7gl>v f7g € C(Td)a

k,lezd

where <) (2,9) = o @ q(z,y) = w(x)q(y), z,y € T?. Then the operator K, can be
uniquely extended to a multilinear operator on H_ ;, denoted also by K,. Moreover, it
is a Hilbert-Schmidt operator satisfying

1Kallggrsm_ ;) < Cllallcas- (B.5)

Indeed, this directly follows from the following computation

Kall2s = > (14 K270+ 12 [{a, s

k,l€zd

2

-y ’<a,(1+A)J/2®(1+A)J/2Ck®§l>‘
k,lezd

2

= Y {a+ayrea+ay g eq)
k,lezd

~|a+a2ea+ A)J/2aH2 < Cllalf2.,

where we have used the integration-by-parts passing from the second to the third line.

Since we usually work with the Fourier basis {c.,k € Z¢} instead of {G,k € Z4}, we
will extend A € L,,(H ) linearly with respect to each component to the set of complex
valued square integrable function, following e.g. the definition of the kernel operator
K,. In this case, a simple computation shows that

primA= > Al = Y. Akl
ke(zd)™ ke(zd)™

foralln € N; where ¢y = (QCJ' )jE[m]; Cxk = (gkj)je[nz]’ Ck(l') = H;nzl Sk; (xj) and ‘fk(x) =

H;":l Sk, (5) for k = (kj)jepm) and & = (x5) jem)- Thus, for each f = (f;) ecm) € (H)™
we have

(fom Ay = Y Al (fr) = Alprof] = Alf], n =00, (B.6)

ke(zi)™

where pr, f := (prnfj)je[m] and f®(z) = H;n:l fi(z;); * = () em], according to the
continuity of A and the convergence pr,, f; — f; in H;. Thus, we can consider pr2™ as
an analog of the operator pr,,.

The following statement is an analog of Lemma B.2 (iv).

Lemma B.14. For each J, I € R, J < I, a multi-linear operator A € LI5(H;) and
n > 1 the kernel operator K 2, belongs to LS (Hj) and

4 2 1 2
— K__ %2 H <
H pro-Allpps gy = nl=7

A=Ky, .
H procAll pps (g )
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Proof. The fact that K e2, € LIS (Hy) follows from the definitions of the kernel
operator and (B.5). We next estimate

2 — — 2
|4 Epgeal| e = 30+ DO+ R Al 6] s, prE24)]
L35 (Hr) pend
= Y QDO+ P Al
(k,1)g(24)?
1 — —
<oy 2L UHER TP Al ol
(kg (Z)?

1 2

~ n20-0) HA B KPY?QAHLgs(HJ) '

This completes the proof of the lemma. O
We next define a bounded linear operator Tr : LIS(H_;) — Hy for some J and I such

that TrK, = a(z, ) for a kernel a. Note that the §,-function belongs to H_ ; for J > %
due to the inequality

162117, = D (L [KF) ™ [(6ey ) = D (L4 k) fa(@)

keZa kezd

=S (L k) < oo,

keza

Lemma B.15. Let J > g and I < J — %. Then for each A € LYS(H_;) the function
TrA, defined by

TrA(z) := Aldy, 0]
is continuous, belongs to Hy and
TrA(z) = Z Z Alsk—1,5-%] | () (B.7)
leZ \kezd

for all x € T¢. Moreover, Tr : LES(H_;) — Hy is a bounded linear operator satisfying
TrK,(z) = a(z, ), * € T, for each a € C™™ (T, T4), where m > J is an even number.

Proof. The continuity of TrA as a map from T? to R follows from the continuity of
A:(H_;)? > Rand 6. : T — H_;. By the definition of Tr and (B.6), we have

TrA(x) = lim (6, @ 8o, pri*A) = Y Alr, ] (62, k) (30, 1)
nmree k,lezd
= Y Alsksalsor(@)si(2).

k,lez

The series above converges absolutely because

1
Z |A(Sks t)s—k(x)s—i(z)| = Z L+ [k2)72(1 + [I2)7/2

k,lez k,lezd
(L[R2 + 12772 | Al <
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[MES

1
<\ &, TrRR Ay

k,lezZd

> @+ [EP)@+ 1) | Alsk, <l
k,lezd

< CyllAllgsa_

J)
where we have used the Cauchy-Schwarz inequality in the second step. Thus, we may
interchange the summands in the series, to get the expression (B.7).

We next show that TrA € Hy for I < J — %. Similarly to the estimate above, we
conclude

2
1

Z Alse—t,5-1]| < IAl%ns Z 2VJ 27
hezd 2 g (L [k = 12) 7 (1 + [K?)
since J > %. Thus,
2
ITrAlZ, = > A+ 1D Alsk—1, 5]
lez4d kezd
1
<NAZus D A+ NI 2)7
> 5 S Uk = 12)7 (1 + [K[?)
L+ |1+ k%!
< ||A||%x ( <
<Mz 2 Gy <

dueto J —1 > %.
We note that K, € LIS(H_;), by (B.5), and trivially TrK,(z) = K4[0,,0,] = a(z, x)
for all 2 € T?. This completes the proof of the lemma. O

Define the mixed derivative of a multilinear operator from Lo(H ) by
8?214[.]079} :_A[ajfvajg}v fagEHJ-‘rl-
The following statement easily follows from the definition of 9; on H;.

Lemma B.16. For each J € R and A € L¥S(Hj) the multilinear operator 8;8214 is
well-defined and belongs to L¥S(H;,1). Moreover,

||a;'®2A||/;§S(HJ+1) < ||A||E§S(HJ)'

Remark B.17. (i) The statement of Lemma B.16 remains true, if we replace £ by L,

and || - || zzs by || - [|..-

(ii) According integration-by-parts formula, we have the equality 6‘?21(,1 = Kye2, for
J

each j € [d].

With some abuse of notation we will also set

Trf(z) = f(z,2), z€ Ti,

if f € (Lo(T2))2
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Proposition B.18. Let J—1—% > 1> 0 and j € [d]. Then for every A € LES(H_ )
and n € N the estimate

|exn [Tr8®]pr®2A] |, < CrillAllzzsa_,) (B.8)

Hy

holds. Moreover, if J > d+ 2 then for each A € LES(H_;) and n € N

C
2 2 J
;?é%x ’8®Jpr® A(z,z) — pr, Tr (8J® A) (2)] < 7|‘A||E£{S(H7J).

Proof. We first prove the estimate (B.8). Setting

R, (z) —Tr8®jpr®2A( )= 8®Jpr®2A(:1c x), xeTd,

and using (A.10), we get
I I
lexnRallzr, = > (1+[k[*)" KexuRu,i)[* = D (14 k%) [(Rn, ck)nl”

keZa kezd

= Z (1+ |k|2)I ‘<Tr8®Jpr

kezZd

By (B.1), we can write for x € T¢

8®]pr®2A Z Als 1,6 nj<l($)3n,j§i($))
liezd
= > pugngAlsis s (@)
liezd

and thus, using the periodicity of ¢, ; on T?, we estimate

2
2
‘<Tr8®]pr®2A §k> ‘ = Z Nl,jﬂ[)jA[§l7§[]<§l+[a§k>n
lLiezd
2
< Z p5 17 AL ST 4=k mod (2n41)}
liezd
< HA”LHS(H J) Z ll\JU\Q 712 J]I{Hizk mod (2n+1)} (B.9)
o (U 1) (L + )
1
< IANZzgs ) Z o i :
2)J—1 2)J—1" {l+i=k mod (2n+1)}
o, (U 2711+ i)

Combining the estimates together and using the fact that [k[L; 7y 1oq (@ns1yy < 0+

l|H{l+l~=k mod (2n+1)} we obtain

I
lexRlZr, < [AlZms ) > (1+ k)
kezd

1
. - I,,,5
lz (L [1[2)7 = (1 fi2) 7= et Gt
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(14 10+ 1)
SHAH%‘,HSH [tick mod (2n+1
) 2o & TR (e )

- I

- (1+|l+l|2)

=3 HAHLHS(H 7) E 7
—. 2\J—1 2)\J—1

2 viemg (L) T+ 2?)

(H-j)’

since J —1—-1> %.
To get the second part of the statement, we first use (B.1) and the Cauchy-Schwarz
inequality to estimate for each z,y € T4

2
052 pr? Az, y) — 0% pri? Az, y)|

2
= Z AlS_ g, 5-1]0n,jsk(x)0n s (y Z Als_k, 1]k ()05 (y)
k,lezd kleZd
2
< | Y Alsk sl up ity + ki)
k,lezd
< [ st |21+ [R[2)7 (1 + 1)
k,lezd
_ _ 2
AR H P) 7 up ity + kgl
klezd
<2 AlGms D A+ED I+
klezd
" " 2 n .
lntg 2 g = ks e Pty — it 2]
By Lemma B.1 and Taylor’s expansion
2
py j = ik; — ;]‘%,j
for some §;,, € C such that |#; ,| < 1, we can continue the estimate as follow
2 _ _
SlAIZgs @,y Do A+ RO+ [k + k1]
k,lezd
4 _ _
< ﬁ”AHi?S(H—J) Z (1+ [E|2)~7F2(1 + |12)~7+2
k,lezd
Cy
< A s )
since J > % + 2. Thus,
max |8® 192 Az, x) — 0P pr&2? A(x :r)2| < &HAHQ (B.10)
z€Td iP i Pln ’ - n LIS (H- ) :
We next compute the norm
o224
Kogangoa = 04|
H 98?pr824 — 0 LHS(H_yaa)
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2
>+ [ED A+ )7 ‘K8?2pr§2,4[§k7§l} - 3?214[%9]’ (B.11)
k,lezd
_ _ 2
> A +[EPD A+ 11177 (o @ 6, 05 pr2 A) — Aldjsr, 04| -
k,lez?

Using the definition of pr®? and (B.1), we continue the equality as follows

Z (L4 (k27721 + 1%)7 72 |<5j§k ® 3j§z,pr§2A> - A[ajCkaan”Q

k,lezd
= > U+ kP 2+ 12k | Alsk, )
ke 1@Z2
1
_ — 2
< D0 HERTIA IR Ak all” < S5 llANZgs ()
k,lgZd

Now, taking I € (¢, — 2 — d/2) and applying Lemmas B.2, B.15, B.16 and (B.11), we
obtain

2 2
H’I\I.KB?Qpr§2A — prnTl“a;& AHC < H’I‘I-KO;&QPI‘§2A — Tr&f’ AHC
2 2
+ ||Tr8]® A-— prnTrag9 AHC

2 2 2
< Cy ‘ TrKaJ‘???pr§2A — Tr@é8 AHHi + HTr(?}X’ A— prnTrﬁg-@ AHHf
C~
_ _ g®2 7 ®2

< Cyi | Koppusa - 0 AHggfsm,Mﬁ Lo all,, (B.12)

Cri Cy
< n’ Al zzsm_ ) + #HG?QAH@S(H,HI)

Cri
< o Al zzs (m_ -

Thus,

max 8§§pr§2A(x,x) - prnTrB?ZA(x)‘ < max |8§§pr§’2A(x,x) - 8;82pr§2A(x,:r)’

n

c
+ ‘|TI‘K6§§J2PY§2A — prnTr8;®2A||c < EHAH[%JS(H*J),

due to the triangle inequality the estimates (B.10), (B.12) and the fact that TrK sz e2 4, =
J n

8J®Zpr§2A(x,x), r € T? (see Lemma B.15). This completes the proof of the proposi-
tion. O

For A € LHS(H_;) and B € L9 (H ;) we define
A:B:= Z AlSk, GBSk, S,
k,lezd

The series above absolutely converges and

2

|A: B|?

IN

Z | A[Sk, G B[Sk, S1)|

k,lezd

Yo AR+ ) A, <l (B.13)
k,lezZd
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2 2
= A s s 1 BIegrs

where we Lemma (3.2) and Holder’s inequality.

B.3 Differentiable functions on H;

In this section, we will investigate some differential properties of functions defined on
Sobolev spaces.

Recall that for J < I we have H; C H;. Abusing notation, the restrictions of a function
F: H% — R to H¥ will be denoted also by F for k € N. Let (E, || - ||z) denote a Banach
space. The following statement directly follows from the inequality || - ||z, < | - ||, -

Lemma B.19. Foreach J,I1 € R, J < I, and k € N the space L(H j; E) is continuously
embedded into Ly (Hy; E) and

”A”le(HI;E) < HAHﬁk(HJ;E)
forall Ae Li(Hj; E).

Recall that a function F : Hy — E is differentiable® at f € H if it is continuous at f
and there exists a bounded linear map DF(f) from H; to E such that

F(f+h)=F(f)+ DE(f)[R] + oAl z,)

as h — 0. Following [9, Section 5], we defined the k-th derivative D*F(f) of a map
F:H; — Rat f € Hy as an element of L£;(H ;) that is identified with the derivative
of D¥='F : Hy — L;,_1(Hy) at f. Considering a differentiable function defined on a
Sobolev space Hj, we often consider its restriction to a smaller Sobolev space H; with
J < I. The following statement guarantees the preservation of the differentiability. To
point out that D*F is the derivative of F with respect to the topology of the space H;
in the next statements, we will write D’}F instead.

Lemma B.20. Let JJI € R, J < I, and F : Hy — FE be a differentiable function at
f € Hy in the space Hy. Then F is differentiable at f in the topology of the space Hyp,
DiF(f) coincide with the restriction of D;F(f) to Hr and

IDrF ()l ey mriey < NDsF (e a55m)-

Proof. The continuity of F' at f in the space H; trivially follows from the continuous
embedding of Hy into H;. According to Lemma B.19, D;F(f) € L (H;; E) and

IDIF()lzytrse < NDsF(f)llemy:e)-

We have only to show that D;F(f)[h] = D;F(f)[h], h € H;. Using the differentiability
of F'in H; at f and the fact that || - ||z, <| - ||lz,, we get

F(f +h) = F(f)+ Ds(f)h] + o(l|hl z,)
= F(f) + Ds(H)n + o[l ;)

This completes the proof of the lemma. O

8see [9, Definition on p. 25]
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The following corollary is the direct consequence of Lemma B.20.

Corollary B.21. For each J,I € R, J < I, and m € Ny the space C™(Hy) is a subset
of C™(Hy). Moreover, for each F € C™(Hy), k € [m], f € Hy the derivatives DXF(f)
and DYF(f) coincide on HY and

IDSF () cwcryy < IDEEH)|leycary)-

Our further goal will be to investigate the differentiability of F o ex,, : Lo(T%) — R for
F € C™(Hj). Using the fact that ex,, : Lo(T%¢) — H is a continuous linear operator,
it is continuously differentiable with

Dex,,(f)[h] = exnh
for each f,h € Ly(T2).

Lemma B.22. Let F € C'(H) for some m € N and J € R. Then the function Foex,,
belongs to C(Lo(T<)) and

D(F oexy,) =pr,DF oexy,.

Proof. The differentiability of F o ex,, follows from [9, Theorem 2.2.1] and the differen-
tiability of F : H; — R and ex,, : Lo(T¢) — H;. We will only compute the derivative
of D(F oex,). Taking f,h € Ly(T%) and using the chain rule and (A.9), we compute

D(F o ex,)(f)[h] = DF(ex, f) [Dexn ()R] = DF(ex f)[exnh]
= (DF(expf),exph) = <pI‘n(DF)(ean),h>n.

This completes the proof of the statement. O

C Some additional facts and proofs

We recall that Sym,, denotes the Hilbert space of symmetric matrices A = (A,1)x, 1czd
with real-valued entries equipped with the inner product

A:B= Z Ak,lBk,b

klezd

An open subset of positively defined matrices from Sym,, is denoted by Sym'.

Lemma C.1. Let A = (Ag1)piezs € Sym;" and B € Sym,. Then for a standard

Gaussian vector  in RZn and fe CZZ(RZZ) the integration-by-parts formula

E[Df(AC) - (BC)] = E [D*f(AC) : (BA)]
holds.

Proof. Setting R := BA™!, n:= A(, and using the integration-by-parts formula, we get
E[Df (AQ) - (BO)] = E[Df (A() - (BA™'AC)]
_ of
= Z E [M(W)Rk,ml}

k,lezd
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2
> &[5l wRiCortn )

— 0x, 0w
ki kezd k

> B[R]

- 0z 0x;
ki kezd k

> e[ 2w,

k,kezd ('3xk8x,~€

=E [D*f(AC) : (BA)].

This completes the proof of the lemma. O

For completeness of the presentation, we next provide the estimate of the term

1

1= Gnrid Y El0f @) = pf (@) (0 () = o7 ()] #n(@)on(y)

x#yeTd

in the proof of Lemma [56, p. 32], following the proof of the main theorem in [56, p.
32].

Proof. (Estimate of off-diagonal sum in the proof of Lemma 2.4) . Set for z,y € T4

V(t,z,y) = mﬂ‘?(n?(w) = pi () (' (y) — pi (y))

= En' (@)}’ (y) — p (x)p (y),

where the letter equality follows from the definition of pj'. Applying the generator
2m2A, ® GEP of the Markov process (p',n*), t > 0, to the function G(z,y;n,p) =

n(z)n(y) — p(x)p(y) for fixed x,y € TL, x # y, we get
(27 A, © GFT) G, y;-, ) (0, p) = GET [n(2)n(y)] — 272 A [p(2)p(y)] -

Now we separately rewrite

n 2 &
GEP [n(x)n(y)] = @ DO (@) (y) — n(a)n(y))
Jj=1z€Td
_ @ (n(@ + e)nly) = n(@)ny)) (1 = Liatey))
eck;
<2"+1) (n(@)n(y —e) =n(@)n(y)) (1 = Layeyy) -
ecE;

where the summation is taken over Eq := {%e;,j € [d]}. We also note that

n 2 ¢
27 [p@)p(w)] = Za S (ol +e5)ol) + oo~ €3)p(0) — 20(2)p(w)
(2n+1)2 &
— Z (p(@)p(y + ;) + p(x)ply — €5) = 2p()p(y))
n 2
= BT S (ot + elw) — pla)ow)

eckE,

61



(2n +1)?

5 2 (@ply =€) = p(x)p(y)) -

eclky

Hence

(27°A, ® GYT) Ga,y;m, p)

- % > (@ +e)ny) —n(@)n)) (1~ Tgeremyy)
eeF,
n 2
N @ >~ @)ty =€) = n(@)n®) (1 - Lgremyy)
ecE;
- TS (ol + olw) — (w)ole)

eckE,

n 2
_ @ 3" (p@)oly — €) — p@)p(y))

eckq
2n + 1)?
= % > (G +eyinp) - Ga,y;np) (1-Larey)
eckE;
2n +1)?
+ % > (Glay—ein,p) = Gl yin, p) (1 = Lageyy)
eck
2n+1)2
- % D (p@) = p(1) Tapemyy-

ec
This implies that the function
V(t,z,y) = En (@)n; ()] — o} (x)pt (y)

is a solution to the following differential equation

7050 = V) = L 5 06 ) T,
where
Vi) = B3R 5 Vet e) = Vi) (1 Teromn)
ik S V=) = Vi) (1~ iaremm).

Note that £ is the generator of the process {X;,Y;}, t > 0, on T¢ x T¢ that evolves as
an exclusion process with two particles. Let Pi(z,y;u,v), u,v € T%, be its semigroup.
Then

V(t, Z, y) = Ptv(0> z, y)
B Y S P ) ()~ 0 Ty ds

u,vETE e€Eq

= PtV(O7x7y)
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_ (271;_1)/0 Z Z P_s(z,y;u,u+e) (p (u) _P?(u+e))2d8'

e€E1 ueTd
Due to the independents of nj(x) and 7{(y) we conclude V(0,z,y) = 0. Therefore,
PV (0,z,y) = 0. Thus,
(277’ + 1)2 ! n n 2
V(tﬂ%y) = _? Z Z Ptfs(:lzy;ua u+ 6) (ps (’LL) — Ps (u + 6)) ds.
0 cer, u€Td
Consequently, we can estimate

N 5 S el

e€EE weTd z#y

t
. / Py (e, i, + €) (o1 (w) — p2(u + €))” ds
0
272 2

< ——— sup max |V, p"(u
- (2n + 1)d SE[OI,)t] uETfL‘ npé( )|

Y X @l [ Pt s

e€E1 ueTd z#y

Using the duality of the SSEP, we get for each e € E;

ot 5 X el [ et eyds

uETfll TAY
1 t
eI Z Z\@n(@”%(yﬂ/ Pr_s(u,u+ e;2,y)ds
u€Td z#y 0
llonlln,c ! . d
< m Z Z [on ()| P_s(u,u+e;x, Ty)ds.
n u€T?d zeTd 0

Since
Pi_s(u,u + e;x, TZ) = Pto_s(u; x) + Pto_s(u +e;x),

where P? is the transition kernel for a single particle executing a random walk in T¢,
we get for e € B,

1 t
7o 1L 1\d n P,S R ; "H‘dd
(2n+1)dz le@ ($)|/0 —s(u,u+ ey, TG)ds

ueTd zeTd

- ﬁ > Ison(ac)l/O [P (usz) + P (u+ex)] ds

uw€Td zeTd

- ﬁ Z Z |90n($)|/0 [PY (z;u) + P (;u+e)] ds

u€eTd zeTd
t

= ent 1) Z len(@)] < tlenlln,c.
z€TY

Combining the estimates above, we conclude

2
[I] < 27* sup max [V,pf (u)]” [[pr,ell3 ot
se[0,t] wETE

This completes the estimate. O
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