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Let E be a complete separable metric space.

1. Let IK be defined by

IK(x) = I(x)−K(x)− inf
y∈E

(I(y)−K(y)) , x ∈ E,

for a good rate function I and K ∈ Cb(E).

(i) Show that the function IK is good.

(ii) Prove the equality
IK(x) = sup

f∈Cb(E)

(
f(x)− ΛK

f

)
, x ∈ E,

where ΛK
f = supx∈E

(
f(x)− IK(x)

)
.

2. Let F be a closed subset of E. Show that the closed δ-neighborhood F δ = {x ∈ E : d(x, F ) ≤ δ}
of F is a closed set and

⋂
δ>0 F

δ = F .

3. Let I : E → [0,∞] be good, F be a closed set and F δ be the closed δ-neighborhood of F . Show
that inf

x∈F δ
I(x) → inf

x∈F
I(x) as δ → 0.
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