UH
. . B o
Unl‘verSItat'Hamburg S'S2'5 . . Universitat Hamburg
An introduction to large deviations / Prof. Dr. Vitalii Konarovskyi DER FORSCHUNG | DER LEHRE | DER BILDUNG

Problem sheet 9

1. Let I be a good rate function on F and f be a continuous function from E to S. Show that the
infimum in

J(y) =inf{I(z): f(z) =y} = fﬁil?{fy})f, yes.

is attained, that is, there exists x € E such that f(z) =y and J(y) = I(x).

2. Let U be a finite set and P(U) be the metric space of all probability measures on U equipped
with the total variation distance.

(i) Let |v|7y denote the total variation of a signed measure! on U. Show that

d
= vlry =Y ln({ui}) = v({ui})].
i=1

Therefore, the convergence of a sequence (vp,)p>1 to v in P(U) is equivalent to the conver-
gence of v, ({u;}) = v({ui}), n — oo, for each i € [d].

(ii) Show that a sequence (vy,)n>1 converges in v in P(U) if and only it v, — v weakly.
(iii) Prove that the space P(U) is complete and separable.
(Hint: Use the isometry between P(U) and the simplex A = {(ml, ce,Tq) € RY: o9+ 42 = 1})

3. Let X1, Xo,... be independent random variables taking values from a finite space U and have
distribution p. Set

1 n
= — ) > 1.
,U'TL n; Xk n_

Show that pu, — p in P(U) a.s.

(Hint: Use the previous exercise and the strong law of large numbers)

!'The total variation |v|rv of a signed measure v on U is defined as |v|ry =sup >, [v(A)], where is taken over all
™

partitions 7 of the set U



